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MIXED HODGE STRUCTURES OF THE MODULI
SPACES OF PARABOLIC CONNECTIONS

ARATA KOMYO

Abstract. In this paper, we investigate the mixed Hodge structures of the
moduli space of a-stable parabolic Higgs bundles and the moduli space of
a-stable regular singular parabolic connections. We show that the mixed Hodge
polynomials are independent of the choice of generic eigenvalues and the mixed
Hodge structures of these moduli spaces are pure. Moreover, by the Riemann—
Hilbert correspondence, the Poincaré polynomials of character varieties are
independent of the choice of generic eigenvalues.

81. Introduction

We fix integers n > 0, d and g > 0. Let X be a smooth complex projective
curve of genus g. The nonabelian Hodge theory of ¥ gives the equivalence
of categories related to the following three moduli spaces: the moduli space
of semistable Higgs bundles of rank n and of degree 0 on ¥ (denoted
by Mpe1(X)); the moduli space of holomorphic connections of rank n
and of degree 0 on X (denoted by Mpgr(¥)); and the character variety
Hom(71(X), GL(n, C))//GL(n, C), which is a universal categorical quotient
(denoted by Mp(X)). The closed points of the character variety parametrize
certain equivalence classes of representations of the fundamental group
m1(X) into GL(n, C) (see [14, Proposition 6.1]). These moduli spaces are
related to each other in the following way. First, the moduli space Mpjoq (%)
of A-connections (which are semistable with degree 0 in the case A = 0) gives
the relationship between Mp,(X) and Mpgr(Z). Here, we call (E,V) a
A-connection if F is a vector bundle on ¥ and V: E — E ® Q% is a homo-
morphism of sheaves satisfying V(ae) =aV(e) + Ad(a) ® e where A € C,
a € Ox and e € E. Then we have the natural map \ : Myoq(X) — C! such
that A~1(0) = Mpai(E) and A™1(1) = Mpgr(2) (e.g., see [15, Theorem 14]).
Finally, the Riemann—Hilbert correspondence gives an isomorphism between
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186 A. KOMYO

the associated complex analytic spaces Mg (X) and ME(X) (e.g., see
[15, Proposition 9)).

In this paper, we consider variants of those moduli spaces in the case of
punctured curves. We fix an integer k > 0 and a k-tuple g = (u, . . ., u*) of
partitions of n, that is, u’ = (u}, ..., pi) satisfies pi > ph >-- - and pf +
R uii =n for t=1,...,k. We take k-distinct points p1,...,p; on X,
and define a divisor by D :=p; + - - - + p.

DEFINITION 1.1. (Parabolic Higgs bundles) We call (E, @, {l,(f)}l@gk)
a parabolic Higgs bundle of rank n, of degree d, and of type p if:

(1) E is an algebraic vector bundle on ¥ of rank n and of degree d;

(2) ®:E— E® 2L(D) is an Os-homomorphism; and

(3) for each pj, 19 is a ﬁltration E|,, = ZY) D Z;Z) DD lﬁ? D l,(,z)ﬂ =0
such that dim(l /1)) = ui and @], (1) 1), ® QL(D)l,, for
j = 1, ey Ty

The Oyx-homomorphism @ is called a Higgs field.

DEFINITION 1.2. (Parabolic connections) We call (E, V, {lii)}lgigk) a
(regular singular) &-parabolic connection of rank n, of degree d, and of type
w if:

(1) E is an algebraic vector bundle on ¥ of rank n and of degree d;
(2) V:E— E® 24(D) is a connection; and

(3) for each py, 1Y is a filtration Elp, = lgi) D léi) D---D 17(»? > lg)Jrl =0
s‘uchl that dim(1{" /1)) = ¢ and (Res,, (V) - €hidp, )(1§) < 1), for
=4 ...,7;.

Here, we put r := > r; and £ := ({;)Eéiﬁl € C"satisfying d + Z”uéfé =0
(see Remark 3.2).

The filtrations {l,(f)}lgigk in Definitions 1.1 and 1.2 are said to be parabolic
structures of the vector bundles E.
We take rational numbers

<ol <ol <. <ald <1
for 1 =1,...,k satisfying ag.i) + oz;.fl) for (i,j)# (i',7'). For the tuple
o= (ay)), we define the parabolic degree and parabolic slope of a vector

https://doi.org/10.1017/nmj.2016.38 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.38

MIXED HODGE STRUCTURES OF THE MODULI SPACES 187

bundle with filtrations (E, {I{") }1<;<x) by

k T

posdee(£) o= o) + 33" o) a1,
i=1 j=1
. bardeg(E)
paru(E) = KE)

DEFINITION 1.3. A parabolic Higgs bundle (F, @, {Zg)}lgigk) is a-stable
(resp. a-semistable) if for any proper nonzero subbundle F' C E satisfying
O(F) C F ® Q5(D), the inequality paru(F) < paru(E) (resp. <) holds.

DEFINITION 1.4. A &-parabolic connection (E,V, {Zg)}lgigk) is
a-stable (resp. a-semistable) if for any proper nonzero subbundle F' C E
satisfying V(F) C F ® QL(D), the inequality paru(F) < parp(E) (resp. <)
holds.

We take a sufficiently generic. Then we have the equivalence of the
notions of a-semistable and a-stable for parabolic Higgs bundles and
&-parabolic connections. We consider the following three moduli spaces: the
moduli space of a-stable parabolic Higgs bundles on X of rank n, of degree
d, and of type p; the moduli space of a-stable &-parabolic connections on X
of rank n, of degree d, and of type p; and the (generic) GL(n, C)-character
variety, whose points parametrize representations of the fundamental group
of ¥\ D into GL(n, C) where the images of simple loops at the punctures

associated to pi,...,pr are contained in Ci,...,Ck, respectively. Here,
(C1,...,Ck) is a generic k-tuple of semisimple conjugacy classes of GL(n, C)
such that, for each i =1,...,k, {u}, b, ...} is the set of the multiplicities

of the eigenvalues of any matrix in C;. These moduli spaces are connected
nonsingular algebraic varieties of dimension

n*(29 =2+ k) = > (ph)>+2
1,3
(see [5], [6], [8], [9] and [11]). Note that, for any &, the moduli space
of a-stable &-parabolic connections on ¥ is nonsingular by the parabolic
structures and the stability. On the other hand, only for generic (Cy, . . ., Cx),
the character variety is nonsingular. We denote the three moduli spaces
by M% (0), MEL(E), and M¥(v), respectively. Here, v denotes the
eigenvalues of any matrix of each conjugacy class in (Ci,...,Cx) and O
means that Higgs fields have nilpotent residues at each puncture.
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For the case of the punctured curve X \ D, we study relationships between
those moduli spaces. We put

== (M EDISIS,) €Cx €7 [Ad+ D uigj =0

Y]

DEFINITION 1.5. (Parabolic A-connections) For (), £€) € E4% we call
(\E,V, {lff’}l@gk) a &-parabolic A-connection of rank n, of degree d, and
of type p if:

(1) E is an algebraic vector bundle on ¥ of rank n and of degree d;

(2) V:E— E® 2L(D) is a A\-connection, that is, V is a homomorphism
of sheaves of C vector spaces satisfying V(fa) = Xa ® df + fV(a) for
f€Oyx and a € E; and ‘ ' A ‘

(3) for each p;, 19 is a filtration E|,, = ZY) D l;z) DD l%) D lf,z)_ﬂ =0
s.uchl that dim(1{" /1)) = ¢ and (Res,, (V) — €lidp, ) (1) < 117), for
=4 ...,7;.

DEFINITION 1.6. A parabolic A-connection (A, E,V, {lﬁi)}lgigk) is
a-stable (resp. a-semistable) if for any proper nonzero subbundle F' C E
satisfying V(F) C F ® QL(D), the inequality paru(F) < parp(E) (resp. <)
holds.

If we chose a = (agi)) sufficiently generic, then a parabolic A-connection

(\, E,V, {lgf)}) is a-stable if and only if (A, E, V, {lgf)}) is a-semistable.
We take « sufficiently generic. We construct the moduli space of a-stable

parabolic A-connections over :n’d as a subscheme of the coarse moduli
scheme of semistable parabolic A})—tuples constructed in [10], denoted by

. 12 ':'Had
T Mg =

We have 7 1(1, &) = Mb (&) and 771(0, 0) = M% _ (0). On the other hand,
by the moduli theoretic description of the Riemann—Hilbert correspondence
(see [10], [8] and [9]), we obtain the analytic isomorphism M¥fp (&) = ME(v)
where v =rhg(§€) and v is generic. Here, rhy is the map defined by
§§l—>exp(—27r\/—71§;-) fori=1,...,kand j=1,...,7;.

For smooth projective varieties, one can define the Hodge structure on the
cohomology groups of the smooth projective varieties. Deligne generalized
the Hodge structure to any complex algebraic varieties, not necessarily
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smooth or projective, that is, one can define the mized Hodge structure
on the cohomology groups of the varieties ([3], [4]). The moduli spaces
ME (0), MY (&), and M5 (v) are smooth. However, these moduli spaces
are not projective. The purpose of this paper is to study the mixed Hodge
structures of M%_(0), M4 ().

The main theorem is the following

THEOREM 1.7. (Theorems 3.13 and 4.13)

. : . A

(1) Thil ordinary rational cohomology groups of the fibers of m: My 4 —
2R are isomorphic. Moreover, the isomorphism preserves the mized
Hodge structures on the cohomology groups of the fibers.

(2) In particular, we have an isomorphism

Hk(MgR(€)7 Q) = Hk (Mgol(0)> Q)

which preserves the mixed Hodge structures.

(3) The mized Hodge structure of H*(Mb 1(0), Q) is pure of weight k, and
the mized Hodge structure on Hk(/\/lgR(E), Q) is pure of weight k.

(4) The Poincaré polynomials of character varieties M'5(v) are indepen-
dent of the choice of generic eigenvalues.

These assertions hold for the rational cohomology groups with compact
support.

The main idea of the proof of this theorem is as follows. First, we show
that the map 7 : M¥_ 4 — =4 is smooth in the same way as in [1, Lemma 4],
[8, Theorem 2.1], [9] and [17, Lemma 6.1]. Second, there is a natural
C*-action on Mﬁod' We check that some conditions are fulfilled for this
C*-action (Lemma 3.12). The conditions are the assumptions of [5, Theorem
B.1] in Appendix B. By the application of [5, Theorem B.1] for the map
7, we obtain the assertions (1), (2) and (3). Third, we consider the moduli
theoretic description of the Riemann—Hilbert correspondence, which induces
an analytic isomorphism between M4, (€) and ME(v) in general case. It is
shown in [9] that the Riemann—Hilbert correspondence induces this analytic
isomorphism. In the general case, the proof in [9] is same as in the proof
of [8, Theorem 2.2]. By this analytic isomorphism and the assertion (1), we
obtain the assertion (4).

The organization of this paper is as follows. In Section 2, we recall
Deligne’s mixed Hodge structure. In Section 3, we construct the moduli
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. . . —u.d
space of semistable parabolic A-connection 7 : Mﬁod — Zh* and we show

that the map W:Mﬁod — =M i smooth. In Section 3.3, we prove the
assertions (1), (2) and (3) of Theorem 1.7. In Section 4, we recall the
Riemann—Hilbert correspondence, and we show that the Poincaré polyno-
mials of character varieties M (v) are independent of the choice of generic
eigenvalues by the correspondence.

§2. Preliminaries

In this section, we recall the definition of the mixed Hodge structures and
a basic property of the mixed Hodge structures.

2.1 Mixed Hodge structure
DEFINITION 2.1. A mized Hodge structure consists of:

(1) a finitely generated free Z-module H?;

(2) an increasing filtration Wy C Wiy of HC = H” @ Q;

(3) a decreasing filtration FP > FP*! of HC such that the filtration induced
by F*® on the complexified graded pieces of the filtration W, endows
every graded piece GrrFw, := Wi, /Wy—1 with a pure Hodge structure of
weight k, that is, for any 0 < p < k we have

Gr*wE = FPGr*WE @ Fk—r+1Gr*WC.
The increasing filtration W, is called the weight filtration, and the
decreasing filtration F'® is called the Hodge filtration.

Deligne in [3] and [4] proved the existence of mixed Hodge structures on
the cohomology of a complex algebraic variety.

THEOREM 2.2. ([3], [4]) Let X be a complex algebraic variety. Then
there exists a mized Hodge structure on HI(X,C). Moreover, the weight
filtration satisfies

0=W_1CWoC---CWy=H(X,Q)
and the Hodge filtration satisfies
H/(X,C)=F°>F'D>...DF/ DFItt =.

One can define a mixed Hodge structure on the compactly supported
cohomology H}(X, Q). The following theorem is basic property of mixed
Hodge structures (for a proof, e.g., see [13]).
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THEOREM 2.3. (Poincaré duality) For a smooth connected X, we have
that Poincaré duality

H*(X,Q) x HX*(X,Q) — H?*(X) 2 Q(—d)

is compatible with mized Hodge structures, where Q(—d) is the pure mized
Hodge structure on Q with weight 2d and Hodge filtration F%=Q and
Fd+1 =0.

83. Nonabelian Hodge theory

3.1 )\-connection

We fix integers g > 0, k > 0 and n > 0. We also fix a k-tuple of partition
of n, denoted by p= (u',..., u¥), that is, u’= (ui,..., ui,l) such that
pi > ph > -+ are nonnegative integers and Zj /‘;’ =n. Let X be a smooth
complex projective curve of genus g. We fix k-distinct points pi, ..., px in
Y and we define a divisor by D :=p; + - - -+ pr. We put 3o =X\ D. For
integer d, we put

=l = ¢ (A (€IS ) eCx © | A+ pigi =0
i’j

where 7 := Y r;. We take (A, &) € Z4% where & = (f;)ﬁ;gﬁl

DEFINITION 3.1. For (A €) € Eﬁ’d, we call (A, E,V, {sz)}lgigk) a
E-parabolic A-connection of rank n, of degree d, and of type p if:

(1) E is an algebraic vector bundle on ¥ of rank n and of degree d;

(2) V:E— E®QL(D) is a A-connection, that is, V is a homomorphism
of sheaves of C vector spaces satisfying V(fa) =X a ® df + fV(a) for
f €Os and a € E; and ' ' ' ‘

(3) for each p;, 19 ‘is a filtration E|,, = lgl) > lg) DD l,(ﬂ? D lfnz){rl =0
such that dim(1\”/1\"))) = u? and (Res,, (V) - €idp,,)(11") < 1), for
j = 1, sy Ty

For A =1, this is a regular singular &-parabolic connection of spectral
type p (Definition 1.2). For A =0 and &€ = 0, this is a parabolic Higgs bundle
(Definition 1.1).
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REMARK 3.2. For A # 0, we have

k

k
deg E = deg(det(E)) = — ) tr (Res, (A'V)) == >

i=1 i=1 j=1
We take rational numbers

() <1

T

O<a§i)<a§i)<-~<a

fori=1, ..., ksatisfying ay) # ozg-f/) for (i, ) # (7', j'). We choose a = (ay))
sufficiently generic.
DEFINITION 3.3. A parabolic A-connection (A, E,V, {L(ki)}l@gk) is

a-stable (resp. a-semistable) if for any proper nonzero subbundle F' C E
satisfying V(F) C F ® Q%(D), the inequality

par u(F) < par u(E) (resp. <)

holds. Here, the induced parabolic structure on a subbundle F' C F is the
filtrations Fly, = Fly, N1 5 Fly, 019 5 5 Fl,, 0 > Fl,, 0, =0
for each p;.

REMARK 3.4. [8, Remark 2.2] We chose a = (agi)) sufficiently generic.

Then a parabolic A-connection (A, E, V, {L(kz)}) is a-stable if and only if
(\E,V, {lgf)}) is a-semistable.

3.2 Construction of the moduli space

The argument in this subsection is almost same as in [8]. The difference
from [8] is that we fix the k-distinct points {p1,...,pr}, the flag {Zg)} is
not necessarily full flag, and we construct the moduli space of a-semistable
parabolic A-connections instead of a-semistable parabolic connections.

We recall the definition of a parabolic AL,-triple defined in [10]. Let D be
an effective divisor on a nonsingular curve . We define A}, as Oy, & QL(D)Y
with the bimodule structure given by

fla,v) = (fa, fv) (f,a€0x, veQy(D)Y),
(a7v)f:(fa+v(f)7fv> (f?aEOXh UGQ%](D)V)

DEFINITION 3.5. We say (E1, B2, ®, F.(F1)) a parabolic AL-triple on ¥
of rank n and of degree d if:
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(1) E; and E» are vector bundles on ¥ of rank n and of degree d;

(2) & A}D ® E1 — Es is a left Oy-homomorphism; and

(3) E = Fl(El) D) FQ(El) DD Fl(El) D) E+1(E1) = El(—D) is a filtra-
tion by coherent subsheaves.

Note that to give a left Op-homomorphism @ : Ab ® Ey — Ey is equiv-
alent to give an Ox-homomorphism ¢: FEy — Fs and a morphism V:
By — By ® QL(D) such that V(fa)=¢(a) @ df + fV(a) for f€ Osx and
a € Ey. We also denote the parabolic AL-triple (Ey, s, ®, Fi.(E1)) by
(E1, Ea, ¢, V, Fi(E1)).

We take positive integers (1, B2,y and rational numbers 0 < o <--- <
o) < 1. We assume 7> 0.

DEFINITION 3.6. A parabolic Al-triple (FEy, E2, ¢,V, Fu(Ey)) is
(&, B, 7)-stable (resp. (&, B, v)-semistable) if for any subbundle (Fy, F») C
(En, Bs) satisfying (0,0) # (Fy, F2) # (E1, E2) and ®(A}L, @ Fy) C Fy, the
inequality

1 deg Fl(fD) + ﬁz(deg Fy — vy rank FQ) + 61 Zé’:l a;length(Fj(El) n Fl/(Fj+1(E1) N Fl))
1 rank F1 + B2 rank Fa

B1 deg E1(—D) + Ba(deg Bz — y rank E) + f1 35, o//length((F;(E1))/(Fj11(E1)))
(resp. <) B1 rank Ey + (B2 rank Fo

holds.

THEOREM 3.7. [10, Theorem 5.1] Fiz integers g >0, k> 0,n>0,1>0,
d and a tuple of positive integers {d;}1<i<; where 0 <d; <dg <---<d;=
kn. Let S be an algebraic scheme over C, C be a flat family of smooth projec-
tive curves of genus g and D be an effective Cartier divisor on C flat over S.

Then, there exists the coarse moduli scheme Mz,ﬁ’;’i}(C/S, D) of (&, B,7)-

stable parabolic A},-triples (E1, B2, ¢, V, Fi(E1)) on C over S such that
n =rank F1 =rank FEy, d = deg F1 = deg Fy and d; = length(E1/Fi+1(Eh)).
If & is generic, then it is projective over S.

DEFINITION 3.8. We put C =% x 4% § =287 5, = p; x 244 (for i =
1,...,k) and D=py + - - -+ pr. We define a functor Mfﬁ;f:i’d(C/S, D) of
the category of locally Noetherian schemes over S to the category of sets by

MFFEAC/S, D)(T) == {()\, E,V, {l»(f)}lgz'gk)} /)~

for a locally Noetherian scheme T over S where:
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(1) Eis a vector bundle on Cr of rank n;

(2) A:E— E is the Oc¢,-homomorphism defined by a(x)— A(z) - a(x)
where A(z) is the image of x € Cr by the composition Cr — S — C
of the natural morphism and the projection;

(3) V:E—E® Qé ((Dr)) is a relative A/g-connection;

(4) Elg), =1 > z“ S0 51, =0 is a filtration by subbundles
such that (Res( (V) = (f’) ) C H)-l forj=1,...,m,t=1,...,k;

(5) for any geometrlc point t € T, dim(1} /15, ) ® k(t ) = i} for any 4, j and
(N E,V, {l* }) ® k(t) is a-stable.

The following proposition is shown by the same way as in the proof
[8, Theorem 2.1].

PROPOSITION 3.9. There exists a relative coarse moduli scheme
T Mﬁod Efj’d
(>\7 E7 V, {lg)}lgzgrl) — ()\7 €)

of ac-stable parabolic \-connections of rank n, of degree d, and of type .
For simplicity, we drop a and d from the notation of the moduli space.

If n and d are coprime, then Mﬁod is a relative fine moduli scheme, that
18, there is a universal family over Mﬁo q-

Proof. Fix a weight o which determines the stability of parabolic
A-connections. We take positive integers f1, B2, v and rational numbers
0<a ( << ozsal) <1 satisfying (81 + B2)a; @ — ﬁla for any ,j5. We
assume v > 0. We take an increasing sequence 0<of<---<a;<1such
that ‘

{afl1<i<y={a" 1<i<k1<j<r)

where we put lzzf 1 i We take any member (A, E,V,{I Z)}1<l<k) €

Mfg(’)‘:l’d(C/S, D)(T). For each 1 < p <[, there exist 4, j satisfying ag QR
We put Fi(F) := E and define inductively

/
P’

Fp(E) :=Ker(Fp_1(E) — E’(ﬁi)T/lp)

for p=1,...,1. Here, we put [,:= l](-i) for the unique (i,j) for which
&\ = al. We also put d,:=length((E/Fys1(E)) @ k(t)) for p=1,...,1

and t€T. Then (A, E,V,{I"}) — (E, E, \id, V, F.(E)) determines the
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morphism
L MRS, D) — MFf07.(C/S, D)
where MF*:P7 (C/S,D) is the moduli functor of (a,(3,n)-stable

n,d,{di}
Al p-triples whose coarse moduli scheme exists by Theorem 3.7. Then we

have that a certain subscheme M{; ; of M? C’ﬁ{g}(C /S, D) is just the coarse

moduli scheme of MFH 4(C/S, D) in the same way as in [10, Theorem 2.1]
and [8, Theorem 2.1].

If n and d are coprime, then there is a universal family on M¥_, x X (see
[7, Theorem 4.6.5] and the proof of [8, Theorem 2.1]). [

We denote the fibers of Mﬁod over A\=0 and A=1 by Mgol and
MEg, respectively. Let M4 (X, €) be the fiber of (A, £). Let M$,(€) and
ME,(0) be the fibers of (1, &) and (0, 0), respectively. The fiber ME (€)
is the moduli space of a-stable regular singular &-parabolic connections
of spectral type p (constructed in [9]), and the fiber M (0) is the
moduli space of a-stable parabolic Higgs bundles of rank n and of degree
d (constructed as a hyperkéhler quotient using gauge theory in [11] or as a
closed subvariety of the moduli space of parabolic Higgs sheaves constructed
n [19]).

The following proposition is shown by the same way as in the proofs
[1, Lemma 4], [8, Theorem 2.1], [9] and [17, Lemma 6.1].

PropoOsSITION 3.10. The morphism
. =p,d
T M — EH
A BV AL hsien) — (A €)
18 smooth. Moreover, Mﬁ 4 s nonsingular.

Proof. At first, we prove that 7 : MHOd — Hn’ is smooth. Let M%{Od be
the moduli space of tuples (A, L, V1) where L is a line bundle of degree d
on ¥ and Vy: L — L ® Q4(D) is a A-connection. We put

k
Ad+Z§"_0}.

i=1

gZhd .= {(A, (€))eC x Ck

Let :’;\ dl be the subset of 24 where \ = 1 and let M} be the inverse
image of the subset = H)\ 1 Since Mpp — E H/\ 1 is smooth (see [8] and [9]),
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M, 4 — EF4 is smooth (see [17, Lemma 6.1]). We consider the morphism
det : Mb_ | — Mioq Xzra ZH4
(4) (9
(>‘7 E’ vu {l] }) — (()‘a det(E)7 det(V)), 7T(>‘7 E7 v> {l] }))

It is sufficient to show that the morphism det is smooth. Let A be an
Artinian local ring over M%{Od X gk,d En7d with the maximal ideal m and I
be an ideal of A such that mI =0. Let (\, L, V) € M 4(A4) and (A, &) €

=5 ’d(A) be the elements corresponding to the morphism
Spec A — Mg Xgra EH4.
We take any member (A, E, V, {l;l)}) € M¥ 4(A/I) such that
det(X, B, V, {I"}) = (A, L, V), (A, €)) ® A/1.

It is sufficient to show that (A, E, V, {lj(l)}) may be lifted to a flat family

Y e 0 Y e 0y ~

(A B, V. {[;"}) over A such that det(\, £, V,{l;"}) = ((\, L, V), (A, §)).
The obstructions lie in the hypercohomology H2(E,}"O' ® I). Here, F§ is
the complex of sheaves defined by Fi =0 for i #0, 1,

Tr(s) =0 and
FY= céndlE® A i i i
{s nd(E ® A/m) 5\pi®A/m(lj)A/m C (lj)A/m for any 1, j }
Tr(s) =0 and

Fo =S s€&nd(E® A/m) © Q5(D) | Respea/m(s) (1) a/m ,
C (l541) Aym for any i, j

and d: ]-"8 — ]-"& maps s to Vos—soV. From the spectral sequence
HY(FY) = HPTI(FY), there is an isomorphism

1
H2(F2) 2 Coker <H1(.F8) o, Hl(f§)> .
Since (F§)V @ O 2 Ft and (F})Y @ QL =2 7Y, we have
2/ e\ ~v 1 HYd) 701,11
H*(Fy) = Coker <H (FH —=H (]:0)>

Vv

1
> Ker <H1(f5)v 2, Hl(fg)v>
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—H'(d)
-

~ Ker (HO((f&)V ® k) HO(FO)Y @ ﬂ))

Vv

~ Ker (HO(fg) UM HO(}"&)>

We take any element s € Ker(H°(FY) Ll(d)) HO(F3)), which may be
regarded as an element of End((\, E, V, {lj(l)})) Since (A, E, V, {lj(l)}) is
a-stable, the endomorphism s is a scalar multiplication. By Tr(s) =0, we
have s = 0. Hence, H?(Fg) = 0.

Secondly, we prove that M4, is nonsingular (see [10, Remark 6.1]). It
is enough to show \: M , — C given by (\, E, V, {lgf)}) > A is smooth.
In this case, the obstructions of the extensions lie in the hypercohomology
H2(Z, Fot @ I). Here, Fy' is the complexes of sheaves defined by Fyt =0
for i A0, 1, .7:8’+ = F,

Tr(s) =0, )
Resy,(ma/m(l) a/m
C (l;l))A/m for any

.7:5’+ ={sc&nd(E® A/m)® Q5(D) |1, j and the element of ;
End((L") a/m/ (1511 4/m)
induced by Resy, (s)04/m

\ is a scalar. )

and d* : ]-'8’+ — ]:S’Jr maps s to Vos—so V. We put 761 = }'&'+/]~"& and
Te = [0 — Tg']. Then, we have the following exact sequence of the complex
on X

0 —Fy —= Fy" —=Tp —=0.
Note that 7 is a skyscraper sheaf. We consider the long exact sequence.
Since H?(F3) = H?(7¢) = 0, we obtain H2(F3™) =0. i

The following proposition is shown by the same way as in the proofs
[8, Theorem 2.1] and [9].

PROPOSITION 3.11. For any (\, &) €= the fiber M g(N, €) is of
equidimensional of dy, :=n?(2g — 2+ k) — D (,ué.)Q + 2, that is, it is the
disjoint union of its irreducible components which are smooth of same
dimension d,.
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Proof. Since the fiber Mf (A, €) is smooth we show that the tangent
space O yu d(/\’ﬁ)( y)at y=(\ E,V, {l }1<Z<k) e ME 4(A, &) is of dimen-
sion n?(2g — 2+ k) — Zi,j(:u'j) + 2. Put

Fo.= {s € End(E) ‘ s|pi(l§-) C (l;) for any 1, j}

Fli={s€&nd(E)® Q(D) | Respi(s)(lé) C( ]+1) for any 4, j }
Vi:F'3sVos—soVeFh

Then we have an isomorphism

O utt (0 (W) ZH' (F?).
By the same computation as in the proof of [8, Theorem 2.1], we have
dim H'(F*) =n?(29 — 2+ k) — > _(u})* +2. i
i?j
3.3 Mixed Hodge structures of the moduli space M% (), &)
We consider the natural C*-action on ./\/lﬁO d

CX X Mﬁod — MIIL{od
(t, (A B, Y, {19)) — (A, E, 19, {10)).

Since the relation between A\ and & is Ad + ) u§-§§ =0, the following C*

action on En’d is well defined,
C* x Bt — Eh
(t, (A &) — (A, t€).

—pd o :
Clearly, 7 : MY, — ER" is a C*-equivariant morphism.

LEMMA 3.12. The fized point set (./\/lﬁod)(CX is proper over Hﬁ’d, and for

any (\, E, V, {l*(f)}) the limit limy_,o t - (\, E, V, {l* )}) exists in (/\/l’ﬁod)(CX )

Proof. The fixed point set lies over the origin (0, 0) € =5 d Therefore,

this fixed point set is just the fixed point set of the moduli space of semistable
parabolic Higgs bundles, which is a closed subvariety of the moduli space of
parabolic Higgs sheaves (see [19]). Then, the fixed point set is proper by
[19, Theorem 5.12].
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The second part follows from Langton type theorem [10, Proposition 5.5]
in the same way as in [16, Corollary 10.2]. (Also see [18, Lemma 4.1] and
[12, Proposition 4.1].) [

For any pairs (\, £) € =4 where the fiber M (X, €) is nonempty, we
consider the following subset of =5 d

E()\{) = {(t)\, tf) ’ te C} = C.
Let

(3.3.1) T(NE) - MH()\ o ()\75)

be the base change of M%;_, — =47 via Ene < =, By the smoothness of
the map 7y ¢), Lemma 3.12, and [5, Theorem B.1], there are isomorphisms

H.(Mﬁod()‘v S)v @) H.(MDOI( ) Q)

which preserve the mixed Hodge structures and the mixed Hodge structures
of H*(M¥, (X, €), Q) are pure. Therefore, we obtain the following theorem:

THEOREM 3.13. There are isomorphisms between ordinary rational
cohomology groups of fibers of m: MHod — =89 which preserve the mized
Hodge structures. The mized Hodge structures on these cohomology groups
of the fibers are pure. These assertions hold for the rational cohomology
groups with compact support by the Poincaré duality (Theorem 2.3).

Here, note that the Poincaré duality is applied for each connected
components of fibers of w: M Hod—>:¢f’d, which have same dimension

(Proposition 3.11).

84. Riemann—Hilbert correspondence

4.1 Character varieties

We fix integers ¢ > 0,k >0 and n > 0. We also fix a k-tuple of partition
of n, denoted by p= (u',..., "), that is, p’=(ui,..., pit.) such that
pd > pb > are nonnegative integers and Zj u§- =n. Let ¥ be a smooth
complex projective curve of genus g. We fix k-distinct points pi, ..., px in
Y and we define a divisor by D :=p; + - - - + px. We put 39 =%\ D.

We now construct a variety, called a character variety, whose points
parametrize representation of the fundamental group of ¥y into GL(n, C)
where the images of simple loops at the punctures associated to p1, ..., pg
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are contained in semisimple conjugacy classes Ci,...,Ck, respectively.
Assume that

k
(4.1.1) [[detci=1
i=1
and that (Cy,...,C) has type p= (u',..., u*); that is, C; has type p’
for each 1 =1,...,k, where the type of the semisimple conjugacy class
Ci C GL(n, C) is defined as the partition p' = (uf, ..., ' ) describing the
multiplicities of the eigenvalues of any matrix in C;. Let v = (14, .. ., I/;l) €
(C*)" be the eigenvalues of C;. We denote the k-tuple (11, ..., %) by v.
DEFINITION 4.1. The k-tuple (Ci,...,Ck) is generic if the following
holds. If V' C C" is a subset which is stable by some X; € C; for each ¢ such
that
k
[T det(Xilv) =1,
i=1

then either V=0or V =C".

LEMMA 4.2. [5, Lemma 2.1.2] For any p, there exists a generic k-tuple
of semisimple conjugacy classes (C1, . ..,Ck) of type p over C.

DEFINITION 4.3. For a k-tuple of generic semisimple conjugacy classes
(C1,...,Ch) of type u, we define a subvariety of GL(n, C)29t" by

UH(v) == {(A1,B1,..., Ay, Bg; X1,..., X)) €GL(n,C)* x Cy x - x Cy
| (A1, By) -+ (Ag, Bo) X1 -+ Xy =1},

where (A, B) := ABA™'B~!. The group GL(n, C) acts by conjugation on

GL(n,C)29*t". As the center acts trivially, the action induces that of

PGL(n, C). The action induces that of PGL(n, C) on U*(v). We call the
affine GIT quotient

ME(v) :=UH(v)//PCL(n, C)

a generic character variety of type p. We denote by m, the quotient
morphism

(4.1.2) T UP (V) — ME(v).
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PROPOSITION 4.4. [5, Proposition 2.1.4] If (Cy,...,Ck) is generic of
type p, then the group PGL(n, C) acts set-theoretically freely on U*(v) and
every point of UM (V) corresponds to an irreducible representation of m1 ().

THEOREM 4.5. [5, Theorem 2.1.5] If (C1,...,Ck) is a generic type p,

then the quotient
T UM (V) — ME(V)

is a geometric quotient and a principal PGL(n, C)-bundle.

THEOREM 4.6. [6, Theorem 1.1.1] If nonempty, the generic character
variety M%(v) is a connected nonsingular variety of dimension

n?(2g — 2+ k) — > (i) +2.
(2]

4.2 Riemann—Hilbert correspondence

First, we define a generic tuple of the eigenvalues of the residue matrixes
of a parabolic connection corresponding to Definition 4.1 for character
varieties cases. We put

(4.2.1) ged. () :=ged(ul,..., “;‘7 ce ,ufk),

where r; implies the number of the distinct eigenvalues of the residue matrix
at p; of a parabolic connection. For an integer d, we put

d . o
B = 6= (G €T [d+ ) =0
i,
where r:=5 " r;.
DEFINITION 4.7. Take an element £ € Eg’le. We call & generic if:
(1) 5; — & ¢ Z for any i and j # k; and

(2) there exist no integer s with 0 < s < n, integers s; with 1 < s; <, and
subsets {ji,...,7%} C{1,...,m;} for each 1 <i <k such that

k

s
2.0 Vi ¢

i=1 =1

for any tuple of integer v = (’U;) with 0 < vé < ué where U;z +-
. 1
v;i =sfori=1,...,k.

54
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—u,d,irr . s o—p,d Qnirr
Let 27} be the locus of generic elements in =;"\_;, and let Mp" be

n,
. . —p,dyirr . © —p,d
the inverse image of ="\, via M, — =1

REMARK 4.8. Ifdand g.c.d.(p) have the greatest common divisor r’ # 1,
then = ’giqr = (), since

wi ood
DG =—€L
/[:7j
—p,d
for any £ € 5"\ _;.
Conversely, if d and g.c.d.(p) are coprime, then =¥ f\izwlr is nonempty. (See
Remark 4.10 as below and the proof of [5, Lemma 2.1.2].)

REMARK 4.9. See [8, Section 2] For generic &, any regular singular
&-parabolic  connection (FE, V, {l*(f)}) is drreducible. Here, we call
(E,V, {lii) }) reducible if there is a nontrivial subbundle 0 # F' C E such that
V(F)C F®QL(D). We call (E,V, {lff)}) irreducible if it is not reducible.
In particular, for generic &, any (F, V, {ly)}) is semistable.

Next, we construct a family of all generic character varieties of type p.
We put r:=>"r; and

wo_ _oinI<i<k r ek
N =Qv= ()5, €C Vil =1,

n J
i3
which is the set of eigenvalues of k-tuple of semisimple conjugacy

classes (C1,...,Cr). We denote by UM the following subvariety of
NE x GL(n, C)29tn

(1) (A1, B) - - - (Ag, Bg) Xa )
o X = In,

(2) For each i, there is a filtration
C"=W{DWiD---DW}
= 0 such that
dim W;/I/V;_i_1 = ué- and
(X, — Vid)(WF) C Wi,
for any 1, j )

(V, Al,Bl,...,Ag,Bg,Xl,...,Xk)

where (v, A1, By, ..., Ay, By, X1, ..., Xy) € NI x GL(n,C)?™".  The
group PGL(n, C) acts on NA x GL(n, C)29*" which is trivial on N and
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2g9+n

conjugation on GL(n, C) . We take the categorical quotient of U* by

the PGL(n, C)-action;
Ml = U J/PGL(n, C)
= Spec(CluHPEEML)),

The map

My — NE

[(I/,Al,Bl,...,Ag,Bg,Xl,...,Xk)] — UV

is well defined. Let N¥ AT - NF be the set of generic eigenvalues in the
sense of Definition 4.1. Then we take the base change of M% — NJ' via the
inclusion map N < N}, denoted by

pirr Qirr
MB > N'I’L 5

which is a family of any generic character varieties of type p. Observe that
the fiber over v is precisely the space M/;(v) introduced in Definition 4.3.
We define the morphism

—p,d
rhy : :7[;:)\:1 >¢—veNK

by 1/; = exp(—27n/—1§]i.) for any 1, j.

REMARK 4.10. (See the proof of [5, Lemma 2.1.2]) Let (Ci,...,C) be
a k-tuple of semisimple conjugacy classes such that the eigenvalue of

any matrix in C; is (exp(—2mv/—1¢}), ..., exp(—2mv/—1¢.)) where the
multiplicity of exp(—27n/—1§;-) is M; If £ is generic, then (Cq,...,Cg) is
generic in the sense of Definition 4.1.

REMARK 4.11. For any v e N#’iw, there exist integers d with
0 < d < g.c.d.(p) such that v is contained in the images of the morphisms

rhg S — NI
that is, v € Im(rhg) for some d (0 < d < g.c.d.(p)).

For each member (E,V,{l%}) EM‘E’ZT, Ker(V®|5,) becomes a local
system on X, where V* means the analytic connection corresponding
to V. The local system Ker(V%"|s,) corresponds to a representation of
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71(2p). Let ; be a loop around p;. The representation of ~; is semisimple
fori=1,...,k, and the eigenvalues of the representation of v; are

exp(—2mv/—1¢}), ..., exp(—2mv/—1¢.)

where the multiplicities are /ﬂi, - ,uii, respectively. Then we can define
the morphism
RH : M, (&) — ME(v)

where v =rhg(€). Then {RH¢} induces the morphism
(4.2.2) RH : MEZT 5 MBS,

which gives the commutative diagram

Qn,irr Ww,irr
Mpr —— Mg

L

=, dirr rha Nu,irr
—n, =1 n :

The following theorem follows from the result of Inaba [8, Theorem 2.2]
and Inaba—Saito [9].

THEOREM 4.12. (See [8, Theorem 2.2] and [9]) The morphism

RH¢ : Mf 5 (&) — ME(rha())

. . . —di
is an analytic isomorphism for any & € 80

Proof. We take any point p € ME(rhq(€)) where £ is generic. By
[8, Proposition 3.1], we obtain the following isomorphism,

MER(8) = MpR(€)

where 0 < Re({}i) <1 for any i,j. Hence, we assume that £ satisfy
0 < Re(;) <1 for any i,j. By [2, II, Proposition 5.4], there is a unique
pair (E, Vg) where E is a vector bundle on ¥ and Vg : E — E ® Q%L(D)
is a logarithmic connection, such that the local system Ker(VE') s gpy,....00}
corresponds to the representation p and all the eigenvalue of Res,, (Vg) lie in
{z € C|0 < Re(z) < 1}. Since & is generic, we can define a parabolic struc-
ture of (E, Vg), uniquely. Therefore, RHg gives a one to one correspondence
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between the points of M%’gr(ﬁ) and the points of Mg’iw(rhd(é)). We can
define this correspondence between flat families. Hence,

RH, : MSR(f) — Mg(rhd(é))

is an analytic isomorphism. [

THEOREM 4.13. The Poincaré polynomials of character varieties
MU (v) are independent of the choice of generic eigenvalues.

Proof. We put '
Ny = TIm(EHT) € N,

We can describe N¥ AT as follows:
N#,irr =NoUN{U---U Ng.c.d.(p,)—l

(see Remark 4.11).

By Theorems 3.13 and 4.12, for any v1,v2 € Ng (d=1,...,g.c.d.(pu) — 1)
the Poincaré polynomials of the character varieties M5 (v1) and M (v2)
are same. On the other hand, there is a dense subset in the analytic topology
of N} such that the Poincaré polynomial is constant [5, Theorem 5.1.1].
Then the Poincaré polynomials is constant in N/ T [
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