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Abstract

Let (X, d, 1) be a nonhomogeneous metric measure space satisfying the so-called upper doubling and the
geometric doubling conditions. In this paper, the authors give the natural definition of the generalized
Morrey spaces on (X, d, u), and then investigate some properties of the maximal operator, the fractional
integral operator and its commutator, and the Marcinkiewicz integral operator.
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1. Introduction

In the past ten or fifteen years, many classical results from real and harmonic analysis
on R” have been expanded to the spaces under nondoubling measures which only
satisfy the polynomial growth condition (for example, see [2, 8, 10, 15-18, 20, 21]).
However, it is obvious that the nondoubling measure may not include the well-known
doubling condition that plays an important part in the assumption on homogeneous
type spaces in the sense of Coifman and Weiss (see [3, 4]). Thus, in order to deal
with the problem, in 2010, Hytonen in [11] introduced a new class of metric measure
spaces satisfying the so-called geometric doubling and the upper doubling conditions,
respectively (see Definitions 1.1 and 1.3 below), which are called nonhomogeneous
metric measure spaces. Since then, many authors have proved that many known results
still hold true if the underlying spaces take the place of the nonhomogeneous metric
measure spaces (see [1, 6, 12—14]).

For convenience, in this paper, we always assume that (X,d,u) is a
nonhomogeneous metric measure space in the sense of Hytonen [11]. In this setting,
we first give a natural definition of the generalized Morrey spaces on (X, d, i), then
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we discuss the boundedness of some classical operators, which include the maximal
operator, the fractional integral operator and the Marcinkiewicz integral operator.
Naturally, these results not only generalize and improve the known results for the case
of nondoubling measures (see [16]), but also contain the consequences in [1].

Before stating the main results of this paper, we first recall some necessary notions
and notation. The following notion of geometric doubling is well known in analysis
on metric spaces and was originally introduced by Coifman and Weiss in [3].

DerintTion 1.1. A metric space (X, d) is said to be geometrically doubling, if there
exists some Ny € N such that, for any ball B(x, r) C X, there exists a finite ball covering
{B(xi, 5)}i of B(x,r) such that the cardinality of this covering is at most Np.

Remark 1.2. Let (X, d) be a metric space. Hytonen in [11] showed that the following
statements are mutually equivalent.

(1) (X,d) is geometrically doubling.

(2) For any € € (0,1) and ball B(x,r) c X, there exists a finite ball covering
{B(x;, €r)}; of B(x,r) such that the cardinality of this covering is at most Ne".
Here, and in what follows, N is as Definition 1.1 and n := log, No.

(3) For every € € (0, 1), any ball B(x,r) C X can contain at most Ne™" centers {x;};
of disjoint balls with radius er.

(4) There exists M € N such that any ball B(x,r) C X can contain at most Ne™"
centers {x;}; of disjoint balls {B(x;, )}¥,.

Now we recall the following notion of upper doubling metric measure spaces

from [11].

DermTion 1.3. A metric measure space (X, d, pt) is said to be upper doubling if u is a

Borel measure on X and there exist a dominating function A : X X (0, c0) — (0, o0) and

a positive constant C, such that, for each x € X, r — A(x, r) is nondecreasing and, for
all x € X and r € (0, 00),

U(B(x, ) < Ax, 1) < C/Vl(x, %) (1.1)

Hytdnen et al. pointed out in [12] that there exists a dominating function A related
to A satisfying the property that there exists a positive constant Cy such that A < A,
C;<C,and

A(x, ) < C3A(y, 1), (1.2)

where x, y € X and d(x,y) < r. From now on, in this paper, we always assume that the
dominating function 4, as in (1.1), satisfies (1.2).

The following coeflicient Kp 5, which is analogous to Tolsa’s numbers K¢ r in [9],
was introduced [11] by Hytonen.

DerinttioN 1.4, For all balls B C S, define

1
Kps =1 +f —du(x),
- s Alcp, d(x, cp)) H

where cp stands for the center of the ball B.
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Next, we recall the definition of the («, 8)-doubling property given in [11].

Deriniion 1.5, Let @, 8> 1. A ball B C X is said to be («, 8)-doubling if u(aB) <
Bu(B).

Hytonen in [11] pointed out that if a metric measure space (X, d, ) is upper
doubling and S8 > C;ogz “ =: ”, then, for any ball B C X, there exists some j € Z, such
that a/8 is (a, §)-doubling. In addition, assume that (X, d) is geometrically doubling,
B> " with n :=log, Ny and y is a Borel measure on X, which is finite on bounded
sets. At the same time, Hytonen in [11] showed that for p-almost every x € X, there
are arbitrarily small (@, 8)-doubling balls centered at x. Furthermore, the radii of these
balls may be chosen to be of the form a~/r for j € N and any preassigned number
r € (0, 00). Throughout this paper, for any a > 1 and ball B, the smallest (@, B,)-
doubling ball of the form a/B with j € N is denoted by B®, where

B := max {a™, ™} + 30" + 30"
If there are no special instructions about @ and 8, in the latter of the paper, by a

doubling ball we always mean a (6, 3¢)-doubling ball and B® is simply denoted by B
The generalized Morrey space on (X, d, i) is defined as follows.

Dermition 1.6. Let k> 1 and 1 < p < 0. Suppose that ¢ : (0, c0) — (0, ) is an
increasing function. Then we define

LP(u) 1= (f € L) : [ fllzregn < o),

where
1 o = Sup ¢w(k3))f|f(x)|pd“(x)) . (1.3)

REmARrK 1.7. By means of a simllar method to that used in the proof of [ 16, Proposition
1.2] and [1, Theorem 7], it is not difficult to show that the norm || f{|z»4(,) is independent
of the choice of k for k > 1.

Finally, we recall the notion of the e-weak reverse doubling condition given in [6].

DermniTioN 1.8. Let € € (0, c0). A dominating function A is said to satisfy the e-weak
reverse doubling condition if, for all s € (0, 2diam(X)) and a € (1, 2diam(X)/s), there
exists a number C(a) € [1, 00), depending only @ and X, such that,

Alx,as) > Cla)A(x,s) xe€X (1.4)
and, moreover,
= 1
- < oo (1.5)
; [C(ab)]

The organization of this paper is as follows. Section 2 is devoted to the study of
the maximal operator. In Section 3, we will prove the boundedness of the fractional
integral operator and its commutator on (X, d, ;). We will establish the boundedness of
the Marcinkiewicz integral operator in Section 4. Throughout this paper, C represents
a positive constant that is independent of the main parameters, but may be different
from line to line.
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2. Maximal operator M, ,

In this section, we will investigate the boundedness of the maximal operator given
by

Mr,Pf(x) = Sup

1/r
wp( - [ o) e

where p > 0 and r € [1, o).
We shall need the following lemma from [1].

Lemma 2.1. Let p > 0, r € [1,00) and p > 1. Then the maximal operator M,,, as in
(2.1), is bounded on LP(u).

Now we will formulate the main result of this section.

THEOREM 2.2. Let p > 1, 1 <r < p < o0 and let ¢ : (0, 0) — (0, 0) be an increasing
function. Suppose that M, is as in (2.1), the mapping t — ¢(1)/1 is almost decreasing
and there is a constant C > 0 such that

80 _ 90)

=0 (2.2)

for s > t. Then there exists a positive constant C > 0, such that, for any f € LP?(u),

1Mo fllroqy < CllfllLro-

Proor. For convenience, we assume that p =2, as in (2.1), and k& = 12, as in (1.3).
Let B be a fixed doubling ball. Then we only need to estimate

(¢(/1(128)) f[Mrz(f)(x)]pd,u(x)) < Cllfllzroq)- 2.3)

To estimate (2.3), decompose f as
S0 = filx) + falx),
where f1(x) 1= f(x)xep(x) and fo(x) := f(x)xx\6p(x). Write

1 M rq 1/p
(m f[ r2()(x)] ,u(x))

(¢(ﬂ(12B)) f [Mrz(fl)(x)]”dy(x))

/p
i (M fB[Mﬂ(fﬂ(x)J”du(x))

=: D1 + D2.

By applying Lemma 2.1, it is not difficult to obtain that

l/p
D, < c( If(x)l"du(x)) < Cllfllzrog.
6B

1
P(u(12B))
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Now we turn to D,. Suppose that Q is a doubling ball. For every x € B, a geometric

observation shows that
1/r
M, >(f2)(x) = SUP f LI d#(y))

xeQ \H (2Q)
1/r
"d . 24
sﬁg ﬂ(4 f I duc) 24)
By the Holder inequality, (2.2) and (2.4)
u(B) l/p . I/r
N d
2<(¢5(,1(123))) ngQ e Q) “@))
H(B) tp - 1/r-1/
< (555 sﬁém f ([ 1roraue) w1
p(B) \''P (u(FO)\!/P
_C(¢(/¢(B))) SXL!Q( 40 ) Wllerego
< Clfllersq
which, together with Dy, implies (2.3) and hence completes the proof of Theorem 2.2.

[m]

3. Fractional integral operator and its commutator

In 2008, Sawano obtained the boundedness of the fractional integral operator on
a generalized Morrey space with nondoubling measure in [16]. Further, in 2013, the
authors obtained the boundedness of the fractional integral operator on Morrey spaces
in metric measure spaces (see [9]). In recent years, Sawano et al. have obtained
some behaviours of the generalized fractional integral operators and the generalized
fractional maximal operators (see [5, 9], respectively). Based on these, we will
prove the boundedness of the fractional integral operator and its commutator on the
generalized Morrey space LP¢(u).

Now we recall the notion of ‘Regular Bounded Mean Oscillations’ RBMO(u) given
in[11].

Dermnition 3.1. Let v > 1. A function f € Lloc(,u) is claimed to be in the space
RBMO(y) if there exist a positive constant C and, for any ball B ¢ X, a number fp

such that
d <C 3.1
Z0B) f |f(x) = fBl du(x) (3.1
and, for any two balls B and R such that B C R,
|/8 — frl < CKpg. (3.2)

The infimum of the constants C satisfying (3.1) and (3.2) is defined to be the RBMO(u)
norm of f and denoted by || fllrRBMO(W)-
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Next, we recall the definition of the fractional integral operator from [1].
For0 <a <1, f € Ly (u) and x € X, the fractional integral operator I, is defined by

f»)
L f(x) = f ——————du(y), (3.3)
TO= ) o, = 4
where L,;°(u) is the space of all L*(u) functions with bounded support. Let b €
RBMO(u). Then the commutator of the fractional integral operator [/, b] is defined

by,

[ DI((X) = D)L (f)(x) = Lo (b f)(X). (3.4)

In [19], Sihwaningrum and Sawano proved that the fractional integral operator is
bounded on Morrey spaces in metric measure spaces. However, by applying [19,
Theorem 1.2], it is not difficult to see that the fractional integral operator on the
generalized Morrey space over (X, d, u) is still valid. Thus, we have the following
claim.

Cram. LetO<a<1l,1<p<g<oo,1/g=1/p— aand ¢ satisfy (2.2). Suppose that
A satisfies the e-weak reverse doubling condition. Then /,, as in (3.3), is bounded from
LP9(u) into L49"" ().

Now we state the main theorem in this section.

THEOREM 3.2. Make the same assumption as in the above Claim. Then the commutator
[1,.b], as in (3.4), is bounded from LP*(u) into L19"" ().

To prove Theorem 3.2, we need the following lemma, which was given in [6].

Lemma 3.3. Let b € RBMO(u), « € (0,1), 1 < p < é and é = % — . If A satisfies the

e-weak reverse doubling condition for some € € (0, min{e, 1 - «, zll}), then [1,,b] is
bounded from LP(u) into L1(u).

Proor or THeEorEM 3.2. We decompose f = f] + f», as in the proof of Theorem 2.2,
where f] = fyop and f, = f — fi. Then

”[Ia/a b]f”Lq.zbq/P(”) < ”[Ia/y b]f1||Lq,¢’1/1’(ﬂ) + ”[Ia/a b]fleLq.dJ‘i/P(H) = Hl + H2‘

Applying Lemma 3.3, it is not difficult to get that

l/p
Hy < Cllbllkeo(w) ( 3 If(X)I"du(x))

1
[¢(u(12B)]'/P
< ClIbllreMoq 1 f 1129 ()-

https://doi.org/10.1017/51446788716000483 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000483

274 G. Lu and S. Tao [7]

For x € B, by the Holder 1nequahty -~ = - —q,(1.4)and [7, Corollary 3.3],

o, P01 < C Z oo %ww - B dH0)

lF O
<C kZ_: Ib(x) = mgzr (D) g A dCx )] du(y)

LSO
e Z «[“'B WVJ@) — mgp(D) du(y)

/l(6k+lB)l—% 1/p
=C ; 1b(x) = mm(bnm( f6 ) |f(y)|pd,u(y))

3 ! l/p
e ,Z‘ m( f6 . |f<y>|Pdﬂ(y))
, 1/p
* (f 16O = mgarp(B)I” dﬂ(y))
6k+lB

< CllfllregolAlen, r)l™™" > [lbllremog) + Ib(X) = mry(B)]]
k=1

(6" B) [¢(/1(2 X 6k+lB)>]”P
[C(6k)] 1-a ,u(6k+lB) :

Further, by applying (1.1), (1.5) and (2.2),

(B
[p(u(12B))]"/P

#(6"“3) ¢(u(2 x 6" B))1'/P
[C(6")]‘ ol pu©'B)

H, < Cllbllremogll fllLreqolAcs, ra)] ™!

00

[Acg, rp)]*”! u(©6*'B) [¢(}u(2 x 61 B)) 1P

+ C||f||Lp.a>(/J) [¢(,U(123))]1/p - [C(6k)]1—a ,Ll(6k+lB)

1/q
x( f 60 = mgzmg(PIdu(o)
B

o1 _u(B)'
[u(12B)]"/P

S Lk [ 2B ]l/f’[w(zxék“m) p
24 TC@ | pu(2B))] 1u(61B)

< ClIbllrReMoql fllzro o[ Alcr, rB)] A(cp, rB)
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< Cllbllremogo Il [A(en, rp)1* [Alcp, re)] 4" P A(cp, rp)

3L [ DL g6y
Zic@nlivpmpil | w5

< ClIbllremog 11l o)

where we used the fact that
Imz(b) — mgz3(b)| < klbllRBMO)-

Combining the estimates for H; and Hj, the proof of Theorem 3.2 is complete. O

4. Marcinkiewicz integral operator

In this section, we will discuss the boundedness of the Marcinkiewicz integral
operator. First, we recall the notion of the Marcinkiewicz integral operator (see [13]).

Dermition 4.1. Let K(x,y) be a locally integrable function on (X X X) \ {(x, x) : x € X}.
Assume that there exists a positive constant C such that, for all x,y € X with x # y,

d(x,y)

and, for all y,y’ € X,

du(x)
dy =

Associated with the above kernel K, the Marcinkiewicz integral M(f) is defined by

f 1K (x. ) — KCx )] + KO, ) — KO7, 0]
d(x,y)>2d(y,y")

00 d 1/2
M@ = fo |Tu3<x,t>f1(x)|2t—j) xeX, 4.2)

where T [y f1(x) = fd(w)g K(x,y)f(y)du(y) and B(x,t) :={y e X : d(x,y) < t}.

THEOREM 4.2. Let 1 < p < oo and let M be as in (4.2). Suppose that ¢ is a function
satisfying (2.2). Then M is bounded on LP%(u): that is, there exists a positive constant
C, such that for all f € LP%(u),

IMNILrogy < CllFlLrog-
To prove the above theorem, we need the following lemma, which was given in [13].

Levmma 4.3. Suppose that M, as in (4.2), is bounded on LP°(u) space for some
po € (1,00). Then M is bounded on LP(u) spaces for all p € (1, ).

Proor oF Tueorem 4.2. For a fixed doubling ball B, f € LP?(u), let f(x) = fi(x) +
J2(x), where fi(x) = fxep(x). Write

(M roy < IMUEDNLro@ + IMPN Loy =: 1T+ 11

https://doi.org/10.1017/51446788716000483 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000483

276 G. Lu and S. Tao [9]

By the L”(u)-boundedness of M, it is not difficult to get

I=¢ (¢(,1(123>) f flx >|”dﬂ(x>) < Cllfllrogo-

For II. Denote the center and radius of B by cg and rp, respectively. Decompose

1/2

(c.y)+rs d
M) < ( f: |T[)(B(x,z)f2](x)|2t—3t)

00 dr 1/2
+ f Thaean 10 5 )
d(cp.y)trp t
=:1I; + II,.

From (1.1) and (1.2), we deduce that, for any ball B, y ¢ kB with k € (1, 00) and x € B,
Aleg, d(y, cp)) ~ Ay, d(y, cp)) ~ Ax, d(x,y)),

which, together with the Holder inequality and (4.1), gives

d(x,y) d(cp.y)+rp dr\1/2
m<c fx e d(x,y))lfz(y)l( fd N 5) o

d(x,y)
<C f mlfz(y)l(

1/2
o)
C d
= was\w; s P Aen. dcayy 1O

1
)
sc;6 e . oI

R k+1 1/
<C Z 6—k/2 ¢(l’l(2 x 6 B)) p
(2 X 6 1B)

1/2
d
[d(x y>]3) Ho)

1A zro )

By means of a similar method to that used in the proof of II;,

1
I, <C I ;
5 < L\GB Alcp,d(cp,y)) Lf ) du(y)

% 1
< CZ ep. 67p) f’mB Lf ) du(y)

lu(6k+1B)l l/p
Z Acp, 6krp)

[¢(/1(2 X 61 B))
1(2 X 651 B)

(2 X 6" B) P fll o

Me T

1/p
<C ] 1l

=
Il

1
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Combining the estimates for II; and II,,

P2 x 6"”3))]””

S —kJ2
MU < Wl 3 (@ R e

Using this and (2.2), we can conclude that

pu(12B) )””[qﬁ(u(z x 6"”8))]1/1’

S —kJ2
< Cllfllero ; 6 (¢('u(123)) (2 X 6k+1B)

< Cllfllzro-

Thus, we have completed the proof of Theorem 4.2. O
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