jYCMS

http://dx.doi.org/10.4153/CMB-2017-081-9 ZSMC

Canad. Math. Bull. Vol. 61 (4), 2018 pp. 754-767 ]
© Canadian Mathematical Society 2018

A note on concordance properties of fibers
in Seifert homology spheres

Tye Lidman and Eamonn Tweedy

Abstract. In this note, we collect various properties of Seifert homology spheres from the viewpoint
of Dehn surgery along a Seifert fiber. We expect that many of these are known to various experts, but
include them in one place, which we hope will be useful in the study of concordance and homology
cobordism.

1 Introduction

Seifert fibered spaces play an important role in three-manifold topology, compris-
ing six of the eight Thurston geometries. These three-manifolds, defined as circle
bundles over a two-dimensional orbifold, provide a valuable playground for the low-
dimensional topologist, often being the choice for computations of a new three-man-
ifold invariant.

In this note, we focus on the case of Seifert fibered integral homology spheres.
Aside from S3, a Seifert homology sphere X is determined by 7 relatively prime in-

tegers ai, ..., a, with n > 3 and each a; > 2. In this paper, we will be interested in
the homology cobordism type of 2(ay, ..., a,) and the concordance class of a Seifert
fiberin £(ay, ..., an) (either singular or regular). Even in this restricted class of three-

manifolds, the theory is quite rich; for example, the homology spheres 2(2, 3, 6k — 1)
are all linearly independent in the homology cobordism group [Fur90, FS90].

Our first theorem concerns the Heegaard Floer d-invariants of surgery on a Seifert
fiber in a Seifert homology sphere. Recall that ®4 denotes the group of homology
three-spheres modulo smooth homology cobordism; i.e., ¥; and Y, are homology
cobordant if they cobound a smooth homology S® x I. In [0S03b], Ozsvéith and Szabé
use Heegaard Floer homology to construct a surjective homomorphism d: ® — 27
using Heegaard Floer homology.

Theorem 1.1 LetY = 2(ay,...,a,) be a Seifert homology sphere, oriented as the
boundary of a negative definite plumbing. If K is a fiber in a Seifert fibration for Y, then
d(Y_y/u(K)) = d(Y) for all integers m > 0. Further, there are at most two values in
the set {d(Y1/m(K))} mez.
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Remark 1.2 Note that the cardinality of {d(Y;/,,(K))}mez can be two, such as for
the singular fiber of order 5 in 2(2, 3,5), or one, as in the case of the singular fiber of
order 7 in 2(2,3,5,7).

While the above theorem does not give explicit values of the d-invariants of surgery
or even how the two values might differ, it is still strong enough to provide certain
four-dimensional obstructions. Suppose that Y; and Y, are homology cobordant ho-
mology spheres. Then two knots K; c Y; are said to be homology concordant if they
cobound a smooth annulus in some homology cobordism between Y; and Y. We
remark that homology concordance is a richer theory than the standard notion of
concordance for knots in S*. For example, Levine has given examples of homology
spheres homology cobordant to S* containing knots that are not homology concor-
dant to a knot in S* [Levl6, Remark 1.5]. Even among knots in S*, homology con-
cordance is still a potentially weaker relation than the usual notion of concordance,
where such an annulus must sit in $* x I.

Corollary 1.3  Let ], be the (2,4m — 1)-cable of the negative torus knot T_3 gm+1,
where m > 1. Then ],, is not homology concordant to a Seifert fiber in any Seifert
homology sphere. More generally, for any homology sphere Z, if Y = 813/" (Jm)#Z and
] is the connected sum of the core of surgery with the unknot in Z, then there is no
homology concordance from T to a Seifert fiber in any Seifert homology sphere.

Proof Recall that if L ¢ M and L' ¢ M’ are homology concordant, then M;,(L)
and M{/p(L’) are homology cobordant for all p. Therefore, {d(M;;,(L))}pez =
{d(M],,(L"))} pez for all p. It follows from [Wul6] that {d(Sf/P(]m )l}pez consists
of exactly three distinct values, and thus the same is true for {d(Y1/,(J))}pez, since

d(M#M") =d(M) + d(M’"). Theorem 1.1 then completes the proof. [ |

These examples were suggested to us by Marco Golla.

Remark 1.4 Of course, there are several infinite families of nontrivial Seifert ho-
mology spheres that are homology cobordant to S* [CHS81], so the above obstruction
is not vacuous. More artificially, for any Seifert homology sphere %, one can take
Z=3#- 813/”( Jm) so that Y is necessarily homology cobordant to .

Remark 1.5 All but one surgery on a fiber in a Seifert homology sphere will result
in a Seifert manifold [Hei73]. It is interesting to note that infinitely many surgeries on
J.» will be Seifert as well.

Note that Corollary 1.3 obstructs the singularity types of a PL disk that a Seifert
fiber can bound in an acyclic four-manifold. Recall that for any p, g relatively prime,
there is a Seifert fibration of §> such that the regular fibers are the (p, q)-torus knot
T,,q»and all such knots bound a PL disk in B*. However, only the unknot can bound a
smooth disk in B*, or even a topological locally flat one. Likely known to the experts,
the following theorem extends this result to all Seifert fibers.
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Theorem 1.6  Let Y be a Seifert fibered homology sphere and K a Seifert fiber. If K is
topologically slice in a topological homology ball, then K is the unknot in S°.

Note that by [Fre82], every homology three-sphere bounds a contractible (hence
acyclic) topological four-manifold. The proof of the above theorem will be completely
elementary, using an appropriate generalization of the classical Fox-Milnor theorem.

In light of Theorems 1.1 and 1.6, it is natural to ask if some surgery along a Seifert
fiber is nontrivial in ®. This is indeed true.

Proposition 1.7  Let Y be a Seifert fibered homology sphere and let K be a Seifert fiber.
For some n, Yy;,(K) is infinite order in the homology cobordism group, unless K is the
unknot in S°.

The above therefore provides an alternate proof that Seifert fibers (other than the
unknot in $%) are not smoothly slice in any homology ball. Indeed, if K were slice in
some homology ball, then Y;/, (K) would bound a homology ball for all 7.

Remark 1.8 Inmany instances, +1-surgery on a Seifert fiber will change the Rokhlin
invariant, and thus either Y or Y;(K) will be infinite-order in the homology cobor-
dism group, since the Neumann-Siebenmann invariant g will be nonzero [Sav02].
However, this is not the case for surgery along all Seifert fibers, such as the order 7
fiber in 2(3,5,7).

Organization

In Section 2, we review Seifert fibered integral homology spheres and set notation and
conventions. The lemmas in Section 3 describe how performing surgery on a fiber
affects the Seifert invariants and in turn the plumbing graph. There we also prove
Proposition 1.7. In Section 4 we prove Theorem 1.1. Finally, we recall the Alexander
polynomials of Seifert fibers from [EN85] and prove Theorem 1.6 in Section 5.

2 Seifert fibered integral homology spheres

We recall some basic notions about Seifert fibered integral homology spheres and es-
tablish notation. Consider # pairs of relatively prime integers (ay, by ) with n > 3, and
an additional integer e. Recall that the Seifert fibered space with base orbifold $* and
Seifert invariants e, (a, by), ..., (a,,, b, ) is the closed 3-manifold Y = 2(ay,...,a,)
constructed by starting with an S'-bundle with Euler number —e over an n-punctured
sphere and performing ——-Dehn filling on the k-th boundary torus for each k. To
clarify the coordinates of thls Dehn filling, we specify Y as Dehn surgery on the link
in S* appearing in Figure 1. Note that Y inherits an S'-action, the orbits of which are
called fibers. Note that we will refer to the integer e as the central Seifert invariant.
The resulting manifold Y is an integral homology sphere if and only if

j=1
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by _a a
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Figure I. A Dehn surgery diagram for the Seifert homology sphere 2(ay, ..., a,) with Seifert
invariants e, (a1, b1), ..., (an, bn).

In this paper, we focus entirely on this case, and thus do not discuss other base orb-
ifolds. Choosing a sign for the right-hand side amounts to fixing an orientation on Y,
and we will always work with the orientation corresponding to —1. Therefore,

(2.1 = -1 (mod aj).

These equivalences imply that the integers 4y, . . ., a, are pairwise relatively prime,
and they furthermore completely determine the residue of b; modulo a; for each j.

Here we will take the convention that 1 < b; < a; when a; > 1and b; = 0 when
aj = 1. For each k with a; > 2, we refer to the core circle of the —Z—’k‘ Dehn filling as a
singular fiber of order ay, and refer to all other fibers as regular fibers. Lemma 3.3 and
Proposition 3.4 will describe how surgery on a fiber affects the Seifert invariants. For
notational convenience, we always choose the fiber of order a,. This fiber is regular
if and only if a, = 1, and we will require that a; > 1for k < n. It is important to
notice that if a Seifert fibered homology sphere Y has fewer than three singular fibers,
then ¥ = §°. Furthermore, =(ay, ..., a,,1) 2 2(ay,...,a,). Finally, since any fiber
in X(a;) & $? is unknotted, we are easily able to omit the case of n = 1 for the rest of

the paper.

Given a Seifert fibered integral homology sphere Y = 2(ay, ..., a,) with Seifert
invariants e, (ay, b1), ..., (ay, b,), consider for each k with a; > 2, the continued
fraction expansion

ay 1
T = [-xk,l) e )xk,mk] = xk,l -1
by Xk,2 — 1

*e,mp

where each xy; is at least 2.
The plumbing graph for Y is the star-shaped weighted graph I'(Y) shown in Fig-
ure 2. If a,, = 1, there is no n-th chain. This graph induces a negative-definite plumbed
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Figure 2: The weighted star-shaped plumbing graph associated to the Seifert fibered homology
sphere with Seifert invariants e, (a1, 1), ..., (an, bs).

four-manifold P(T'(Y)). By replacing the weighted vertices in the graph with framed
unknots (linked exactly when they share an edge), one obtains a Kirby diagram for
P(T(Y)) and a Dehn surgery diagram for oP(T'(Y)) = Y. Notice that after perform-
ing a sequence of “slam dunk” moves on this surgery diagram, one obtains precisely
the Dehn surgery diagram for Y appearing in Figure 1.

3 The effects of surgeries on Seifert invariants

Given a Seifert-fibered homology sphere Z(ay, ..., a, ), we remind the reader that we
require ax > 2 for1 < k < n—1. We allow a, = 1, in which case we require b, = 0,
and the fiber associated with a,, is a regular fiber. We establish the following notation,
which will be used throughout the rest of the paper:

n-1 b, +1
a:=]] ar and /3::“" .
k=1 a,

Note that due to (2.1), 8 is an integer. In this section, we prove Proposition 1.7 by
studying the behavior of Seifert invariants under surgery along fibers. The proof of
Proposition 1.7 will rely on the following theorem.

Theorem 3.1 ([NZ85]) Let Y be a Seifert-fibered homology sphere with Seifert in-
variants e, (ay,b1),...,(ay, by). If e > 1, then the class of Y has infinite order in the
integral homology cobordism group.

We will prove Proposition 1.7 by showing that there exists a surgery on a fiber that
results in a Seifert homology sphere with e > 1. Therefore, we must describe the result
of performing --surgery on a fiber in a Seifert fibered integral homology sphere,
which will also be used in the proof of Theorem 1.1. This is understood according to
the following well-known formula.

Lemma 3.2 LetY =2(ay,...,a,) bea Seifert fibered integral homology sphere with
n > 3. Choose K c Y to be the fiber of order a,, and fix an integer m. Then

Yi/m(K) = 02( AlyensGpt, |an — m(x|) ,
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where o denotes the sign of the nonzero integer a, — ma. The core of the surgery is the
fiber of order a, — ma.

In particular, if 2(ay,...,a,) has the property that a, < «, then the result of

+1-surgery on the fiber associated with a,, is =X(ay, ..., a1, & — a, ). Note that this
results in a Seifert fibered integral homology sphere with the opposite of our usual
orientation.

Lemma 3.3 Let 2(ay,...,a,) be a Seifert fibered integral homology sphere with
Seifert invariants e, (a1, by),. .., (an, by).

If a, < a, then the Seifert fibered integral homology sphere Z(ay, ..., an_1,& — ay)
has Seifert invariants given by

n-e,(a,ar—b1),...,(ap-1,8n-1 = byr), (@ = an, by - f+a—ay,).

Proof Note that f3 is an integer by (2.1). We first claim that b}, := b, - f + a — a,
satisfies the conventions described in Section 2. If « — a,, > 1, then

ab,+1 a,b, +1
B=—"—>-""—>b, andso b, <a-a,.

an an
Furthermore,

2 2
a,b, - Ba, +aa, —a a,b,-ab,-1+aa, —a
b;:bn—[}-ﬂx—an: nOn ﬁn n n _ 4nbn n n n

ay ap
_ (an _bn)(a_an)_l > Z(Qn_bn)_l > 0.
an an

Therefore, 0 < b), < a — a, in this case. On the other hand, if « — a,, = 1, then we claim
that b;, = 0. First notice that «(a, —1) = —a = -1 (mod a,), and thus b, = a, - L.
Indeed, it follows that

ab, +1 b, +1

b, + =b, +1
an an

B=

andsob), =b,-f+a-a,=-1+1=0.
Now it suffices to prove that

-1
n aj—bj+bn—ﬁ+(x—an

(3.1 oc(oc—a,,)( Z

—(n—e)) =-1.

= aj @x—ay
First, by reversing orientation on 2(ay,...,a — a,), observe that (3.1) holds if and
only if

n-1 b ﬁ -b
j n _
(x(oc—an)( ;a—j+ p— —e) = +1.
Therefore, we will show that
" b; “lb; B-b

3.2 L —e) +ala- L4 " —e) =0,
(32) aan(;aj e) +a(a an)(j;aj peat)
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which will establish the result. Rearranging the left-hand side of (3.2), we obtain

b -b b -b
(3.3) aan(—"—u)+a2(2—]—6)+a2ﬁ7".
a, o-dy a4 o —ay
Note that the first term is precisely ———, while the second term is —a3. For the latter
claim, simply use that
lb; ab 1
(S o)t 1
0 aj an  an
It is now straightforward to show that the sum in (3.3) is equal to zero. |

Proof of Proposition 1.7 Note that the conclusion of the proposition is independent
of the orientation, so we choose Y to have the orientation as given in Section 2. We
first address the case in which Y = $° and K is a fiber other than the unknot. In
this case, Y,1(K) = —2(p, q, pq — 1) for some p, q > 2. Each of these manifolds is of
infinite order in the homology cobordism group [Fur90, FS90].

Therefore, we now assume that there are at least three singular fibers of order at
least two and let K denote the fiber of order a,,. Let a, = qa + r for integers g, r with
q > 0and 0 < r < a. Then Lemma 3.2 implies that

Vg (K) 2 -2(ay,...,ap-1,a—1).

According to Lemma 3.3, this manifold has central Seifert invariant equal to n — e.
The proposition follows now from Theorem 3.1 above, as at least one of e and n — e is
greater than 1. ]

In the above, we did not need to understand the behavior of the Seifert invari-
ants for all 1/m-surgeries on a fiber. However, for completeness, we give the general
description of this below. The proof is similar to that of Lemma 3.3.

Proposition 3.4 LetY =ZX(ay,...,a,) be a Seifert fibered integral homology sphere
with Seifert invariants e, (a1, b1),...,(dy, by), n 2 3. Let K denote the fiber of order
an. Then the following hold for any m € Z:

() Ifa, > ma, then Yy;,,(K) has Seifert invariants given by
€, (ab bl): DY (an—la bn—l), (an - ma, bn - mﬁ)
(i) Ifa, < ma, then —Yy;,,(K) has Seifert invariants given by

n—e,(a,ar—b1),...,(ap-1,8n-1 = by1), (ma—ay,, m(a— ) + b, —ay,).

Example 3.5 Letq > p > 2 be a pair of relatively prime integers, and fix integers
n >3 and m > 0. Let Y be any Seifert fibered homology sphere that can be obtained
from Z(p, g, pgm — 1) by a sequence of modifications of the form

2(ar,....an) — 2(a1,...,a, + )
or

2(at,...,an-1) — Z(ag, ..., ap-,a +1).
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By Proposition 3.4, the manifold Y has the same central Seifert invariant as has
2(p., g, pq — 1), which is equal to 2. Therefore, Y has infinite order in the homology
cobordism group by Theorem 3.1.

4 The d-invariant of surgery on a Seifert fiber

The d-invariant of a Seifert fibered integral homology sphere can be calculated using a
unimodular negative-definite integral lattice induced by its plumbing graph [OS03a].
We now recall this process.

Given a plumbing graph I' with vertices v;, .. ., v,, we can associate with I' a lattice
L(T) as follows:

L(T) = spany (vi,...,Va),
e; ifi=j,
(vi-vjdyry =11 ifi# jandv; and v; share anedgeinT,
0 otherwise.

Letting P(T') denote the plumbed four-manifold associated with T, it is easy to see
that L(T) is isomorphic to the lattice consisting of H,(P(T');Z) equipped with its
intersection form. Notice that this lattice is unimodular if and only if the 3-manifold
0P(T) is an integral homology sphere.

Given a unimodular integral lattice L, the set of characteristic vectors of L is the set

Char(L) = {XEL () =1yl (mod 2) forallyeL},

which is clearly a coset in L/2L.
Given a negative-definite unimodular integral lattice L, we define its lattice
d-invariant by

k(L
d(L) = max{ M txe€ Char(L)} € 27.

We recall and collect several relevant facts about the lattice d-invariant.

(a) If -Z" denotes the negative-definite unimodular diagonalizable rank-# lattice,
d(-Z") =0.
(b) Given two unimodular integral lattices Land L', d(L® L") =d(L) + d(L').
(c) Givena Seifert fibered homology sphere Y, oriented as in Section 2, the Heegaard-
Floer d-invariant of Y coincides with the lattice-theoretic d-invariant arising from
the plumbing graph of Y appearing in Figure 2, i.e., d(L(T(Y))) = d(Y).
The first two facts above follow easily from the definitions, and the third is due to
[OS03a]. With this, we are able to study the d-invariants of Seifert homology spheres
as we vary the Seifert invariants.

Proposition 4.1 IfY =%(ay,...,ay-1,a,) and Y’ =X(ay, ..., an_1,a),) are Seifert
homology spheres with a,, = a;, (mod «), then d(Y) =d(Y").

Example 4.2 'The manifold 2(5,7,11) has d-invariant equal to 2, and thus has in-
finite order in the integral homology cobordism group. However, this fact is not de-
tected by its central Seifert invariant, which is indeed equal to 1. By Theorem 3.1 and
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Proposition 4.1, the same can be said for any Seifert fibered homology sphere obtained
from 2(5,7,11) via a sequence of the modifications for Seifert invariants described in
Example 3.5.

Remark 4.3 It is natural to ask whether a Seifert homology sphere with central
Seifert invariant different from 1 must have nonvanishing d-invariant. Lecuona and
Lisca [LL11, Lemma 3.3] show that if a Seifert homology sphere has n singular fibers
and central Seifert invariant equal to n — 1 (the largest possible value for such a mani-
fold), then its d-invariant is nonvanishing. Therefore, a Brieskorn sphere (n = 3) with
central Seifert invariant different than 1 has nonvanishing d-invariant.

Proof of Proposition 4.1 It suffices to prove that d(Y) = d(Y"), where
Y=3(a,....au1,a,) and Y'=Z(ap...,a, 1, a, +a).

Note that Y’ is obtained from Y by —1-surgery on the singular fiber of order a, by
Lemma 3.2. Let K denote this fiber.

If n < 2, then we see that Y = Y’ = §3, and the claim holds. Henceforth we restrict
our attention to the case where n > 3.

We begin with the case in which a, > 1. Let T denote the associated plumbing
graph of Y. In this case, the fiber of order a, is well known to be represented by a
meridian of the last component on the n-th arm of the star-shaped surgery diagram
for Y, and thus surgery on K corresponds to appending a vertex v to the end of the
n-th arm of T. Since —1-surgery corresponds to attaching a 2-handle, the weight of
this new vertex v must indeed be integral, and we obtain a new plumbing graph, I".
However, to use this plumbing graph to compute d(Y"), we must show that P(T") is
negative definite and that the weight of v is at most -2.

Because we are attaching a —1-framed 2-handle to a homology sphere, we have that
the intersection form of P(I") splits over the 2-handle addition. Therefore, P(T") has
intersection form L(T') ® -Z, and consequently is negative definite. It follows that the
weight of v is at most -1.

We shall now show that the weight of v cannot be equal to 1. Recall that the fiber
slope on the exterior of K is the slope on the boundary induced by the Seifert fibra-
tion on Y. In the standard meridian-longitude coordinates on K in the star-shaped

surgery diagram, the fiber slope ¢ is exactly —%, where b}, is the inverse of b, mod
an. To see this, note that surgery corresponding to the fiber slope always results in a
connected sum of lens spaces and/or S* x S's [Hei73]. Except for the twisted I-bundle
over the Klein bottle, no Seifert manifold with torus boundary admits more than one
reducible filling. Notice that for homology reasons, this manifold cannot be the ex-
terior of a knot in a homology sphere. Finally, it can be seen through Kirby calculus

that —%—surgery on K results in a connected sum of lens spaces. Therefore, this must
be the fiber slope.

Suppose that the weight of v is equal to —1. It follows that the distance from ¢
to the slope —% is |b, — a,|, which is at most a,. This contradicts the fact that the
distance specifies the order of the new singular fiber obtained from surgery on K,
namely a, + & > ay,.
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Indeed, we may now compute d(Y") using I, and thus we have
d(Y") =d(L(I")) =d(L(T)) +d(-Z) = d(L(T)) = d(Y).

The case in which a,, = 1 involves instead appending a new vertex to the central
vertex, and the proof is analogous to the previous case. In this case, the fiber slope
is 0. If a,, = 1, then b, = 0 by our conventions, and so |b,, — a,| = a,,. [ |

We are now prepared to state the following more detailed version of Theorem 1.1
from the introduction.

Proposition 4.4 LetY = 3(ay, ..., a,) be a Seifert fibered integral homology sphere,
where we assume that aj > 1for1< j < n—1. Let K denote the fiber of order a,, and let
r > 0 denote the residue of a,, modulo a. For any integer m we have that

A( iy (K)) - {d% o ifan = ma> 0,

In particular, for any Seifert fiber K, the set {d(Yy;,,(K)) : m € Z} c Z contains at
most two elements.

.y, — 1) otherwise.

Proof Ifa, — ma >0, Lemma 3.2 implies that
Yo/m(K) 2 Z(ai,...,an1, 4y — ma).

Since a, — ma = a, (mod a),d(Y) = d(Y_y;,,(K)) by Proposition 4.1.
Note that it is not possible to have a,, — ma = 0, since a,, and « are relatively prime
and a; > 1for j < n.If a, — ma < 0, Lemma 3.2 implies that

Yo/m(K) 2 =2(as,...,an1,|an —mal) = -Z(ay,..., ay_1, —(an — ma)).

Since —(a,+ma) = a—r (mod «), the result again follows from Proposition 4.1. W

Remark 4.5 Neumann [Neu80] and Siebenmann [Sie80] independently defined
an invariant i € Z for graph manifold homology spheres. For any Seifert homology
sphere with orientations as in this paper, we have that d(Y) > -2u(Y).

Let Y = £(2,3,5) and let K c Y be the singular fiber of order 5. Then we have that
for every positive integer n, Y/, (K) = —X(2,3,6n - 5). Therefore, d(Y) = 2 while
d(Yy;,(K)) = 0 for every n > 1. It is interesting to contrast this with the behavior of
the invariant g with respect to the same surgeries. It is easy to verify that u(Y) = -1.
By applying [Neu80, Theorem 5.1] and the fact that (2,3,1) = S3, we can see that for
nxl,

1 ifniseven,

‘M(YI/"(K)) H(2(2,3,6n-5)) {O if n is odd.

Finally, it is natural to ask if an analogue of the results here applies to the refined d-,
d-invariants of Hendricks and Manolescu [HM17]. By the work of Dai and Manolescu
[DM17, Theorem 1.2], for Seifert homology spheres with the orientation conventions
given here, d(Y) = —2u(Y) and d(Y) = d(Y), and thus d can change under negative
surgery on a Seifert fiber.
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5 Nontrivial Seifert fibers are not topologically slice

We will now develop a proof of Theorem 1.6, that nontrivial Seifert fibers are not topo-
logically slice in which will use the Fox-Milnor sliceness obstruction for the sym-
metrized Alexander polynomial.

Given a knot K in an integral homology sphere Y, we let Ax () denote the sym-
metrized Alexander polynomial of K (a Laurent polynomial with symmetric coefhi-
cients), and we let Ax(¢) denote the unsymmetrized Alexander polynomial; that is,

Ag(t) = t™ - Ag(t), where m is the degree of A.

Using Milnor’s duality formula for torsions [Mil62], Fox and Milnor [FM66]
proved that if a knot K c S? is topologically slice in the four-ball, then the sym-
metrized Alexander polynomial of K is of the form g(t)g(t™!) for some polynomial
g € Z[t]. Milnor’s duality formula and the Fox-Milnor theorem have been general-
ized in several directions, see e.g., [Tur86, KL99]. The appropriate generalization for
our purposes will be proved in a forthcoming paper of S. Friedl, M. Kim, M. Nagel,
P. Orson, and M. Powell": if a knot K in an integral homology sphere Y bounds a
properly and locally flatly embedded disk in a topological homology ball bounded by
Y, then its Alexander polynomial satisfies the Fox-Milnor condition.

Theorem 1.6 is well known for torus knots, so we will only focus on Seifert-
fibered homology spheres Z(ay, . .., a,) with at least three singular fibers. Through-

out this section, we use S to denote the numerical semigroup generated by the integers
3 «
a’"" an

Eisenbud and Neumann [EN85] compute the Alexander polynomial of the fiber
of order a, in 2(ay, ..., a,):

.

(1-t9)"2(1-1)

H;:f(l —t%)
which we note is independent of the value of a,,. In the case of n = 3, this recovers the
familiar formula for the Alexander polynomial for torus knots in S°.

(5.0) Ag(t) =

Proposition 5.1 'The nonzero coefficients of Ak (t) are all equal to +1.

Prior to proving the proposition, we develop an important lemma. Observe that

1
- Y m)r,
n— a

Mo (1-t%)  ses
where the coefficient m(s) is defined to be the number of distinct ways in which s
can be expressed in terms of the given generators «/ay, . .., a/a,_;. Notice that given
s €S, since gy, ..., a,; are relatively prime, we have m(s) > lifand only if s = s’ + «
for another element s” € S. In particular, for each positive integer k the numerical
semigroup element s = ko has many expressions.

Lemma 5.2 For1<k<mn-1, wehave m(ka) = (k+"‘2)_

n-2

IThe result was communicated to us by several of the authors.
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Proof Given positive integers k and j, let Py, ; denote the set of ordered partitions of
the number k into j nonnegative integers:

pk] :{(tl,...,tj)|t1+"'+tj:k, t]ZO}

The cardinality |Py ;| is equal to the number of ways to distribute k identical items
among j distinguishable bins, which is well known to be equal to the binomial coef-

ficient (k+]11).

Furthermore, for any numerical semigroup element s € S, let P(s) denote the set
of ways to represent s in terms of the given generators

P(s) ::{(xl,.__,xn_l)|0¢(Z—1+,,_+Xn—1) _s, ijO}.

an-1

Of course, the cardinality of P(s) is equal to m(s). We will construct a bijection from
Py..u-1 to P(ka), thus proving the claim. Let f: Py ,_; - P(ka) be the function
f(tl, ey tnfl) = (tlal, ey tnflanfl).

It is obvious that f is one-to-one, so it remains to show that f is onto.
Consider (x1,...,x,-1) € P(ka). The equation

X1 Xn-1
o2 s B) kg

a an-1

implies that for each j, a; divides x;, as the a; are relatively prime. It follows that
(x1,...,%y-1) is in the image of f. [ |

Proof of Proposition 5.1 Let S. be the subset of S consisting of numerical semi-
group elements that have a unique expression. Note that these are not only the el-
ements less than a. By writing any element of S with a nonunique decomposition as
s = ka + s’ where 5" € S.., we can rewrite

! =S fem(a) Y £ +m2a) Y £+

n-1
H]:1 (1 - toc/a seS, seS, seS,

= Z m(k(x)tk“( Yot )
seSy
k+n-2 s
)
) (1- t“)” 1(252’5)
Therefore, we get by (5.1):

Z £5+1 Z tka( Z £ s+1)_

seS, seS seS,

-t

AK(t)— e

We would like to see that all the nonzero coefficients are 1. Note that the nonzero
coefficients of 3 g. t*—**! areall +1. Therefore, in order for there to be some nonzero
coefficient of Ag(t) with value other than +1, there would have to be two elements,
sand s, of S, that differ by a multiple of . Without loss of generality, s — s’ = ka

https://doi.org/10.4153/CMB-2017-081-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-081-9

766 T. Lidman and E. Tweedy

for some k > 1. Then s has a nonunique decomposition in S and thus s is not in S, a
contradiction. Therefore, the nonzero coeflicients must be +1. ]

Proof of Theorem 1.6 Let K be a fiber in a Seifert homology sphere, other than
the unknot in 3. We will show that Ag fails the generalized Fox-Milnor condi-
tion. Towards a contradiction, suppose that such a factorization of Ag exists with
f(t) = amt™+---+ayt+ao. Notice that the constant coefficient of f(¢) f(t!) is equal
to aZ, + -+ af + a}. It can be deduced from equation (5.1) that the unsymmetrized
polynomial Ag(t) is not a constant, implying that at least two of the coefficients
Am> . .., a1, ag are nonzero. Therefore, the aforementioned quantity a2, +- -+ a? + a3
is strictly greater than 1, contradicting Proposition 5.1. ]
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