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Abstract

Let S € P? be an anticanonically embedded surface of degree d > 3. In this note, we classify stable Ulrich
bundles on S of rank two. We also study their moduli spaces.
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1. Introduction and notation

Throughout the paper, PV denotes the projective space of dimension N over an
algebraically closed field k.

Let S € PV be a surface. We assume that S is smooth integral and closed,
without making explicit mention of these properties. The surface S is endowed with
a polarisation Og(h) := Opv(1) ® Os. We are interested in the natural problem of
studying vector bundles supported by S. We can obviously restrict our attention to
indecomposable bundles, that is, bundles which do not split as a direct sum of bundles
of lower rank. Moreover, at least from a cohomological viewpoint, the simplest vector
bundles are the arithmetically Cohen—Macaulay (aCM for short) ones, that is, bundles
& such that h'(S,E(th)) = 0 for t € Z. Such a property is trivially invariant up to
shifting degrees, and thus we focus on initialised bundles, that is, bundles & such
that A°(S, E(=h)) = 0 and h°(S, E) # 0.

Horrocks theorem (see [17] and the references therein) asserts that Og is the unique
initialised, indecomposable, aCM bundle when S C PV is a plane. Let S € PV be an
aCM surface with ideal sheaf Zgppv (that is, h@®VN, I spv (1) =0, for t € Z, and Os is
aCM) supporting finitely many aCM bundles. A consequence of a general result of
Eisenbud and Herzog (see [9]) then implies that S is necessarily either a plane, or a
smooth quadric, or a rational scroll of degree up to four, or the Veronese surface.

Indeed, the general surface S C PV is of wild representation type, that is, it
actually supports families of dimension p of pairwise nonisomorphic initialised,
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indecomposable aCM bundles for arbitrarily large p (see the very recent paper [12]).
One of the first examples of such behaviour is on cubic surfaces and the classification
of aCM bundles of ranks one and two is due to Faenzi (see [11]).

Each smooth cubic surface in P? is anticanonically embedded: that is, the
embedding § C P? satisfies w;l = Og(h). The anticanonically embedded surfaces
S C P are exactly the del Pezzo surfaces S such that wg' is very ample. It is well
known that the anticanonical map embeds S in P? as a surface of degree d with
3<d<0.

Pons-Llopis and Tonini studied aCM line bundles on every anticanonically
embedded surface S in [18]. As an application, they prove that § is of wild
representation type when d < 6 by constructing families of Ulrich bundles, that is,
bundles & on § whose minimal free resolution as sheaves on P¢ is linear (and thus
initialised and aCM). For this reason, we say that anticanonically embedded surfaces of
degree d < 6 are of Ulrich-wild representation type. Later, Miré-Roig and Pons-Llopis
in [16] proved the Ulrich-wildness of anticanonically embedded surfaces S % P' x P!
of degree d < 8 as a by-product of the construction of certain families of Ulrich bundles
on them.

In [1] and [2], Casanellas and Hartshorne dealt with aCM bundles of arbitrary
rank on smooth cubic surfaces, giving a complete description of the Ulrich ones.
Some partial results on rank two Ulrich bundles on anticanonically embedded surfaces
are also obtained by Coskun, Kulkarni and Mustopa in the context of the minimal
resolution conjecture (see [7]).

The aim of this paper is to completely classify indecomposable rank two Ulrich
bundles on anticanonically embedded surfaces. We recall some results on Ulrich
bundles on a variety in Section 2. In Section 3, we list the results on anticanonically
embedded surfaces that we need in the paper. In Section 4, we give the first results on
simple Ulrich bundles on §. In Section 5, we find which are the admissible values for
the first Chern class of an Ulrich bundle on S (see Proposition 5.1).

It is not difficult to construct Ulrich bundles of rank two on § with admissible
class ¢y as direct sums of Ulrich line bundles. (A complete list can be found in [18,
Theorem 4.2.2].) It is not evident that each admissible class can be obtained for an
indecomposable Ulrich bundle. We show that this is the case in Theorem 6.7 (see
Section 6), where the bundle can even be chosen to be stable.

In Section 7, we use this existence theorem and the results of Costa and Mir6-Roig
in [8] to describe the moduli spaces of rank two stable vector bundles with Chern
classes c; and c; =2 —-d + C% /2 for each admissible class c¢;. As a by-product, we
give two applications. First, we reprove the Ulrich-wildness of every anticanonically
embedded surface (see Proposition 7.2). Then we prove the rationality of a moduli
space of rank two Ulrich bundles on the Segre embedding F € P’ of P! x P! x P!
with some particular Chern classes (see Theorem 7.4), which improves the results of
[5, Section 8].

For all the notation and standard results we refer to [13].
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2. General results on Ulrich bundles

In this section, we summarise some general results on Ulrich bundles on a smooth,
irreducible, closed subscheme X C PV. In what follows, Ox(h) := Opn(1) ® Ox.

DermiTion 2.1. Let X € PY be a smooth, irreducible, closed subscheme and let ¥ be a
vector bundle on X.

(a) F is initialised if i°(X, F(=h)) = 0 # hi°(X, F).

(b) F is aCM if (X, F (th)) =0 foreacht € Zand i = 1,...,dim(X) — 1.

() ¥ is Ulrich if W(X, F(=ih)) = h/(X, F(=(j + 1)h)) = 0 for each i > 0 and
j < dim(X).

Ulrich bundles enjoy many important properties (see [10, Section 2]). They are
initialised, aCM and globally generated; every direct summand of an Ulrich bundle is
Ulrich, and ¥ is Ulrich if and only if it has a linear minimal free resolution over PV,

Ulrich bundles also behave well with respect to the notions of (semi)stability and
p-(semi)stability. Recall that, for each bundle 7 on X, the slope p(¥) and the reduced
Hilbert polynomial p#(#) are defined as

WF) = ct (PRI K(F),  pr(t) = x(F(th)) /k(F).

The bundle ¥ is u-semistable (respectively, u-stable) if for all subsheaves G with
0 < 1k(G) < 1k(F) we have (&) < u(F) (respectively, u(G) < u(F)).

The bundle ¥ is called semistable (respectively, stable) if for all G, as above,
pg(t) < pF(t) (respectively, pg(t) < pg (1)) for t > 0. We recall that, in order to check
the semistability and stability of a bundle, one can restrict attention only to subsheaves
such that the quotient is torsion free.

The following chain of implications holds for ¥ .

F is u-stable = ¥ isstable = F is semistable = ¥ is u-semistable.

TueoreM 2.2 [2, Theorem 2.9]. Let X C PN be a smooth, irreducible, closed
subscheme. If & is an Ulrich bundle on X, then the following assertions hold.

(a) & is semistable and u-semistable.
(b) & is stable if and only if it is u-stable.
© If
0—L—>8E—>M—0

is an exact sequence of coherent sheaves with M torsion free and u(L) = u(E),
then both L and M are Ulrich bundles.

Lemma 2.3 [6, Lemma 2.3]. Let X C PN be a smooth, irreducible, closed subscheme
with h'(X,Ox) = 0. If & is an Ulrich bundle of rank two on X, then & is simple if and
only if it is indecomposable.
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3. General results on anticanonically embedded surfaces

We recall some facts on anticanonically embedded surfaces S C P of degree d > 3.
We will denote by Og (1) the hyperplane line bundle of the surface S'.

By definition, ws = Os(—h), and hence g(S) = p,(S) = pg(S) =0. The first
important fact is that the Serre duality for each locally free sheaf ¥ on S becomes

h(S,F)=h"'S,F'(-h), i=0,1,2.
Moreover, the Riemann—Roch theorem on S is

c1(F)? N ci(F)h
2 2
The following result summarises the needed characterisations for anticanonically

embedded surfaces S C P?. Recall that up to six points in P? are in general position if
no three of them are collinear and six of them do not lie on the same conic.

WS, F) + h*(S,F) = h'(S,F) + rtk(F) + — c2(F). (3.1)

Lemma 3.1 [15, Theorems 1V.24.3, 1V.24.4, 1V.24.5]. Let S CP¢ be an anticanonically
embedded surface. Then the degree of S is d and S is either isomorphic to the blow
up of P> at 9 — d points in general position embedded in P¢ via the linear system
of cubics through such points, or it is isomorphic to P' x P' embedded in P® via
Op(2) R Opi1(2). Conversely, each surface in P! obtained in the above way is an
anticanonically embedded surface of degree d.

Lemma 3.2 [18, Theorem 2.16]. Let S C P¢ be an anticanonically embedded surface.
Then Os (h) is aCM.

The following results are classical. For their proofs when d = 3 see [13, Section
IV.4]. The proofs given there can be easily generalised to cover all the cases 3 <d < 9.

Lemma 3.3. Let S CP? be an anticanonically embedded surface. If S C P4 is the
blow up of P at 9 — d points in general position and n: S — P? is the corresponding
morphism, then the following assertions hold.

(a) Pic(S) is freely generated by the class € of n*Op2(1) and by the classes
eq,...,e9_q of the exceptional divisors of n, that is, the inverse images of the
blown-up points via m.

(b) ?=1, te;=0and ejej = —0; j (the Kronecker symbol) for i, j=1,...,9 —d.

(c) The hyperplane class h is 3¢ — Z?;ld e;.

If S C P® is isomorphic to P' x P, then the following assertions hold.

(d) Pic(S) is freely generated by two effective classes €1, €, such that f% = 5% =0and
{16 = 1.

() The hyperplane class h is 2(€, + »).

It is important to have information on the lines contained in S. For the proofs of the
following results, see [18, Propositions 3.8 and 3.9] and the references quoted therein.
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Levma 3.4. Let S € P4 be an anticanonically embedded surface.

(@) IfS C P is the blow up of P> at 9 — d points in general position, then the lines
on S are the following: ey, ...,e9_q, { —ej—ejfor 1 <i< j<9-d, 2l - ?:1 e;
(ifd=3,4)and 2l +e;— Y5 e for2 < j<6(ifd=3).

(b) IfS C P8 is isomorphic to P' x P!, then it does not contain lines.

In particular, each line L C S (if any) satisfies L* = —1, and thus h°(S,Og(L)) = 1.
Hence S contains finitely many lines.

LemmMa 3.5. Let S C P4 be an anticanonically embedded surface. If Ly, ..., Ly_y4 are
pairwise mutually disjoint lines, then there is a blow up morphism ny,: S — P? of
9 —d points in general position such that Ly, ..., Lo_4 are the exceptional divisors of
..

4. Ulrich bundles on anticanonically embedded surfaces

In this section, we prove some general preliminary results about Ulrich bundles on
anticanonically embedded surfaces S C P? of degree d > 3, collected from [1, 2, 7].
The proof of the following result is completely analogous to the proof of [6, Lemma
4.1]. It slightly generalises [7, Propositions 2.10 and 2.11].

Lemma 4.1. Let S € P? be an anticanonically embedded surface. The following
assertions are equivalent for a vector bundle & of rank r on S.

(a) &is Ulrich.

(b) &Y(2h) is Ulrich.

(¢c) &EisaCM and

(&) —(d-2)r
5 .

(d) KOS, E(=h)) = h°(S,E"(h)) = 0 and the equalities (4.1) hold.

c1(&h=dr, (&)= 4.1)

Lemma 4.2 [2, Corollary 2.13]. Let &; and &, be Ulrich bundles on an anticanonically
embedded surface S C P¢. Then

X(E1 ® &) = (d— Dik(EDrk(Er) = c1(Ener(E). (4.2)

Let & be a simple vector bundle of rank » on S. Then 4°(S,E®EY) =1 and
WS, E®&EY) = h'(S,E® EY(~h)). If H is any hyperplane section of S, then it is
clear that the natural restriction map H°(S,E® &) — H'(H,E® &' ® Op) is injective.
Thus

(S, E®EY)=h"(S,E®EY(~h)) = 0.

Taking H = & in (4.2) gives
WS, 808 =1-x(E) =ci(E*—(d-Dr* + 1. (4.3)
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Prorosition 4.3. Let & be an Ulrich bundle of rank r on an anticanonically embedded
surface S C P4, Then ¢((E)? is an even integer satisfying

d-2)r* <ci(&)” <adr?,
where c1(E)* = dr? if and only if ¢, (E) = rh. If & is simple, then (d — 1)r* — 1 < c1(E).
Proor. Trivially, c;(E)? must be even because (see Lemma 4.1)
c1(&? = (d-2)r
2

is an integer. For the first chain of inequalities, see [7, Proposition 2.21].

If ¢;(E)* = dr?, the Hodge index theorem implies that the divisors 4 and c(E) are
numerically dependent in Pic(S). Thus they are linearly dependent and ¢ (&) = +rh.
Since & is globally generated, the same is true for det(&), and so ¢1(&) = +rh. The
converse is also trivial. Finally, if & is simple, it follows from (4.3) that

(8 =

A& -d-Dr*+1=h'S,E®8&") >0,
thatis, (d — D)r? = 1 < ¢1(E)%. o

5. Admissible Chern classes for indecomposable Ulrich bundles of rank two

Let & be an Ulrich bundle on S of rank two. If & is indecomposable, it is simple (see
Lemma 2.3), and thus Proposition 4.3 implies that ¢;(E)?> > 4(d — 1). In particular, if
c1(E)? <4(d -1) -1, then & = Og(A) ® Os (B), and hence Os(A) and Og (B) are both
Ulrich. We will now deal with indecomposable Ulrich bundles of rank two on S.

ProposiTioN 5.1. Let & be an indecomposable Ulrich bundle of rank two on an
anticanonically embedded surface S CP¢, S # P! >< P!.  Then, for each d, its
first Chern class ¢y := ¢1(&E) is either 2h = 6 — Z 1 el (if c% =4d) or, up to an
automorphism of S, it is in the following list (if 4d — 4 < Cl <4d -12).

: 50— Zlee, l4elzfcl—10 5¢ - 22,16, esifc? =

: 50— 22116,— l3e,zfcl—14 50-2%7 ei— ey if ¢t =12.
: 50—2e - leze,zfcl—l& 50-2%7 e~ e3 if ci = 16.

2 50— %7 eior6l—3e; —2e; —e3if 2 =22; 50— 2e; — ez if 3 =
d—7. 65—361—e2ifc%=26:5€—elifc%z

d
d
d
d

Il
o I N

In all the above cases
(&) =2-d+ 1c1(&).

Proor. The equality c(E) =2 —d + c% /2 follows from (4.1). We give the details of

the proof in the case d = 3, suggesting the necessary changes for the cases d > 4.
Letc) = af — Z?;ld Bie;i. Since & is globally generated, the same is true for Os(cy),

and hence B, =cje; >0,i=1,...,9 —d. Thus we can assume that (81, ...,89_4) is a
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nonincreasing sequence of positive integers. Moreover,
9-d

c1(E'2) = (12 - a)l - 2(4 - Biei,

i=1

and thus bundles with @ > 7 are in one-to-one correspondence with bundles with o <'5.
Hence we can also restrict our attention to @ < 6. The Cauchy—Schwartz inequality for
the two vectors (81,...,89—¢) and (1,..., 1) gives

9-d 9-d
(;ﬂi) s<9—d)(;ﬁ?). 5.1)

From (4.1) and Proposition 4.3,
9-d 9-d

3a- ) Bi=2d, 4d-1<ci=a’-) B <4d (5.2)
i=1 i=1

Thus ¥.)°{ B =3a —2d and ¥} -{ f? = a® — ¢3. Whend =3,4(d — 1) =8 and 4d = 12,
and so substituting the above identities in (5.1) yields

3(@—6)* — 72+ 62 <0. (5.3)
If c% =12, then o =6, and thus (5.2) becomes Z?ZI,B,- =12 and Z?_lﬁiz =24,

In particular, the second equality implies that 5; < 4. By writing all the possible
sequences, one checks that (a,f1,...,86) = A :=(6,2,...,2). Thus ¢; = 2h in this
case.

If c% = 10, then (5.3) becomes (@ — 6)> —4 < 0, and thus 4 < & < 6. If @ = 4, then
Zle Bi =6and 21.6:1 ,B? = 6, and thus B; < 2. The unique solution is B := (4, 1,...,1).
If @ =5, then Z?zlﬁi =9 and Z?zlﬂiz =15, and thus By < 3. The solution is B’ :=
(5,2,2,2,1,1,1). Finally, if @ = 6, then Zf‘zlﬂ,- =12 and 2?21,81.2 =26. Arguing as
before, (@, f1,...,86) = B” :=(6,3,2,2,2,2,1).

If c% = 8, then (5.3) becomes (@ — 6)> — 8 < 0, and thus again 4 < o < 6. If a = 4,
then Zleﬁ,» =6 and Z?Zlﬁiz = 8, and the unique solution is C :=(4,2,1,1,1,1,0).
If =5, then 3%, 8 =9 and Z?:1ﬁi2 = 17: in this case, we have the two solutions
c’:=(,3,2,1,1,1,1) and C” :=(5,2,2,2,2,1,0). If @ =6, then Z?zlﬂi =12 and

leﬂiz = 28, and we have the solution C"”’ := (6,3,3,2,2,1, 1).

We now choose the pairwise mutually disjoint lines

Eli=€—€2—€3, Ezl=f—€1—e3, E3I=€—€1—€2,
E4 = ey, 25 = és, 26 = €g.
Lemma 3.5 guarantees the existence of a blow up S — P? such that the above lines are

its exceptional divisors. Thus Pic(S) is freely generated by the classes of the above
lines and by a further divisor £ which must satisfy the equality

6 6
3Z—Za=h:3€— e;

i=1 i=1
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(see Lemma 3.3). A substitution yields (=20—e —e)— e3. The idempotent matrix

2 -1 -1 -1 0 0 O
1 0 -1 -1 0 0O
1 -1 0 -1 0 0 O
M:=|1 -1 -1 0 0 0 O
O 0 0 O 1 00O
O 0 0 O 010
0O 0 0 0 0 01
is the basis change matrix from B = (Z’, —€l,..., :%) to B:=((,—ey,...,—eg): that

is, if X are the components of ¢; with respect to 8B, then the components of ¢; with
respect to B are X' M.

It is straightforward to check that B’”M and B""*M are, up to permutations of the last
six components, B and B’. Thus, up to a proper choice of the blow up base, we can
always assume that c; =50 -2 Y7 | e; — 2.0, ¢; if ¢2 = 10. Similarly, "M, C""'M and
C"""M are C up to permutations of the last six components. As in the previous case,
we can thus assume that ¢; = 50— 2 Z?zl e; —es if C% =8.

If d = 4, then the same argument as above using the basis

El 225—62—83, Ez Z:f—e] —e3, 23 225—(31 — €, 54 = éy, 25 = ées,

leads to ¢y = 6€ — 22,5:1 e; =2h if c% =16, ¢y =50 —2e; — 2e5 — Zf=3 e; if c% =14,
andc; =56-23%7 ¢ —eqif 3 = 12.
If d = 5, then using the basis

Ell=€—€2—€3, 222=€—€1—€3, E32=€—€1—€2, E4l=€4,

we can restrict to the cases ¢; = 66 —2 Y e; = 2h if €1 =20,c; =50-2e; — e
if 2=18,andc; =50-237 e —e3if ¢ = 16.

When d > 6, the change of basis does not shorten the list of possible c;. Indeed, if
d=6,c1=60-23%7 e =2hifc? =24, ciseither 5£ - Y} | ¢; or 6 — 3e; — 2e; — e3
ifc%=22, and ¢; =50 —2e; — e ifcf=20. Ifd=7, then ¢; = 6 —2e; —2e, = 2h
ifc%:28, c1=60—-3¢e; — e ifc%:26, and ¢; = 5¢ — ¢ ifc%:24. If d = 8, then
only the case ¢; = 2h is admissible and c% = 32. Finally, when d =9, Pic(S) = Z is
generated by &, and thus ¢; = ah. Now ¢ h = 18 trivially implies ¢; = 2h, and hence
i =36. O

Now we turn our attention to the remaining anticanonically embedded surface, that
is, S = P! x P! which has degree eight.

ProprosiTioNn 5.2. Let & be an indecomposable Ulrich bundle of rank two on
the anticanonically embedded surface S CP® isomorphic to P' x P\, Up to an
automorphism of S, c1 1= c1(E) is either 3(, + 50, or 2h.

https://doi.org/10.1017/5S0004972716000952 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000952

30 G. Casnati [9]

Proor. We know that ¢; = @€ + a, ¢, for suitable integers «a;, i = 1,2, which must be
nonnegative because & is globally generated, and hence the same is true for Og(cy).
Moreover, h = 2(£; + {;) and c1h = 16, and thus @ + @, = 8. By computing c%,
Proposition 4.3 yields the statement. O

Each Chern class listed in the above statements will be called an admissible class.

Remark 5.3. The existence of rank two Ulrich bundles with ¢; = 24 is already known
(see [10, Corollary 6.5]). In [7, Proposition 3.7], the authors prove the existence on
each anticanonically embedded surface S € P4 with d < 7 of Ulrich bundles of rank
two whose first Chern class is 4 + C, where C is a rational normal curve of degree
d. The adjunction formula on S implies that C> = d — 2: thus c% = 4d — 2 for such
bundles.

In the next section we will reprove these facts when d < 8. We also prove the
existence of Ulrich bundles of rank two such that C% =4d - 4.

6. Existence of indecomposable Ulrich bundles of rank two

In this section, we construct stable Ulrich bundles of rank two on an anticanonically
embedded surface S C P of degree d < 8 whose first Chern class is admissible.
We will make use of the Hartshorne—Serre correspondence on surfaces.

TueoreM 6.1 [14, Theorem 5.1.1]. Let S € P4 be an anticanonically embedded surface
and letZ C S be a locally complete intersection subscheme of dimension zero. If Os(A)
is initialised, then there exists a vector bundle F of rank two on S with det(F) = Og(A)
and with a section s such that Z = (s)o.

REmMARK 6.2. Let Z and S be as in Theorem 6.1. The theorem implies the existence of
an exact Koszul complex

0—0s —F — Iz(A)—0, (6.1)

where ¥ is a vector bundle and 7, denotes the ideal sheaf of Z inside S. The proof
in [14] shows that each general choice of & € Exté (T5(A),Og) = HY(S, Tg(A - h))Y
returns a bundle in the above way: thus the extensions are parameterised by an open
subset of P(H'(S, I (A — h))).

For each divisor A on §, the adjunction formula implies that A2 — Ah is an even
integer.

ProposiTioN 6.3. Let S C P4 be an anticanonically embedded surface and let Og(A),
Og(D) be initialised line bundles on S with h'(S,O0s(D — h)) =0, Ah =2a and
Dh=d—-a. Let ZC S be a locally complete intersection subscheme of dimension
zero and degree 7 := AD + (A? — Ah)/2 that is not contained in any curve of degree a
on S. Then there is an Ulrich bundle & of rank two on S with ¢1(E) = A + 2D. Further,
&E(=D) has a section with Z as its zero-locus. The bundle & is stable if and only if a > 0.

https://doi.org/10.1017/5S0004972716000952 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000952

[10] Rank two stable Ulrich bundles 31

Proor. The line bundle Og (D) is initialised, so it is effective, and h*(S,Os(D — h)) =
h°(S, 05 (=D)) = 0. Since h°(S, 05 (D — h)) = h'(S,Os(D — h)) = 0 (by hypothesis), it
follows that D> = d — a — 2 from (3.1). By hypothesis h°(S, Os (A — h)) = 0, thus there
is a rank two bundle # on § that fits into the sequence (6.1). Trivially, ¢;(¥) = A and
¢2(F) = z. The bundle & := 7 (D) fits into the sequence

0 — Os(D) — & — T4(D + A) — 0. (6.2)
We have ¢1(E) = ¢1(F) + 2D = A + 2D, and hence ¢, (E)h = Ah + 2Dh = 2d. Thus
) A? - Ah )
&) =c(F)+ci(F)D+ D" =AD + +AD+ D
2 2
- @w—d: a® ,_a

We deduce that both the equalities (4.1) hold.

Since (D + A — h)h = a, the hypotheses on Z imply that h1°(S, Z,(D + A — h)) = 0.
The cohomology of sequence (6.2) tensored by Og (—h) implies that h°(S, E(—h)) = 0.
Tensoring sequence (6.2) by Og(h — A — 2D) and noting &(—A — 2D) = & gives

0—Os(h-A-D)— &(h) — Iz(h— D) — 0.

We have (h — D — A)h = —a, and hence h°(S,Os(h — D — A)) = 0. Moreover,
(h — D)h = a. The hypotheses on Z again imply that #1°(S, 7z(h — D)) = 0, and hence
h°(S, &Y (h)) = 0. We conclude that the above construction yields an Ulrich bundle &
of rank two on S with ¢(E) = A + 2D.

We have to prove that it is stable or, equivalently (see Theorem 2.2), u-stable if
and only if a > 0. If a = 0, then (D) = d = (&), and hence & is not u-stable because
Os (D) is a subbundle of & (see sequence (6.2)).

Assume that a > 0. If &is not u-stable, by Theorem 2.2(a), it is strictly y-semistable,
and thus it fits into a sequence

0—-L—>&E—>M—0,

where u(L) = u(&) = d and M is nonzero and torsion free. Thus Theorem 2.2(c)
implies that £ = Og(B) is an Ulrich line bundle on S. Suppose the injection Og (B) —
& induces a nonzero morphism Og(B) — I (D + A). Then h°(S,T,(D + A — B)) # 0,
which contradicts the choice of Z because (D + A — B)h = a.

Thus Os(B) — I7(D + A) must be zero. It follows that we can lift the injection
Os(B) — & to a nonzero map Og(B) = Os(A). In particular, we should have
h°(S,Os(A — B)) # 0, which is not possible because B4 =d and Ah =d —a <d. It
follows that there are no nonzero morphisms Os(B) — &, and hence & is u-stable. O

ExawmpLE 6.4. We prove the existence of stable rank two Ulrich bundles € with ¢(&) =
2h on each anticanonically embedded surface S # P! x P! based on Proposition 6.3.
Assume first that d < 8 and let
9—,
D :=30-2¢ — e, A:=2e.

i

U

I
[38)
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Then a = 1, A2 — Ah + 2AD = 2 and the divisor A is trivially initialised. Also, D =
h — ey, and thus D is initialised and (3.1) for D — h yields h'(S,Os(D — h)) = 0. The
complement S C S of the union of lines is dense in S (see Lemma 3.4). Thus, for each
point P € S, the choice of the scheme Z := {P} allows us to apply Proposition 6.3,
showing the existence of stable Ulrich bundles & on S such that

9-d
a@=60-2>"e, @ =d+2.
i=1

Now let d =9 and choose A = D =2{. Trivially, Os(A) = Og(D) is initialised
and, from (3.1), 4'(S,Os(A — h)) = 0. In this case, a = 3 and A> — Ah + 2AD = 6.
Since each curve of degree three in S is necessarily in the linear system |£|, which
has dimension two, a general choice of a reduced scheme Z C S of degree six and
dimension zero leads again to a rank two stable Ulrich bundle & on § such that
c1(&) =2h and (&) = 11.

When d =9, each Ulrich bundle & of rank two on § with ¢;(&) = 2h satisfies
c(&) = 11. By Lemma 4.1, these bundles are exactly aCM bundles. It follows from [3,
Example 5.6] that & = ¥ (h), where ¥ is a stable bundle of rank two on P? with
ci1(F)=0and c»(F) = 2.

ExampLE 6.5. We will now complete our list of examples of stable Ulrich bundles
on each anticanonically embedded surface S P! x P! for the remaining admissible
classes. The second table of [18, Theorem 4.2.2] gives the complete list of initialised
aCM bundles on S . In particular, the line bundles Og (D) listed in the Table 1 below are
initialised and aCM of degree Dh = d — 1 on each anticanonically embedded surface S
of degree d. It is easy to check that the line bundles Og(A) listed below are initialised
of degree Ah = 2. Finally A> — Ah + 2AD = 2. Choosing Z := { P }, as in Example 6.4,
one can immediately check that all the hypotheses of Proposition 6.3 are satisfied. As
in Example 6.4, let P € S be a point not lying on any line in §'.We again obtain a stable
Ulrich bundle & of rank two such that ¢ (&) = ¢;.

ExampLE 6.6. Now consider the anticanonically embedded surface S € P® isomorphic
to P' x P!. By Proposition 5.2, the admissible classes are 3¢, + 5¢, and 4(¢; + £,).

If D :=¢; + 2¢(,, then the line bundle Og(D) is trivially initialised with respect
to Og(h) = Os(2¢, + 2¢,). The surface S = P! x P! can be embedded in P? via
Op(¢; + ¢) as a smooth quadric. Via such an embedding, the curve D is a rational
cubic. It is well known that h'(P?, 7 pps(1)) = O for 7 € Z for such a curve. Since
Tgps = Ops(=2), it follows from the exact sequence

0— Tgps(t) — Lpps(t) — Ips(th)y— 0

that h'(S, I pis (th)) = O for ¢ € Z. In particular, Os(—D) = I ps is aCM with respect to
Os(£; + £3), and thus it is trivially aCM also with respect to Og(h) = Os(2€; + 2(5).
Serre duality finally implies that Og (D) is aCM as a line bundle on S C P%.

Set A :={£; + €, (respectively, 2£y) if ¢; = 3¢; + 5, (respectively, ¢; = 4(£; + (7)),
so that a = 2. Tt is clear that Og(A) is initialised, and A> — Ah + 2AD = 4. Notice that
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TasLE 1. Line bundles in Example 6.5.

d A D ci=A+2D

3] C+es—es—es |20—e1—ep—e3—ey SK—ZZ?zlei—Zf’=4ei
3 € —es 20—e; —ey—e3—ey 55—22?:1e1—e5
4| €+e3—ey4—e5 20—e; —e)—e3 SZ—ZZleei—Zfﬁei
4 ey 2—e; —er—e3 50-23%7 ei—ey
51 €+ey—e3—ey 20 —e; — e 5{’—261—2?:2@
5 £ — es 2—e—er S56-23% ei—e;
6| C+e —ex—e3 20 — e SZ—Z?zle,-

6 25—61—262—63 25—61 65—361—262—63
6 5—62 25—61 55—261—62

7 e +ep 35—261—62 6€—3€1—€2

7 5—61 2( 55—61

the curves of degree two on S C P® are exactly the ones in |£;| U |f5], and thus
each point on S is contained in exactly two curves of degree two. Thus there is a
subscheme Z of degree two not contained in any curve of degree two on S. Again, by
Proposition 6.3, we obtain the existence of rank two stable Ulrich bundles & on S such
that ¢1(&) = 3¢, + 5¢, (respectively, 4(¢; + £,)) and ¢, = 9 (respectively, ¢, = 10).

Examples 6.4—6.6 provide a proof of the following result.

Turorem 6.7. Let S CPY be an anticanonically embedded surface. ~For each
admissible class c, there exists a stable Ulrich bundle & of rank two such that
01(8) =Cj.

7. Moduli spaces

In this section, we will deal with the moduli spaces of the bundles constructed in
Theorem 6.7. We start with the following proposition.

Proposition 7.1. Let S C P4 be an anticanonically embedded surface. For each
admissible class cy, the moduli space M3 (2; c1, ¢2) of rank two vector bundles & on S
with Chern classes

2
c
ci@=c1, )= 71 +2-d,
which are stable with respect to a)gl, is nonempty, rational and irreducible of
dimension C% +5 —4d. The general point in Mg(2; ¢y, c2) is Ulrich.

Proor. The moduli space Mg (2; ¢y, c2) is nonempty and it contains at least one Ulrich
bundle by Theorem 6.7. By [8, Theorems 4.2.4 and 4.3.8], it is rational and irreducible
of dimension c% + 5 —4d. (The hypothesis ¢, > 0 in [8, Theorem 4.3.8] is used only
at the end of the proof of Proposition 4.3.6. Nevertheless, it is actually unnecessary
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for proving that statement and hence also [8, Theorem 4.3.8].) Finally, the property
of a bundle to be Ulrich is open in the moduli space by semicontinuity, and thus the
general point in Mg (2; ¢y, ¢2) is Ulrich. O

As a first application of the above proposition we deal with the Ulrich-wildness of
anticanonically embedded surfaces. More precisely, we give the following very short
proof of a result proved in [18] when d < 6 and in [16] when d < 8.

ProposiTioN 7.2. Let S C P4 be an anticanonically embedded surface. Then S is of
Ulrich-wild representation type.

Proor. We take two nonisomorphic stable Ulrich bundles of rank two, say, &; and &,,
on S with Chern classes ¢; = 2h and ¢; = d + 2. Since they are nonisomorphic and
stable, it follows from [14, Proposition 1.2.7] that

RS, & ®EY) =h"(S,8] ® &) =0,
and hence
RS, & @ EY) = h'(S,E) ® E(~h)) < (S, &) ® &) = 0.

Thus (4.2) implies that 4'(S,&; ® &E)) = —x(E ®&)) =4 We conclude that S is
Ulrich-wild, by [12, Theorem 1 and Corollary 1]. O

As a second application of Proposition 7.1, we deal with certain rank two Ulrich
bundles on the image F C P’ of the Segre embedding P! x P! x P!. In what follows,
we set Op(H) := Or ® Op(1). The group Pic(F) is freely generated by the classes of
the fibres &, h; and hs of the three projections F' — P!. Moreover, Op(h; + hy + h3) =
OF(H) and wr = OF(—ZI’ll - 2hy — 2]’13) = Op(—ZH)

From now on, we will assume that the characteristic of k is zero in order to make
use of the results proved in [4] and [5]. In those papers, both the complete description
of aCM vector bundles of rank two on F and the construction of their moduli spaces
are given. In particular, it is shown that if & is an Ulrich bundle on F, then the pair
(c1(&), c2(&)) is necessarily one of the following (up to permutations of the 4;).

(2H, 2hohs + 2hhs + 4h1h2), (ZH, 2hhs + 3h1hs + 3/’11/’!2),
(h1 + 2hy + 3h3,3hyhs + 3h1hs + hlhz), (hl +2hy + 3h3,4h2h3 + hihs + 2h1h2).

In the first three cases, the moduli space M;U(2; c1(E), ¢2(&E)) of stable Ulrich bundles
with respect to H is nonempty, unirational and irreducible and it has dimension
(4cy(E) — c%(&))h — 3 (see [5, Propositions 6.4 and 6.5]). In the fourth case, all the
rank two Ulrich bundles & are strictly semistable and form a family isomorphic to
P3 (see [5, Proposition 6.2]). Moreover, all such bundles are S-equivalent (see [14]
for the definition of S-equivalence). In [5, Section 8], the rationality of the moduli
space M;U(Z; 2H,2hyhs + 2hhs + 4h hy) is proved by constructing a rational map to
a suitable moduli space of bundles of rank two on a quadric surface which is known to
be nonempty and rational due to an old result (see [19]).
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We reproduce such an argument for M;’U(2; hy + 2hy + 3h3,3hoh3 + 3hhs + hihy),
starting from the analogous properties of Mg (2; 3¢, + 5(,,9) listed in Proposition 7.1.
Let ¢: F — P! be the projection onto the second factor and ¢ : F — S := P! x P! be
the projection on the remaining two factors. If £; and ¢, are the two standard generators
of Pic(S), then ¥*Os (¢1) = Op(hy), ¥* Os (£2) = Op(h3). Moreover, ¢*Opi (1) = Op(hy).

For each general & € Mg (2;3¢61 +56,,9), we set

e(&) ==y E(=t; = 6) ® Op(hy) = Y E @ Op(=hy + hy — h3).
Lemma 7.3. If & € Mg (2;301 + 56,,9) is general, then e(E) is in the moduli space
M;U(Z; hy + 2hy + 3h3, 3hohs + 3hihs + hlhz).

Proor. By definition, & is stable with respect to the natural polarisation on S, namely,
a)gl = Og(=2¢(, — 20,). Tt is also Ulrich, and hence aCM, with respect to the same
polarisation. In particular,

hO(S,E(=261 - 26)) = h'(S, E(=2¢; - 2£2))
=h'(S,E(—4¢, — 46,)) = h*(S,E(=46, — 46,)) = 0. (7.1)
Notice that
c2(e(&)) =Y ca(E) + (Bhy + Sh3)(=hy + hy — h3) + (=hy + hy — h3)?
= 3]12/’13 + 3/’1]/’13 + h1h2
because Y cr(E) = ¥*(9¢€1€3) = 9h 1 h3. The Kiinneth formulas imply that
h'(F, e(E)(—tH)) = h?(F,y"E(—(t + 1)t; — (t + 1){2) ® Op((1 = t)hy))

= Zp: H(S,E(=(t + 1)ty — (1 + &)W (', Opi (1 - 1)),
i=0
because ¢*Opi (1) = Op(hy). From h°(P!, Opi(~1)) = h' (P!, Opi (1)) = 0 and (7.1),
hO(F, e(E)(—H)) = h'(F, e(E)(=H)) = h'(F, e(E)(—2H))
= h*(F, e(E)(-2H)) = h*(F, e(E)(-3H)) = h*(F, e(E)(-3H)) = 0.
Thus, by definition, e(&) is Ulrich. Ulrich bundles are always semistable (see
Theorem 2.2), and thus e(&) € M?’U(Z; hy + 2hy + 3h3,3hyhs + 3h1hy + hihy). But

this last space coincides with M;U(Z; hy + 2hy + 3h3,3hohs + 3h ks + hhy), by [5,
Proposition 6.4]. O

The above lemma implies that
e: M§(2; 361 + 56, 9) - M?U(Z; hy + 2hy + 3h;3, 3h2h3 + 3h1h3 + lhlhz)

is a well-defined rational map. The map ¢: F — S has a section o: § — F. Thus
o*Y* = (Yo)* is the identity, and hence " is injective. From the definition of e, we
deduce that e is injective as well. Since both the moduli spaces have dimension three,
we deduce that e is also dominant, and hence birational.
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Tueorem 7.4. Let F C P7 and hy, hy, hs be as specified above. Then the moduli space
MY (25 hy + 2hy + 3h3, 3hahs + 3hyhy + Lhihy) is rational.

Proor. The statement follows from the birationality of e and Proposition 7.1. O

Remark 7.5. For each d other than six, there is at most one admissible class ¢; with
cf =4d — 2. The existence of two different admissible classes ¢; with c% =22 when
d = 6 can be motivated as follows.

As pointed out above, on the image F C P’ of the Segre embedding of P! x P! x P!,
there exist two families of rank two Ulrich bundles G with ¢;(G) = h; + 2h, + 3h3. For
each G in these families, ¢;(G) represents a rational normal curve in P7. Such an F is
the unique del Pezzo threefold supporting rank two Ulrich bundles G with c¢|(G) # 2H.

Let S € |Op(H)| be general. Then S C P° is an anticanonically embedded surface.
We can assume the classes of €, e1, e>, e3 € Pic(F) inside A(F) are hyhsy + hihs + hihs,
hyhs, hihs, hihy, respectively (see the proof of [4, Lemma 6.4]). The restriction
& := G ® Oy satisfies

01(8) = cl(Q)H =6(— 361 - 262 —é3, 02(8) = CQ(Q)H =17.

In particular, bundles on S with ¢(&) = 6 — 3e; — 2¢; — e3 come by restriction from
the aforementioned families on F.
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