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SOME REMARKS ON TALENTI'S SEMIGROUP 
BY 

A. CHRYSOVERGIS 

1. Introduction. Let I b e a Banach space. Consider the family 1(a) of linear 
continuous operators from Zinto itself, depending on the parameter a>0. Sup
pose that I(a1+a2)=I(a1)I(a2)\/al9 a2>0 and 1(0)=I (semigroupal property). 
Such a semigroup is said to be strongly continuous for a>0, if limft_01(<x+h)x 
=I(a)x, Vx e X. We shall study here an example of such semigroup, generalizing 
the well-known semigroup generated by the Riemann-Liouville Integral (see [2]). 
The semigroup we are studying here appeared in a paper by G. Talenti [1]. 

2. Take X= C[0,1] the space of continuous functions on [0,1] with the topology 
of the uniform convergence. Take also p(t) a positive and continuous function in 
[0,1] and define, Vg e C[0,1] the operator 

(2.1) I(a)g(t) = JL £ g ( w ) i^j(s) dsy~ip(w) dw, a > 0 

where 1(a) = [p~ Kd/dt)] ~ a. 

REMARK. lfp(t) = l then (2.1) reduces to Riemann-Liouville Integral. 

(2.2) I(a)g(t) = ^^(wXt-wf-i dw 

which belongs to C[0,1], and 

(23) ||J(«)[g]|| < jMjy a > 0. 

It is trivial that I(a)(g1+g2)=I(a)g1+I(a)g2, a>0. 

THEOREM I. 1(a) maps C[0, 1] into itself and 

(2.4) \\I(*)[g]\\ < j J ^ j L \\p\\\ a > 0. 

Proof. Let0</<*+ft<l and0<a<l . 

rt+h 

(2.5) 
I(a)g{t + h)-I(a)g{t)= j ^ J o

+ Si}V){j* p(s)dSy p(w)dw 

We make the substitution 
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148 A. CHRYSOVERGIS [June 

(2.6) Ï* p(s) ds = P(s). 

Then 

Cp(S)ds = P(t)-P(w). 
Jw 

Therefore the R.H. side of (2.5) is equal to 

^)^\(w)(P(t+h)-P(w)r-lPXw)dw-^jj(w)(P(t)-P(w)Y-iP\w)dw 

= ^jjiwXPit+Q-PWy-iPXw) dw+^} [+\W 

x (i'(f+/î)-P(w))a-1P'(M') dw-j^T f g(w)(P(t)-P(w))a-1P'(w)dw 
A W Jo 

= r K f g(w)[(P(t+h)-P(W))a-1-(P(t)-P(w)r^]P'(w)dw 1Ka) Jo 

\I{*)g(t + h)-I(a)g(t)\ < M { £ I (p(, + /0_P(u,))°-i 

- ( P W - P W r ^ p ' W ^w+ f+*|(i>(*+A)--P(w))"'"1l ^'(w) dw\-

Since P(t+h)-P(w)>P(t)-P(w) and, for 0<«<1, 

( P ^ + ^ - P ^ ) ) " - 1 < (P(0-P(w))°-1, 
this implies that 

\(P(t+h)-P(w))a-1-(P(_t)-P(w))a-1\ 

= (-l)t(PO+^)-P(w))«-1-(P(0-P(w))«-1]. 
Therefore, 

f |(P(f+/!)-P(w))a-1-(P(0-P(w))a-1|P'(M') dw 

= f [(P(f+A)-P(w))a-1-(P(0-P(w))a-1](-P'(H')^) 
Jo 

_ (P(t+h)-P(w))a (P(t)-P(_w))a 

a a 

1 
[(p(t+h)-p(t))a+p(ty-p(t+h)a] 

and 

f + (P(/+A)-P(w))a-1P'(w)^= --{P(t+h)-P{w)Y\\+h-

= i ( P 0 + A)-P(O)a, 
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Thus, 

\I(*)g(t+h)-I(*)g(t)\ 
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M 
r(«+i) 

[2(P(t+h)-P(t))a+P(t)a-P(t+h)a] -* 0 as h -> 0. 

This proves continuity on the right and left continuity is proved in a similar manner. 
Using the same techniques one can estimate that 

l|/(«)sll * 1*11 ii^ih r(«+i) 
from which (2.3) follows. 

Thus we have proved that 1(a) e J?(X, X)Ma > 0, and the semigroupal property 
I(cc1 + a2)=I(a1)I(cc2) is proved in [1]. 

Next we proceed to show that the above considered semigroup is not only strongly 
continuous for each a > 0, but it is fact continuous in the operator norm. 

Proof. 
\a + h-l (P(t)-P(w)Y ] P'M I(a + hMt)-I(a)g(f) = J V ) [(f(f)"ffg r(a) 

\H« + h)g(t)-I(a)g(t)\ 

from which we have 

dw. 

dw 

\\I(a + h)g-I(a)g\\ = sup \I(a + h)g(t)-I(a)g(t)\ 
O S f S l 

£ £ SUP 
OZtZl 

S SUP 

(P(Q-f(w))g+lt (P(t)-P (w)Y 
(-)(<x + h)r(a + h) ' aT(a) 

P(t)a + h P(t)a 

Let 

E = 

r(«+A+i) r(a+i)| 

p(t)a+h p(ty 
|r(«+A+i) ix«+i)| 

We want to show it converges uniformly to 0 for / e [0,1] as h -> 0, Va>0. 

P(t)" 
r(a + A+l)j 

P(0" 

p(0 *>_ r(o+A+i)i 

r(a+i) 
r(«+i) 

r(«+A+i) 

r(«+i) 

| | p (0" - i | + T(a + h+l) 
IX«+1) 

For small A, 

r(«+*+i) r ( a+ i ) + lw ; ' ] l 
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Choose h so small that 1 - e < [T(a + l)]/[r(«+h+1)] < 1 + e. 

r(«+A+l)| 
\p(tf-l\<^r 

e 

2M' 1 -

where 

Then 

or 

M = max 

T(a+1) 

p(ty 

< 2M 

oztzi T ( a + 1 ) 

\\I(a+h)g-I(a)g\\ < M(l+£)[^+2^] 

\\I(a + h)g-I(a)g\\ <e(l + e)\\g\\ 

and this implies 

Sup \\I(a + h)g-I(a)g\\ = \\I(a + h)-I(a)\\ < £(l+e)->0 as e -
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