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THE CALOGERO-MOSER PARTITION FOR G(m,d,n)
GWYN BELLAMY

Abstract. We show that it is possible to deduce the Calogero-Moser parti-
tion of the irreducible representations of the complex reflection groups G(m,d,
n) from the corresponding partition for G(m,1,n). This confirms, in the case
W = G(m,d,n), a conjecture of Gordon and Martino relating the Calogero-
Moser partition to Rouquier families for the corresponding cyclotomic Hecke
algebra.

81. Introduction

1.1.

Let W be a finite complex reflection group. Associated to W is a family of
noncommutative algebras, the rational Cherednik algebras. These algebras
depend on a pair of parameters, t and c¢ (precise definitions are given in
Section 2.1). At t = 0 the algebras are finite modules over their centers. The
aim of this paper is to continue the study of a certain finite-dimensional
quotient of the rational Cherednik algebra at t =0, the restricted rational
Cherednik algebra. The blocks of the restricted rational Cherednik algebra
induce a partitioning of the set Irr(W) of irreducible W-modules, called the
Calogero-Moser partition. Using the geometry of certain quiver varieties,
Gordon and Martino [GM] have given an explicit combinatorial description
of the Calogero-Moser partition when W = C,,, ¢ S,,. We show that Clifford
theoretic arguments can be used to extend this result to the normal sub-
groups G(m,d,n) of Cy,1S,. Gordon and Martino [GM] conjecture that
the Calogero-Moser partition should be related, in some precise way, to the
Rouquier blocks of a particular Hecke algebra associated to the same com-
plex reflection group W. This conjecture is refined in [M] and, by comparing
the combinatorial description of these partitions, is shown to be true when
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48 G. BELLAMY

W = C, 1Sy A consequence of the main result of this paper is that the con-
jecture as stated in [M, Conjecture 2.7(i)] is true for all G(m,d,n). However,
it is important to note here that, when n =2 and d is even, there are certain
unequal parameter cases where our methods fail (see Section 5.3 for details).
In these cases it is not known what the Calogero-Moser partition is.

82. The rational Cherednik algebra at ¢t =0

2.1. Definitions and notation

Let W be a complex reflection group, let h be its reflection representation
over C with rank h =n, and let S(W) be the set of all complex reflections
in W. Let (+,-) : h x h* — C be the natural pairing defined by (y,z) = z(y).
For s € S(W), fix as € h* to be a basis of the 1-dimensional space Im(s —
1)[p+, and fix oy € h to be a basis of the 1-dimensional space Im(s — 1)]y,
normalized so that as(ay) = 2. Choose ¢ : S(W) — C to be a W-equivariant
function, and choose t to be a complex number. The rational Cherednik
algebra Hy (W), as introduced by Etingof and Ginzburg [EG, p. 250], is
the quotient of the skew group algebra of the tensor algebra, T'(h @ h*) x W,
by the ideal generated by the relations

(1) [xhx?} =0, [yl,y2] =0,
21, 51) =ty 21) = D e(s) (v, @) () s 1),
seS

for all 1,22 € h* and y1,y2 € H.

For any v € C\{0}, the algebras Hy;,c(W) and Hy (W) are isomorphic.
In this article we will consider only the case t = 0; therefore, we are free to
rescale ¢ by v whenever this is convenient.

A fundamental result for rational Cherednik algebras, proved by Etingof
and Ginzburg [EG, Theorem 1.3], is that the Poincaré-Birkhoff-Witt (PBW)
property holds for all ¢,c. That is, there is a vector space isomorphism

(2) H; (W) 5 Clh) @ CW @ C[h*].

2.2. The restricted rational Cherednik algebra

Let us now concentrate on the case t =0, and we omit ¢ from the notation.
In this case the algebra H.(WV) is a finite module over its center Z.(WW). By
[EG, Proposition 4.5], we have an inclusion A = C[h]" @ C[h*]" C Z.. This
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allows us to define the restricted rational Cherednik algebra H.(W) as

i He(V)

(W) = 5
where A, denotes the ideal in A of elements with zero constant terms.
The PBW property (2) implies that H.(W) = C[h]©°" @ CW @ C[h*]«°V
as vector spaces, where C[h]©°" := C[h]/(C[p]¥) is the coinvariant ring of b
with respect to W. In particular, dim H. (W) = |W|3. The inclusion C[h]"V ®
C[h*]" < Zc(W) defines a surjective, finite morphism Y : Spec(Z¢(W)) —»
b* /W x /W

2.3. The Calogero-Moser partition

Fix a complete set of nonisomorphic simple W-modules, and denote
it by Irr(W). Following [GM], we define the Calogero-Moser partition of
Irr H.(W) to be the set of equivalence classes of Irr He(W) under the equiv-
alence relation L ~ M if and only if L and M belong to the same block of
Hc(W). The set of equivalence classes will be denoted CM.(W). It has been
shown (see [G1, Proposition 4.3]) that Irr He(W) can be naturally identified
with Irr(W). Thus, the Calogero-Moser partition CM(W) will be thought
of as a partition of Irr(WW) throughout this article. Given A, u € Irr(W), we
say that A, pu belong to the same partition of CMc(W) if they are in the
same equivalence class.

83. Blocks of normal subgroups

3.1.

Throughout this section we fix an irreducible complex reflection group
W with reflection representation h. Moreover, we assume that there exists
a normal subgroup K <W such that K acts, via inclusion in W, on § as a
complex reflection group (though h need not be irreducible as a K-module)
and that W/ K = Cy, the cyclic group of order d. Since K is normal in W, the
group W acts on S(K) by conjugation. Let us fix a W-equivariant function
c:S(K) — C. We extend this to a W-equivariant function ¢ : S(W) — C by
setting c(s) =0 for s € S(W)\S(K). Note that the partition of S(K) into
K-orbits can be finer than the corresponding partition into W-orbits. Thus,
a K-equivariant function on S(K) is not always W-equivariant. However, as
will be shown below, this problem does not occur in the cases we consider.
For our choice of parameter c, the defining relations (1) show that the
natural map T'(h @ h*) x K — H; (W) descends to an algebra morphism
H; o(K)— H;c(W). The PBW property (2) shows that this map is injective.
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PROPOSITION 3.1. For c as defined above, the algebra Hy o(K) is a sub-
algebra of Hy o(W).

3.2.

As explained in the introduction, the goal of this article is to relate the
Calogero-Moser partition of K to the Calogero-Moser partition of W. How-
ever, the algebra H¢(K) is not a subalgebra of H.(W). To overcome this,
we study an intermediate algebra, ﬁC(K ), which is defined to be the image
of He(K) in Ho(W). Thus, we are in the following setup:

Hyo(K) —— Hoc(W)

| |

(K) — He(W)
e(K)

H.(K

He

where the horizontal arrows are inclusions. To be precise, He(K) := Ho o(K)/
A4 - Hoo(K), where A = C[h]" @ C[h*]" and where A, is the ideal of
polynomials with constant term zero. The PBW property (2) implies that
He(K) 2= C[p]*" @ CK @ C[h*]" and hence has dimension |K|-|W |2. The
idea is to relate the block partition of He(K) to CMc(W) via the formalism
of twisted symmetric algebras. Proposition 3.3 below shows that this allows
us to deduce information about the partition CMc(K).

3.3.

As noted in Section 2.3, the set {L(\) | A € Irr(K)} is a complete set
of nonisomorphic simple modules for H.(K). There is a natural surjective
map He(K) — He(K), and the kernel of this map is generated by certain
central nilpotent elements of I:TC(K ). Therefore, the kernel is contained in
the radical of He(K). This implies that {L(\) | A € Irr(K)} is also a complete
set of nonisomorphic simple modules for fIC(K ) and that the block partition
of He(K) corresponds to a partition of the set Irr(K). In particular, the
space L(\) is both a simple ELC(K)- and H(K)-module. However, when we

wish to consider L()) as an H(K)-module we will denote it by L()\).

PROPOSITION 3.3. The Calogero-Moser partition CM¢(K) of Irr(K) and
the block partition of He(K) on Irr(K) are equal.
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Proof. Let us again denote by A the algebra C[h]"Y ® C[h*]" and define
B =C[h]¥ @C[h*]¥. Then we have inclusions A C B C Z(H¢(K)) C He(K).
The proposition will follow from an application of a result of Miiller. (The
version we use here is stated in [BG, Proposition 2.7].) Recall that A, is
the maximal ideal of elements with constant term zero in A. Let B be the
maximal ideal of elements with constant term zero in B. Fix Z := Z(H.(K))
and H := H(K). Miiller’s theorem says that the primitive central idempo-
tents of H/A, - H are the images of the primitive idempotents of Z/A, - Z,
and similarly, the primitive central idempotents of H/B. - H are the images
of the primitive idempotents of Z/B, - Z. However, Ay - Z C By - Z, and
By -Z/Ay - Z is a nilpotent ideal in Z/A, - Z; therefore, the primitive
idempotents of Z/By - Z are the images of the primitive idempotents of
Z/A, - Z. This implies that the primitive central idempotents of H/B - H
are the images of the primitive central idempotents of H/A, - H. This is

equivalent to the statement of Proposition 3.3. 0

3.4.

The following lemma will be required later.

LEMMA 3.4. We can choose a set {fi,...,fn} of homogeneous, alge-
braically independent generators of C[b]K and positive integers ay,...,a,
such that {f{*,..., fi"} is a set of homogeneous, algebraically independent

generators of C[h]" and ay---a, = d.

Proof. The ring C[h]¥ is N-graded with (C[h]¥)o = C. Therefore, m :=
C[h)%, the ideal of polynomials with zero constant terms, is the unique
maximal, graded ideal of C[h]®. The group W acts on m and hence also on
m?. Let U be a homogeneous, W-stable complement to m? in m. By [BBR,
lemme 2.1], U generates C[h]X and so C[h]¥ = C[U*]. The action of W
on U* factors through C,. Since C[U*]% = C[h]" is a polynomial ring, the
Chevalley-Shephard-Todd theorem (see [Co, Theorem 1.2]) says that Cy acts
on U* as a complex reflection group. Therefore, we can decompose U into
a direct sum of 1-dimensional, homogeneous Cyg-modules, U =@, C - f;,
and Cy = Cy, X --- x Oy, such that the action of Cy on C- f; factors through
Co, (with C,, acting faithfully on C- f;). Then C[h]"V = C[f{", ..., f2"], and
the fact that C[h]" is a polynomial ring in n variables means that the
polynomials fi"*,..., f4» are algebraically independent. 0

REMARK. For W = G(m,1,n) and K = G(m,d,n) (as defined in Sec-
tion 5), we can make an explicit choice of invariant polynomials as described
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in Lemma 3.4. Let ¢;(x1,...,x,) denote the ith elementary symmetric poly-
nomial in z1,...,x,. By [Co, p. 387], the following are a choice of alge-
braically independent, homogeneous generators for C[h]":

ez, ...,x), 1<i<n and (T1,...,Zn)

mn
yn .

In Lemma 3.4, we take f, to be (xl,...,xn)% and f; = e;(z7, ...,z for
1<i<nsothat a;=1for 1<i<n and a, =d.

84. Automorphisms of rational Cherednik algebras

4.1.

The group W is a finite subgroup of GL(h). Let us choose an element
o € Narp) (W) C GL(h). Then o is an automorphism of W, and we can
regard it as an algebra automorphism of CW by making ¢ act trivially
on C. Moreover, o acts naturally on h* as (o - x)(y) =z(c~! -y) for x € h*
and y € h. Therefore, o also acts on C[h*] and C[h]. Let us explicitly write
S(W)={C4,...,Cy} for the set of conjugacy classes of reflections in W.
Then o permutes the C;, and regarding ¢ as an element of the symmet-
ric group Sk, we write o - C; = Cy(;). It can be checked from the defining
relations (1) that the maps

x—o(z), yr—ol(y), wr—o(w), zebhyehweW
define an algebra isomorphism
g Ht,C(W) — Ht,a(c) (W)a

where o(c) = o(c1,...,¢k) = (Co-1(1) -+ -5 Co-1(k)). Since o normalizes W,
there is a well-defined action of o on C[h]"" @ C[h*]". Hence, o descends to
an isomorphism o : He(W) = H, ) (W).

4.2.

Now let us consider K. By definition, W C Ngr, ) (K); therefore, elements
of W act as isomorphisms between the various rational Cherednik algebras
associated to K. Moreover, if we once again make the assumption that
the parameter ¢ is W-equivariant, then the elements of W actually define
automorphisms of H;c(K). These induce automorphisms of H.(K) and
Hc(K). Let M be a module for one of the three algebras CK, He(K), or
He(K). Then M is also a module for that algebra, where M =M as
vector spaces, and if a is an element of the algebra and m € M, then a-, m =
o~1(a) - m. The following lemma is standard.
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LEMMA 4.2. Let A be a K-module, and let o € W. Then L(\) = L(°)\)
and “L(A) 2 L(7\).

4.3. Clifford theory N
We now define an action of Cyq on H¢(K). For n € Cy, choose a lift o of
nin W, and let A € Irr(K). Define

n-A=7\, n-L(\)=7L(\).

Note that the action of Cy is only well defined up to isomorphism; therefore,
Cy4 can be considered as acting on the isomorphism classes of the objects in
H(K)-mod. Given p € Irr(K), the stabilizer subgroup of Cy with respect to
p will be denoted C),. Let C) = Homgp,(Cy,C*) be the group of characters
of Cy4. There is an action of C) on the isomorphism classes of the objects in
H¢(W)-mod. First let us define an action of C on Irr(W): 6-A=A®34, for
§ € O and A € Irr(W). The stabilizer subgroup of C' with respect to A will
be denoted CY. We choose coset representatives wi, ..., wq of Cq in W; then
Lemma 3.4 implies that He(W) = P, He(K)w;. Given an He(W)-module
M, we define § - M = M ® § with action

hw; - (m®¢§) = 6(Kw;)(hw; -m) ® 4.

This action does not depend on the choice of coset representatives, and one
can define § as a functor on H.(W)-mod, though we will not require this
level of generality.

4.4.

Let Res} and IndY be the induction and restriction functors CK-mod <
CW-mod. Then Clifford’s theorem allows one to compare CK- and CW-
modules via the induction and restriction functors (see [CR, Chapter 7]
for details). When the quotient group is cyclic, it is possible to deduce the
following result (the proof of which can be found in [Ste, Proposition 6.1]).

PROPOSITION 4.4. Fiz \ € Trr(W), and write Resjy A\ = p1 @ -+ @ p,
where each p; is nonzero and irreducible. Then
(1) G = (CY/CY)Y € Ca, hence |Gy - 1CY] = d.
(2)
(3) the u; are pairwise nonisomorphic,
(4) Ind¥ p; = eiiecj/cx 5.

Cy acts transitively on the set {u1,..., 1},
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4.5.
To relate the action of Cy on He(K )-mod and CY on H¢(W)-mod, let us
introduce the semisimple algebras

Ay = Ho(W)/rad Ho(W)  and Ay := Ho(K)/rad Ho(K).

Note that Ax C Aw and that there are natural induction and restriction
functors, Indﬁﬁ(" and Resﬁ"KV. The functors

Ew :CW-mod — Aw-mod, Ew(X) := Aw @, w) He (W) Oc[p*]eoW xw A

Ex :CK-mod — Ag-mod, Eg(u):=Ax B o (1) H.(K) Qc[h*)eoW wK M

are equivalences of categories with Eyy(\) = L(\) and Ex(u) = L(y) for
A€ lrr(W) and p € Irr(K).

LEMMA 4.5. The following diagram commutes up to natural equivalences:
(3)

E
CW-mod —> Ay -mod

Ind¥ I Res? Ind}y "V 1 Res !V

CK -mod R A -mod
K

Proof. Let us write Irr(W) = {A1,..., \x}, Irr(K) = {p1,..., i}, and
ai; € N such that ResW \i = P ; M?a” . We begin by showing that the func-
tors By oInd[Vg and Indﬁf{v oFE are equivalent. The fact that CW =, \; ®
Af as a CW-CW-bimodule implies that Ew (CW) =D, L(\;) ® A} as an
Aw-CW-bimodule. Similarly, Ex(CK) = (P, E(,uj) ® pj as an Ag-CK-
bimodule. Frobenius reciprocity implies that

Bw oIndy CK ~ P L(\;) ® ()%
tj

as an Ap-CK-bimodule. The isomorphism H(W) B f1o(10) A(p;) ~
A(Ind} p;) implies that

Idy" L(p;) = @ L),
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and thus
Ind}"V 0Bk (CK) ~ P L(\) @ ()
]

as an Ay -CK-bimodule. Since the functors Ey o Ind% and Ind’z‘;{" oFk
are exact, Watts’ theorem (see [Rot, Theorem 5.45]) says that Ey o Ind}¥
is naturally isomorphic to Eyy o Ind%((CK ) ®cx — and that Indﬁ;" oF is

naturally isomorphic to Indﬁi{" 0Fk(CK) ®ck —. The required equivalence
now follows from the general fact that if A; and A, are algebras and if
B, C are isomorphic Ai-As-bimodules, then fixing an isomorphism B — C'
defines an equivalence

B®a, — — C®a, —: A;-mod — Az-mod.

The fact that the functors Eg o Resﬁi’(" and Resﬁf{v o Ey are equivalent
follows from the facts that FEy o Ind% and Indﬁi{" oF i are equivalent,
(Ind}Y,Res¥) and (IndﬁZ,Resﬁ"KV) are pairs of adjoint functors, and Ek

and Ey are equivalences of categories. []

4.6.
The functors Ey and Ex behave well with respect to the groups C
and Cy. More precisely, we have the following.

LEMMA 4.6. Let § € C), let g € Cy, let A € CW-mod, and let p €
CK-mod; then

Ew(d-A)~0d-Ew()) and Ex(g-pn)~g-Ex(n).

Proof. We prove that Ey (6-A) =0 - Eyw(A), the argument for Fx being
similar. Consider the space 1@ A®6 C §- A(N). For h C C[h*]*W c Ho (W),
we have h- (1 ® A® ) = 0; thus, there is a nonzero map A(5- ) — 0 - A(N).
The space 1@ A® 0 generates ¢ - A(\); therefore, the map is an isomorphism.
The head of A(d- ) is Ew (6- ), and the head of § - A(A) is § - Ey(A). This
proves the result. 0

4.7.

Combining Proposition 4.4, the commutativity of diagram (3), and Lem-
ma 4.6, we can conclude the following.

PROPOSITION 4.7. Fiz X\ € Irr(W), and write Resfg{vL()\) =L(p)® &
L(ui), where each L(y;) is nonzero, irreducible. Then
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(2) Crpuy = (CV/CV ) C Cy, hence |CL(M -1C I =d.
(3) Cq acts tmnsztwely on the set {L(p1),. L(,uk)}

(4) the L(u;) are pairwise nonisomorphic,

(

5) Tnd ¥ L(1i) = Bsecyjov. 6-LN).

L))

4.8.

Since C acts on the isomorphism classes of objects in He(W)-mod and
Cy acts on the isomorphism classes of objects in ﬁc(K )-mod, these groups
also permute the blocks of the corresponding algebras. Hence, there is an
action of C) on the set CM¢ (W) and an action of the group Cy on the block
partition of Irr(K) with respect to He(K).

LEMMA 4.8. The action of C)) on CMc(W) is trivial since each partition
in CMc(W) is a union of C orbits.

Proof. Let § be a generator of Cy. Fix B to be a block of Hc(W), and let
A € Irr (W) such that L(A) is a simple module for B. Then we must show that
L(d-A) is also a simple module for B. Since the baby Verma modules A(\)
and A(J - \) are indecomposable, it suffices to show that there is a nonzero
map A(§-\) — A()). In the notation of Lemma 3.4, C[U*]¢°¢ is isomorphic
to the regular representation as a Cg-module. Let {f1,..., f,} be the set
of generators described in Lemma 3.4. Then there exist wuq,...,u, with
0 <w; < a; such that g := f"* --- f» equals 0 as characters of Cy. Moreover,
the image of g in C[h]®®" is nonzero. The polynomial g is K-invariant;
therefore, it is central in He(K). Since He(K) C He(W), g commutes with
the elements h C H(W). Therefore, the required map exists and is uniquely
defined by 1®35- X " g® A 0

4.9. Twisted symmetric algebras

We will show that H.(W) is an example of a twisted symmetric algebra
with respect to the group Cy. We follow the exposition given in [CH3, Sec-
tion 1] (see also [CH2]). Although we do not use the properties of H¢(W)
derived from the fact that it is a symmetric algebra, we recall the relevant
definitions for completeness. Let A be a finite-dimensional C-algebra.

DEFINITION 4.9. A trace function on A is a linear map t: A — C such
that t(ab) = t(ba) for all a,b € A. It is called a symmetrizing form on A, and
A itself is said to be a symmetric algebra if the morphism

t:A— Homg(A4,C), ar— (t(a): b t(ab))

is an isomorphism of (A, A)-bimodules.
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PROPOSITION 4.9 ([BGS, Corollary 3.7]). The restricted rational Chered-
nik algebra He(W) is a symmetric algebra.

4.10.

Let A be a symmetric algebra with form ¢, and let B be a subalgebra of
A. Then B is said to be a symmetric subalgebra of A if the restriction of ¢
to B is a symmetrizing form for B and A is free as a left B-module.

LEMMA 4.10. The algebra Ho(K) is a symmetric subalgebra of He(W).

Proof. If w1,...,wy are left coset representatives of K in W, then the
PBW property (2) implies that He(W) is a free left He(K)-module with
basis wi,...,wg. The fact that the restriction of ¢ to fIc(K ) is symmetrizing
is clear from the proof of [BGS, Lemma 3.5]. U

DEFINITION 4.10. Following [CH3, Definition 1.10], we say that the sym-
metric algebra (A,t) is a twisted symmetric algebra of a finite group G over
the subalgebra B if B is a symmetric subalgebra of A and there is a family
of vector subspaces {Ay | g € G} of A such that the following conditions
hold:

PROPOSITION 4.10. The symmetric algebra Ho(W) is a twisted symmet-
ric group algebra of the group Cy over the subalgebra He(K).

Proof. Asin Lemma 4.10, let wq,...,wy be left coset representatives of K
in W, and assume that Cy = {g1,...,9q4} such that Kw; = g; in W/K = Cjy.
Then He(W),, = H(K) - w;. Conditions (1), (3), and (5) are clear. Since
conjugation by w; defines an automorphism of He(K), condition (2) is also
clear. Finally, condition (4) follows from the definition of the symmetrizing

form @ given in [BGS, Section 3.5]. U

4.11.
We are now in a situation where we can apply [CH2, Proposition 2.3.18].

THEOREM 4.11. For § C Irt(W), let I'(S) be the set of all p € Irr(K)
occurring as a summand of ResW \ for some A € S. Let P € CM¢(W). Then
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there exists Q € CM¢(K) such that I'(P) = Cy - Q. This implies that there
s a bijection
CMc(W) 5 CMe(K) /Cy.

Proof. Proposition 3.3 tells us that {blocks of He(K)} = CMc(K). This
identification is Cy-equivariant. Therefore, it suffices to show that theorem
holds but with CMc(K) replaced by {blocks of H¢(K)}. In [CH2], Chlou-
veraki makes use of the existence of a field extension of the base field of the
twisted symmetric algebra A such that the extended symmetric algebra is
split-semisimple. This fact is used to prove [CH2, Proposition 2.3.15]. Such
an extension does not exist for H¢(W), but Proposition 4.7 is our substi-
tute result. Now [CH2, Proposition 2.3.18] is applicable, with A = H(W)
and A = ﬁc(K ) since its proof does not explicitly rely on the existence of
a splitting field extension. This result says that the rule C - P — I'(CY - P)
defines a bijection between the set of C)-orbits in CM(W) and the Cy-
orbits in {blocks of H¢(K)}. However, Lemma 4.8 says that the action of
C on CM¢(W) is trivial. 0

4.12.
Let us note a particular situation where we can give a more precise result.

LEMMA 4.12. Let A € Irr(W) such that {\} € CM¢(W). Then Resi¥ A\ =
DL i, i % iy for i # j and {p;} € CMe(K) for 1 <i<d.

Proof. Again, since Proposition 3.3 tells us that {blocks of ﬁC(K)} =
CM,(K), it suffices to show that the statement holds with CM¢(K) replaced
by {blocks of He(K)}. Proposition 4.4 tells us that Resi/ A = D;_, u; for
some e dividing d and p; 2 p; for ¢ # j. Moreover, there exists g € Cy
such that 9u; = pj;, and hence IL(p;) = INJ(/AJ-). In particular, dim L(yx;) =
dim L(pj) = r for all 4,j and some r < |K|. Tt is shown in [G1, Section 5.3]
that dim L(A) = |W| if and only if {A} is a partition of CM¢(W'). Propo-
sition 4.7 says that Resi;VL(/\) =@¢_, L(u;). Comparing the dimension of
both sides gives

[W|=e-r<d-|K|=|W|.

Thus, e = d and r = | K|. Again, by [G1, Section 5.3], dim L(;) = | K| implies
that {u;} is a block of H¢(K). 0

REMARK 4.12. In this article we focus on the particular case of W =
G(m,1,n) and K = G(m,d,n) (details are given in Section 5). However,
we believe that it is advantageous to present Theorem 4.11 in the level of
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generality that we have done here since there are many examples among the
34 exceptional irreducible complex reflection groups of pairs (W, K). There-
fore, in order to calculate the Calogero-Moser partition for all exceptional
groups, it would suffice to consider only certain groups. We refer the reader
to [CH2, Appendix]| for a list of many such pairs (W, K).

§5. The imprimitive groups G(m,d,n)

5.1.

The irreducible complex reflection groups are divided into two classes: the
primitive complex reflection groups and the imprimitive complex reflection
groups. The groups were classified by Shephard and Todd [ST]. There are 34
primitive complex reflection groups, which in the classification of [ST] are
labeled Gy, ...,G3s7. They are also known as the exceptional complex reflec-
tion groups. In this section we will consider instead the imprimitive com-
plex reflection groups. These belong to one infinite family G(m,d,n), where
m,d,n € N and d divides m. Let S,, be the symmetric group on n elements,
considered as the group of all n x n permutation matrices. Let A(m,d,n)
be the group of all diagonal matrices whose diagonal entries are powers of a
certain (fixed) mth root of unity and whose determinant is an (m/d)th root
of unity. The group S,, normalizes A(m,d,n), and G(m,d,n) is defined to
be the semidirect product of A(m,d,n) by S,. Note that G(m,1,n) is the
wreath product group C,, 1S,. Fix p=m/d.

5.2. The conjugacy classes of reflections

Fix ¢ a primitive mth root of unity. Let s(; ;) € S, denote the transpo-
sition swapping i and j, and let ¥ be the matrix in A(m,1,n) which has
ones all along the diagonal except in the ith position where its entry is ¢*.
The conjugacy classes of reflections in G(m,1,n) are

R:{S(i7j)6f€;k 1<i#j<n,0<k<m-—1},
Si={e\:1<j<nh<icm-1.
The G(m,1,n)-conjugacy classes of reflections in G(m,d,n) are
R= {s(i,j)afsj_kzl <i#j<n,0<k<m-—1},
Sid = {é‘;'d 1<j<n}icicp-1

The following is an application of [Re, Theorem 3].

https://doi.org/10.1017/50027763000022303 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000022303

60 G. BELLAMY

PROPOSITION 5.2. Let n>2 or n=2, and let d be odd; then the G(m,1,
n)-conjugacy classes of reflections in G(m,d,n) coincide with the G(m,d,n)-
conjugacy classes of reflections in G(m,d,n). When n =2 and d is even,
the G(m,d,2)-conjugacy classes of reflections in G(m,d,2) are

R = {S(l,g)Eij_k :0<k<m-—1,k even},
Ry ={sageic; :0<k<m—1,k oddy},

and
Siqa = {5ijd 1<j<n}icicp1.

5.3.

The group G(m,d,n) is a normal subgroup of G(m,1,n) of index d, and
the quotient group is the cyclic group Cy. Therefore, we are in the situation
considered in the previous sections. If ¢ is a G(m,d,n)-conjugate invariant
function on the set of reflections of that group, then, provided that n # 2
or n=2 and d is odd, ¢ extends by zero to a G(m, 1,n)-conjugate invariant
function on the set of reflections of G(m,1,n). If n =2 and d is even, we
are restricted to considering c¢ such that c(R;) = c(Rz). The group Cy =
(D) is a cyclic subgroup of G(m,1,n) and normalizes G(m,d,n). If d is
coprime to p, then G(m,1,n) = G(m,d,n) x Cy; an important example of
this behavior is G(m,m,n) <G(m,1,n). In such situations there exists an
algebra isomorphism

Hi. (G(m, 1,n)) =~ Hie (G(m,d, n)) x Cy.

A specific example of this is Hy (. 0)(Bn) = Ht o(Dy) x Ca, where B, and Dy,
are the Weyl groups of type B and D, respectively. (They correspond to
G(2,1,n) and G(2,2,n).)

5.4. Representations of G(m,d,n)

We begin by giving an explicit description of the simple G(m,1,n)-
modules. This will allow us to give a combinatorial description of the action
of the groups Cyq and C) as defined in Section 4.3. Recall that a partition
of n is a sequence of positive integers A = (A1 > Ay > -+ > A\t > 0) such
that n = |\|:= Zle M- We call k the length of X\. The simple S,-modules
are parameterized by partitions of n. Let V) denote the simple S,-module
labeled by the partition A. The simple C,,-modules will be denoted C - w;
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(or simply w;), 0 <i<m. If Cp, = (g), then ¢ -w; = ('w;. (We may think
of Cy,, C G(m,1,n) such that e =¢1.) Now let U be any C,,-module, and
let V' be an S,-module. The wreath product UV is the G(m,1,n)-module,
which as a vector space is U®" ® V and whose module structure is uniquely
defined by

g (U ® - QUuyRV)=U1 Q- ReE-U R R Uy, DV,
and for o € 5y,
T (U QUp ®V) = Up1(1) @ B Ug—1() D T - .

If U and V are simple modules, then UV is a simple G(m,1,n)-module.
However, not every simple G(m, 1,n)-module can be written in this way. A
complete set of simple modules was originally constructed by Specht [Sp].
The precise result is stated below, and a proof can be found in [JK, Theorem
4.3.34]. An m-multipartition A of n is an ordered m-tuple of partitions
(A9, A™ 1) such that [\ + -+ +|A™~ 1| =n. Let P(m,n) denote the set
of all m-multipartitions of n. To each m-tuple ng+---+n,,—1 = n there is a
corresponding Young subgroup G ) = Cp0(Sng X - -+ X Sp,, ) of G(m,1,n).

THEOREM 5.4. To each A in P(m,n) we can associate the G(m,1,n)-
module

Vy = Indgg’l’”)(wo W) ® -+ @ (W1 1 Vam-1),

where Gy, 1s the Young subgroup corresponding to the m-tuple INO| 4 -+ +
N =n. Each V) is simple, V) % Vi for A# p, and every simple G(m, 1,
n)-module is isomorphic to Vy for some A.

5.5.

Note that in the case n; =0, the module w; ! Vy: should be regarded as
the 1-dimensional trivial module. An element of G(m,1,n) can be thought
of as a permutation matrix but with the unique 1 in each row replaced by
an element of C),. The rule that takes each such matrix to the product of
its nonzero entries defines a character ¢’ : G(m,1,n) — C*. (This is not the
determinant of the matrix.) Fix ¢ := (§')P. Then C) = (d), and it follows
from Section 4.3 that (w; 1V) ® § > wjyp V. If we define the action of C
on A by

L O e GO K D Y P R S N
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then Theorem 5.4 implies that §- V) = Vj.,. We denote the orbit Cj - A by [A].
Since (Cy /CY)Y C Cy is the stabilizer C, of y, an irreducible summand of

Resggg’;’g A, we see by Proposition 4.4 that the set of all irreducible sum-

mands of ResZ "1 \

G(m,d,n)=
This quotient can be identified with CY; hence, irreducible representations of

G(m,d,n) are parameterized by distinct pairs ([A], €), where € € Cy. If we fix
Cy = (€7 and define the bijection Cy <> CY by (7)< 8%, then Cy/C,, < CY
and the action of Cy on pairs ([A],€) is given by

n-(Ae) = (An-e) where (n-€)(v) = e(w), for n,v € Cy.

§6. Combinatorics

is parameterized by elements of the quotient Cy/C,,.

6.1.

In this section we apply Theorem 4.11 to the combinatorial description of
the partition CM¢(G(m,1,n)) given in [GM] and deduce a similar descrip-
tion of the partition CMc(G(m,d,n)). First we must introduce some com-
binatorial objects.

6.2. Young diagrams and (-numbers

Let A be a partition of n of length k. The Young diagram of X\ is defined
to be the subset Y (\) := {(a,b) € Z? |1 <a < k,1 <b< \,} of Z2. Each box
in the diagram is called a node, and the content of a node (a,b) is defined to
be the integer cont(a,b) := b — a. The Young diagram should be visualized
as a stack of boxes, justified to the left; for example, the partition (3,2,2,1)
with its content is

6.3. Residues
Given a partition A\, we define the residue of A to be the Laurent poly-
nomial in Z[z*!] given by

Res)(z) := Z geont(ab),
(a,b)EY (N)

For r € Z, the r-shifted residue of X is defined to be Res)(x) := 2" Resy ().
Let A € P(m,n), and fix r € Z™. Then the r-shifted residue of A is defined
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to be .
Res}(z) := > Res}i(z).
=0

6.4.

In order to use the combinatorics described in [GM] and [M], we must
change the basis of our parameter space. Recall that we have labeled the
conjugacy classes of complex reflections in G(m,1,n) as R and S;. We fix
c(R) =k and c(5;) = ¢;. The parameters of the rational Cherednik algebra
H.(G(m,1,n)) as used in [GM] are h = (h, Hy,...,Hp—_1). We wish to find
an expression for these parameters in terms of k and cq,...,¢y,_1. For the
remainder of this section we make the assumption that k # 0. Without
loss of generality, k = —1. The parameter Hy is chosen so that Hyg+ Hi +
-+ Hp—1 = 0. Recall that ¢ is a primitive mth root of unity. By [G2,
Section 2.7], we know that h =k and

m—1
C; — Z Cinj'
J=0

Noting that

mzzlgi(wrj) _Jm—1 ifr+j=0modm
pary -1 otherwise,
we have, for 1 <r<m —1,
-1 -1
- —2r . —(m—-1)r _ < —ri < —1ij
(e +C e+ C em1=Y ¢ (VH
i=1 j=0
m—1 m—1
— HJ C*i(T+])
7=0 =1
m—1
=(m—1)Hp_,— »_ H,
j=0
j#Em—r
=mH,,_,.
Thus, for 1 <r<m —1,
1 m—1 1 m—1
Hy=—3 ¢ e=—% (e
mi mi
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6.5. The Calogero-Moser partition for C,, S,

The results in [GM] and [M] are valid only for rational values of h. There-
fore, for the remainder of this section, we restrict to those parameters c for
G(m,1,n) such that h = (—1, Hy, Hy, ..., Hp,—1) € Q1. Choose e € N such
that eH; € Z for all 0 <i<m —1, and fix

s=(0,eHi,eH| +eHy,...,eH  + -+ eHp_1) €Z™.
Combining [GM, Theorem 2.5] with the wonderful, but difficult, combina-
torial result of [M, Theorem 3.13] gives the following.
THEOREM 6.5. The multipartitions A\, u € P(m,n) belong to the same
partition of CMc(G(m,1,n)) if and only if
Res3 (z°) = Resj, (¢°).

6.6.

The G(m,1,n)-conjugacy classes of G(m,d,n) are R and Sjq, where 1 <
i <p—1. Thus, a parameter ¢ for G(m,1,n) is an extension by zero of
a parameter for G(m,d,n) if and only if ¢; =0 for all ¢ Z Omodd. Let us
therefore assume that ¢; =0 for ¢ Z Omodd.

LEMMA 6.6. We have c¢; =0 for all i #0modd if and only if H;y, = H;
for all 7.

Proof. First assume that ¢; =0 for all ¢ Z0modd. Then

1 p—1 p—1
Hi-l-p _ E Z Cdr(erp)cd _ Z Cdrz _ i-
r=1 r=1

Conversely, if H;, = H; for all ¢, then

p—1
ZCUH ZH ZC ]+Tp

The result now follows from

§C i(jrp) _ ”Z _Zp d( i if {=0modd
= otherwise. U
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6.7.

We will say that the parameter h = (—1,Hy,...,Hp_1) is p-cyclic if
Hiyp = H; for all i. Let A= (A\%...,A\™"!) be an m-multipartition of n.
We rewrite A as A= (Mg, ..., Ag_1), where \; = (AP,..., A(+DP=1) Now the
action of C on ) as defined in Section 5.4 can be expressed as

g (A07 cee >Ad—1) = (Ad—laAm cee 7Ad—2)'

An m-multipartition of n is called d-stuttering if \; = A; for all 0 <4,j <
d—1. The group C) can be considered as a subgroup of &4, the symmetric
group on d elements, acting on P(m,n) as

0 (A0 2 2a1) = Qs(0)s -+ Ao (a-1))-

LEMMA 6.7. Let ¢ be a parameter for G(m,1,n) such that h € Q! is
p-cyclic. Then the partitions of CMc(G(m,1,n)) consist of &4-orbits since

Res} (z°) = Resj., (z°),

where A € P(m,n), 0 € Sy, and s is defined in Section 6.5.

Proof. If h is p-cyclic, then the corresponding parameter s has the form

s=(s,...,s") wheres' =(0,eHy,eH +eHs,...,eH  + -+ eHp, 1),

and thus
d—1
Res} (z°) = Z Res} (z°) VA€ P(m,n).
i=0
Since the action of &4 simply reorders this sum, the result is clear. U
6.8.

The following technical result will be needed later.

LEMMA 6.8. Let h be a p-cyclic parameter, and choose A € P(m,n) to
be a non-d-stuttering m-multipartition of n. For each prime divisor q of d,
there exists an m-multipartition A(q) of n such that A and A(q) belong to
the same partition of CMc(G(m,1,n)) and the order of the stabilizer of A(q)
under the action of C is not divisible by q.
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Proof. We follow the argument given in [Ki, Lemma 3.5]. Since A is not d-
stuttering, there exists an ¢ > 0 such that \; # \y. If d = ¢ there is nothing to
prove, so assume that d > ¢, and set [ = d/q, [ > 1. Let o be the transposition
in &, that swaps \; and A\;_; in A\. We set A(¢) =0 - A. Then A(g) is not
fixed by any of the generators of the unique subgroup of C}/ of order ¢, and
hence the stabilizer subgroup of A(¢) has order coprime to ¢. Since A and
A(g) are in the same Sg4-orbit, Lemma 6.7 says that they are in the same
partition of CM¢(G(m,1,n)). U

6.9.
We will also require the following result.

LEMMA 6.9. Let ¢ be a parameter for G(m,1,n) such that h € Qm*! is
p-cyclic, and choose A € P(m,n) to be d-stuttering. If {\} is not a partition
of CMc(G(m, 1,n)), then there exists a non-d-stuttering m-multipartition p
that is in the same partition as A.

Proof. Since {A} is not a partition of CM¢(G(m,1,n)), there must exist
an m-multipartition A’ # X that is in the same partition as \. If \" is not
d-stuttering, then we are done. Therefore, we assume that )\’ is d-stuttering.
As noted in the proof of Lemma 6.7, h being p-cyclic implies that

d—1
Ressﬁ(me) = ZResZ (z°) VpeP(m,n).
i=0

Hence, Res3 (7¢) = dResiO (z¢) and Res§, (2°) = dRes?,A/)O (z€). It follows from
Theorem 6.5 that
Res} (2°) = Resa/)o (x°).

Set p = (Ag: (M), Ag,---1Ag); it is a non-d-stuttering m-multipartition.
Again by Theorem 6.5, Res3 (2¢) = Res}, (2¢) implies that A and p belong to
the same partition of CM¢(G(m,1,n)). 0

6.10. The main result

Recall that for P € CMc(W), I'(P) was defined to be the set of all
p € Trr(K) occurring as a summand of Resh,\ for each A € P. In the case
W =G(m,1,n) and K =G(m,d,n), I is given combinatorially by I'(P) =
{(Ale)[AeP,ec Oy}

THEOREM 6.10. Let ¢ : S(G(m,d,n)) — C be a G(m,1,n)-equivariant
function such that k #0 and h € Q™. The CM¢(G(m,d,n)) partition of
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Irr(G(m,d,n)) is described as follows. Let Q be a partition in CMc(G(m,

1,n)).

(1) If A is a d-stuttering m-multipartition such that Q = {\}, then the sets
{([Al,€)} where e € C are partitions of CMc(G(m,d,n)).

(2) Otherwise, I'(Q) is a CM¢(G(m,d,n)) partition of Irr(G(m,d,n)).

Proof. Rescaling if necessary, we may assume that k = —1. It is clear that
the sets described in (1) and (2) of the theorem define a partition of the
set Irr(G(m,d,n)). Therefore, we just have to show that the sets describe
the blocks of H.(G(m,d,n)). Proposition 3.3 says that it is sufficient to
prove that (1) and (2) describe the equivalence classes of Irr(G(m,d,n))
with respect to the blocks of He(G(m,d,n)). Lemma 4.12 shows that the
sets described in (1) are indeed blocks of He(G(m,d,n)). So let us assume
that Q is not of the form described in (1). The group Cy acts on the set
I'(Q), and Theorem 4.11 says that there exists a block B of He(G(m,d,n))
such that Cy- B =T(Q). We wish to show that Cy- B = B. The fact that
g-Leg-Bfor LeB and geC, implies that

|J Stab, L C Stabe, B
LeB
To show that Stabc, B = Cy, we will show that for every prime ¢ dividing d

there exists an L € B such that the highest power of ¢ dividing d also divides
| Stabc, L(p)|. This will imply that Cy- B = B, that is, that ['(Q) = B. Let
L()\) € Q, and let L(p) be a summand of ResAGEm b ”)L()\); then L(p) €g-B
for some g € Cd This means that g~' - L(u) € B is also a summand of
L()). Thus, Res AGEm b ")L()\) contains a summand that lives in B, for all
L(\) € Q. Since Stabcd L(p) = Stabg, L(i') for any two summands L(u)
and L(p/) of Res AGE’” b ">L()\), it will suffice to show that, for every prime ¢
dividing d, there exists an L(\) € Q such that the highest power of ¢ dividing
d also divides |Stabe, L(u)| for some summand L(p) of Resﬁg(m b ”>L()\)

G(m
Proposition 4.7(1) says that

| Stabg, L(p)| - | Stabey L(A)| = d

Therefore, it suffices to show that we can find L()\) € Q such that ¢ does not
divide |Stabgy L(A)[. Since Q # {A} for some d-stuttering multipartition A,
Lemma 6.9 says that there exists a non-d-stuttering multipartition in Q.
Lemma 6.8 now says that the module L(\) we require exists in Q. U

https://doi.org/10.1017/50027763000022303 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000022303

68 G. BELLAMY

COROLLARY 6.10. Let ¢ : S(G(m,d,n)) — C be a G(m,1,n)-equivariant
function such that k = —1 andh € Q™! extended to a functionc: S(G(m, 1,
n)) — C, and define s as in Section 6.5. Choose ([A],€), ([u],n) € Irr(G(m,
d,n)); then a
o if [A] # [u], then ([A],€) and ([u],n) are in the same partition of CMc(G(m,

d,n)) if and only if B

Res} (z°) = Res}, (z°);

e if A= is a d-stuttering partition and Res3 (z°) # Res, (z°) for allA# v €
P(m,n), then ([Al,€) and ([]A],n) are in the same partition of CM(G(m,
d,n)) if and only if e =n;

e otherwise, ([A],€) and ([A],n) are in the same partition of CMc(G(m,
d,n)).

6.11.

It was shown by the author in [B] that the partition CM¢(G(m,d,n)) is
never trivial, even for generic values of c¢. Here we describe CMc(G(m,d,n))
for generic c.

LEMMA 6.11. Let ¢ be a generic parameter for Ho(G(m,d,n)) such that
k#0 and h € Qm*L. Choose ([A]€), ([u],n) € Irr(G(m,d,n)); then

o if A is a d-stuttering partition, then {([A],€)} is a partition of CMc(G(m,
d,n));

o otherwise, ([A],€) and ([u],n) are in the same partition of CMc(G(m,d,
n)) if and only if B

d—1 d—1
(4) ZRGS)\]'-HM (z°) = ZRGS#HM (z°) Y0<j<p-—1
=0 =0

Note that the expressions in (4) are independent of the choice of represen-
tatives A € [A] and p € [p].

Proof. Since h is cyclic, we note once again that the vector s as defined
in Section 6.5 has the form

s=(s,...,8") wheres' =(0,eHy,eH +eHs,...,eH1 + -+ eH,_1).
Therefore,

p—1 d—1
Res (z°) = Z xS (Z Resyj+pi (xe))7
=0 i=0

https://doi.org/10.1017/50027763000022303 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000022303

THE CALOGERO-MOSER PARTITION FOR G(m,d,n) 69

and thus the genericity of ¢ implies that

d—1 d—1
Res} (2°) = Resj (z°) & Z Resyj+pi (2€) = Z Res,j+pi(2°) VO<j<p—1.
i=0 =0

If \ is d-stuttering, then Z?:_Ol Resyjt+pi (2¢) = dResy; (z¢), VO<j<p—1. 1Tt
can easily be shown that if

d—1
dRes,;(z¢) = Z Res j+ri (2°),
=0

then p/+P" = M for all i. Therefore, each d-stuttering partition forms a sin-
gleton partition in CM¢(G(m,1,n)). Now Lemma 6.11 follows from Corol-
lary 6.10. {

87. Relation to Rouquier families

7.1. Generic Hecke algebras

In this section we show that Theorem 6.10 confirms Martino’s conjecture
when W = G(m,d,n). To each complex reflection group, it is possible to
associate a generic Hecke algebra. We recall the definition as given in [M]
(see also [BMR]). Denote by K the set of all hyperplanes in h that are the
fixed point sets of the complex reflections in W. The group W acts on K.
Given H € K, the parabolic subgroup of W that fixes H pointwise is a rank
1 complex reflection group and thus isomorphic to the cyclic group C, for
some e. Therefore, an orbit of hyperplanes C € I corresponds to a conjugacy

class of rank 1 parabolic subgroups, all isomorphic to Ce,. Let ec := |Ce,|

be the order of these parabolic subgroups. For every d > 1, fix ng = e27/4,
and let pg be the group of all dth roots of unity in C. If uq, is the group of
all roots of unity in C, then we choose K to be some finite field extension
of @ contained in Q(ps) such that K contains p., for all C € K/W. The
group of roots of unity in K is denoted p(K), and the ring of integers in K

is ZK

7.2.

Fix a point g € breg := b\ Upex H, and denote by Zg its image in hreg/W.
Let B denote the fundamental group II;(hreg/W, Z0). Let u={(uc;):C €
K/W,0<j<ec—1} be a set of indeterminates, and denote by Z[u,u?]
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the ring Z[ué[; :Ce K/W,0<j<ec—1]. The generic Hecke algebra, Hyy,
is the quotient of Z[u,u"!]B by the relations of the form

(s —uco)(s —ucy) (s = ucec-1),

where C € /W and s runs over the set of monodromy generators around
the images in bhyeg /W of the hyperplane orbit C. The following properties
are known to hold for all but finitely many complex reflection groups (it is
conjectured that they hold for all complex reflection groups). In particular,
they hold for the infinite series G(m,d,n).

e Hy is a free Z[u,u"']-module of rank |W]|.

e Hy has a symmetrizing form ¢ : Hy — Z[u,u™!] that coincides with the
standard symmetrizing form on Zg W after specializing uc ; to ngc.

o Let v={(vc;):CeK/W,0<j<ec—1} be a set of indeterminates such
that uc ; = ngcvgf](-K)l. Then the K (v)-algebra K (v)Hy is split semisim-
ple.

Note that Tits’s deformation theorem (see [GP, Theorem 7.2]) implies that

the specialization ve j — 1 induces a bijection Irr(W) < Irr K (v)H .

REMARK 7.2. When W = G(m,1,n), the set /W is {R,S}, where R is
the orbit of hyperplanes that define the reflections in the conjugacy class R
and where § is the orbit of hyperplanes defining the reflections in the con-
jugacy classes Sy, ..., Sy —1. Therefore, eg =2 and es = m. Similarly, when
W =G(m,d,n), n#2 or n=2, and p is odd, the set /W is {R,S} where
R is the orbit of hyperplanes that define the reflections in the conjugacy
class R and S is the orbit of hyperplanes defining the reflections in the con-
Jugacy classes Sg, ..., Sq(p—1). Therefore, eg =2 and es = p. However, when
W =G(m,d,2) with d even, the set /W is {R1,R2,S}, where R1, Ry are
the orbits of the hyperplanes that define the reflections in the conjugacy
classes R; and Ra. Here eg, =eg, =2 and es =p.

7.3. Cyclotomic Hecke algebras
The cyclotomic Hecke algebras are certain specializations of the generic
Hecke algebra. Let y be an indeterminate.

DEFINITION 7.3. A cyclotomic Hecke algebra is the Zg[y,y !]-algebra
induced from Z[v,v~!]Hy by an algebra homomorphism of the form

Zrv,v Y — Zkly,y ], ve,j — Y,
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where the tuple n:={(n¢; €Z):C € K/W,0<j <ec — 1} is chosen such
that the following property holds. Set z := y/*()| and let z be an indeter-
minate. Then the element of Zg [y, z] defined by

ec—1

Te(y,2) = [ (z—nly™e)
=0

is required to be invariant under Gal(K (y)/K (x)) for all C € IL/W. In other
words, Tc(y,2) is contained in Zg[z*!, 2]. The cyclotomic Hecke algebra
corresponding to n is denoted Hyy (n).

The symmetric form ¢ on Hy induces, by extension of scalars, a sym-
metrizing form on K (y)Hw (n), and this algebra is split semisimple by [CH2,
Proposition 4.3.4]. Therefore, Tits’s deformation theorem implies that we
have bijections

Irr(W) & Irr K (y)Hw (n) < K (v)Hw.

7.4. Rouquier families

The Rouquier ring is defined to be R(y) = Zk[y,y~*, (y" — 1)1 :n€N].
Since Hyw is free of rank |W|, R(y)Hw (n) C K(y)Hw (n) is also free of
rank |IW|. We define an equivalence relation on Irr K (y)Hw (n) = Irr(W)
by saying that A\ ~ p if and only if A and pu belong to the same block of
R(y)Hw (n). The equivalence classes of this relation are called Rouquier
families.

7.5.

Fix a parameter ¢ for G(m,d,n) that extends to a parameter c for
G(m,1,n), translated into the form h = (h, Hy,...,Hp—1) as described in
Section 6.4. Again, we make the assumption that h = —1 and h € Qm*!.
Choose e € N such that eh and eH; € Z for all 0 <¢<m — 1. Then n=
(PR,0,MR1,1S,0,---,NS,m—1) is fixed to be nro=e,nr1 =0, and ns; =
62{:1 H; for 0 <j<m—1. From now on we fix K =Q(n,,) and Zg =
Znm]. Recall the morphism T defined in Section 2.2.

CONJECTURE 7.5 (Martino [M, Conjecture 2.7]). Let c, h, and n be as
above.

(1) The partition of Irr G(m,d,n) into Rouquier families associated to
He(m,dn)(n) refines the CMc(G(m,d,n)) partition. For generic values
of ¢ the partitions are equal.
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(2) Let € Y71(0), and let K(y)B1 @ ---® K(y)By, be the sum of the cor-
responding Rouquier blocks. Then dim(C[Y*(0),]) = dimg ) K(y)B1 ©
. ® K(y)By.

7.6.

The Rouquier families for G(m, 1,n) are calculated by Chlouveraki [CH1]
using the idea of essential hyperplanes. The essential hyperplanes for G(m, 1,
n) in Z™*! are of the form (kng +ns; — ns;=0),for 0<i<j<m-—1
and —m < k <m, and (ngo=0).

DEFINITION 7.6. Let n € Z™m+!,

e The hyperplane (kng+ ns; —ns,; =0) is said to be essential if there
exists a prime ideal p of Z[n,,] such that 7}, — 77%1 € p. The hyperplane
(nr,0=0) is always assumed to be essential.

e If n does not belong to any essential hyperplane, then n is said to be
generic.

e If n belongs to the essential hyperplane (kng o+ ns; —ns; =0) and n
does not belong to any other essential hyperplane, then n is said to be a
generic element of (kng o+ ns; —ns; =0).

7.7.

If n € Z™*! does not belong to any essential hyperplane, then the corre-
sponding Rouquier families are independent of the choice of n. Similarly, if n
is a generic element in some essential hyperplane, then the Rouquier families
for n are independent of the choice of n. A general element n € Z™*! will
belong to a collection of essential hyperplanes Hiy,..., H; = 0. It has been
shown by Chlouveraki [CH2] that Rouquier families have the property of
semicontinuity. This means that the partition of Irr G(m, 1,n) into Rouquier
families for n is the finest partition of Irr G(m,1,n) that is refined by the
Rouquier family partition of Irr G(m, 1,n) associated to each of the essential
hyperplanes H; = 0. Therefore, if A and p are in the same Rouquier family
for some essential hyperplane H; = 0, then they are in the same Rouquier
family for n.

ProposSITION 7.7 ([CHI, Proposition 3.15]). Let (ns; —ns; =0) be an
essential hyperplane, and choose n to be a generic element of (ns; —ns ; =0).
Then A\, p € P(n,m) are in the same Rouquier family of R(y)H g (m,1,n)(n) if
and only if
(1) AX*=pu® for all a +# s,t and
(2) Res()\sy)\t)(:c) = Res(usyut)(x).
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Proof. The result of [CH1, Proposition 3.15] is stated in terms of weighted
content, but [BK, proposition 3.4] shows that we can reformulate the result
in terms of residues. The weighting is (0, k), which in our case becomes (0, 0)
since k =0. 0

LEMMA 7.7. Let A\, pu € P(m,n). We write A ~ p if there exists 0 <i <
p—1and 0<j<k<d—1 such that \* = u® for all a #1i+ jp,i+ kp and

Resyi+ip pithe) (T) = ReS(i+ip itrn) ().

Now choose n to be a generic parameter for Hg(m,an)- Then the partition
of Irr G(m,1,n) into Rouquier families for R(y)Hg(m,1,n)(n) is the set of
equivalence classes in Irr G(m, 1,n) under the transitive closure of ~.

Proof. Since n is generic for Hg(m 4,n), the parameter h satisfies H; i, =
H; for all ¢ and no other linear relations. Therefore, it follows from Sec-
tion 7.5 that the only hyperplanes that might be essential for n (now con-
sidered a parameter for Hg(y,,1,,)) are of the form (nsiyjp — nsitrp = 0)
for0<i<p—1and 0<j<k<d—1. However, not all of these hyperplanes
will be essential. Let us say that the m-multipartition A is linked to the m-
multipartition p if there exists an essential hyperplane (nsi1jp — ns,itkp =
0) containing n such that

ReS(Aij,)\iJrkp)(:E) = Res(uiﬂp,m%p)(x)-

Then, by Proposition 7.7 and the principal of semicontinuity, the Rouquier
families for R(y)H(m,1,n)(n) are the set of equivalence classes in Irr G(m, 1,
n) under the transitive closure of linked. Since A linked to p implies that
A~ u, the Rouquier families refine the partition defined by_rv. Therefore,
we must show that if A ~ u (via i+ jp, i+ kp say), then there exists a chain
of m-multipartitions A = Ay, ... ,Aq =p such that A, is linked to A, for
all 1<a<qg—1. Foreach 0<i<p—1and 0<j<d-—1, the result in
[CH3, Lemma 3.6] says that the multipartitions A and (i,7 + jp) - A belong
to the same Rouquier family for R(y)He(m,1,n)(n), where (i,i + jp) is the
transposition swapping the partitions A\* and A\**JP. In particular, this result
(assuming that d > 1) shows that there exists some [ # 0 such that the
hyperplane (ns; — nsi+ip = 0) is essential. Applying the result in [CH3,
Lemma 3.6], we see that A is in the same Rouquier family as

Ni=(i,i+kp)-(i+1Ipi+jp)-A
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and that p is in the same Rouquier family as

= (i,i+kp) - (i +1p,i+jp) - p.

Now (X)* = (u/)® for all a #i,i+ Ip and
ReS((A/)i)\er)(x) = Res((“/)¢7“¢+zp)(a:).

Since the hyperplane (ns; — ns i1, = 0) is essential, this implies that \' is
linked to H/ , and there must be a chain from A to p as required. 0

7.8.

We will require the following combinatorial result. The proof uses the
representation theory of cyclotomic Hecke algebras; it would be interesting
to have a direct combinatorial proof.

LEMMA 7.8. Let A and p be two m-multipartitions of n. Then Resy(x) =
Res, () if and only if there exists a sequence of multipartitions A= A(1), ...,
A(k) =peP(m,n) and s(i) #t(i) € {1,...,m}, 1 <i <k, such that
(1) A —1)*=X1)* for all a # s(i),t(i); and
(2) Res()\(ifl)su),)\(ifl)t“))(x) = RGS(A(ifl)s(i)7)\(1-71)1&(1'))(I), Vl <1 S k.

Proof. Let us fix n= (nr0,nR,1,18,0,---,NSm—1) With ngg=1, ng1 =
0, and ns; =0 for all 0 <7 <m — 1. Then Lemma 7.8 is the result (see
[CH1, Proposition 3.19]) for our special parameter n, noting once again
that [BK, proposition 3.4] allows us to rephrase [CH1, Proposition 3.19],
which is stated in terms of weighted content, in the language of residues. []

7.9.
We can now confirm the first part of Martino’s conjecture for G(m,d,n).

THEOREM 7.9. Let c¢: S(G(m,d,n)) — C be a G(m,1,n)-equivariant
function such that k= —1 and h € Q™. Choose e € N such that eh and
eH; € Z for all0 <i<m—1. Fixngg=e,ng1 =0, and fixns ; = 62{:1 H;
for0<j<m—1. Then
(1) the partition of Irr G(m,d,n) into Rouquier families associated to
He(m,dn) (n) refines the CMc(G(m,d,n)) partition;

(2) the partition of IrrG(m,d,n) into Rouquier families associated to
He(m,dn)(n) equals the CMc(G(m,d,n)) partition for generic values
of the parameter c.
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Proof. 1t is shown in [CH3, Theorem 3.10] that if A is a d-stuttering m-
multipartition of n such that {A} is a Rouquier family for R(y)Hg(m,1,0) (1),
then the sets {(),€)}, e € C} are Rouquier families for R(y)H(m,1,n)(n).
This agrees with Theorem 6.10(1). The second part of [CH3, Theorem 3.10]
shows that if P is a Rouquier family for R(y)Hc(m,1,n)(n) not of the type
just described, then in the notation of Theorem 4.11, I'(P) is a Rouquier
family for R(y)H ¢ (m,da,n) (n). The result of [M, Corollary 3.13] shows that the
partition of Irr G(m, 1,n) into Rouquier families associated to He(m,1,,)(n)
refines the CMc(G(m, 1,n)) partition. Therefore, there exists a CM¢(G(m, 1,
n))-partition Q such that P C Q. By Theorem 6.10(2), I'(Q) is a CM¢(G(m,
d,n))-partition. Thus, I'(P) C I'(Q) implies that the partition of Irr G(m,d,
n) into Rouquier families refines the CM¢(G(m,d,n)) partition.

Now let ¢ be a generic parameter for the rational Cherednik algebra
associated to G(m,d,n). We think of ¢ as a parameter for the rational
Cherednik algebra associated to G(m,1,n). Thus, it is a generic point of the
subspace defined by ¢; = 0 for all j # 0mod d. Correspondingly, n is a generic
point in the sublattice of Z™*! defined by the equations NS, itkp —NS,i+ip =0
for0<i<p—1and 0<k<!<d-—1. We wish to show that the Calogero-
Moser partition of Irr G(m,d,n) equals the partition of Irr G(m,d,n) into
Rouquier families. As explained in the previous paragraph, [CH3, Theorem
3.10] and Theorem 6.10 imply that it suffices to show that the Calogero-
Moser partition of Irr G(m,1,n) for ¢ equals the partition of Irr G(m,1,n)
into Rouquier families for n. The proof of Lemma 6.11 shows that A, u €
P(m,n) are in the same Calogero-Moser partition of Irr G(m,1,n) if and
only if

d—1 d—1
Z Resyitps (2¢) = Z Resitpi(z) VO<i<p-—1.
§=0 =0

Combining the results of Lemmas 7.7 and 7.8 shows that A, u € P(m,n) are
in the same Rouquier family of R(y)Hc(m,1,,)(n) if and only if the same
condition holds. []
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