Can. J. Math.Vol. 43 (2), 1991 pp. 435448

SCATTERING THEORY AND SPECTRAL
REPRESENTATIONS FOR GENERAL WAVE
EQUATIONS WITH SHORT RANGE PERTURBATIONS

KAZUHIRO YAMAMOTO

1. Introduction. In this paper we shall develop the scattering theory introduced by
Lax and Phillips [5] for the following general wave equation;

uy = a(x){ diaj(x)ju — q(x)u} inQ xR,

Bu=0 on 0Q X R,

where Q is an exterior domain R"(n > 3) with the smooth boundary 0Q and B is either a
Dirichlet boundary condition or of the form Bu = v;(x)a;j(x)d;u+o (x)u with the unit outer
normal vector v(x) = (vy,...,V,) at x € dQ. The precise assumptions on « (x), aji(x),
q(x), o(x) are denoted below. If Q is an inhomogeneous medium with the density p(x),
the propagation of waves is described by (1.1) with a(x) = a(x)? p(x), a;j(x) = p"(x)&ij
and g(x) = 0 with the velocity a(x).

The scattering theory of (1.1) in L>-theory is studied by many authors (Ikebe [3] and
[4], Mochizuki [8] and [9] and Reed-Simon Chapter XI.10 of [12], etc). On the other
hand Lax and Phillips theory of (1.1) is first studied in their book [5] (see also [6] and
[13]) with ¢ = 1, a;; = 6;; and g = 0. In [14] the developed theory is considered in the
case ¢ = 1, aj = 6;, ¢ > 0 and Q = R", and shows a completeness of wave operators
and an existence of spectral representations. A completeness of wave operators of (1.1)
is also established by Lax and Phillips [7] and Phillips [11] either in the case @ = 1,
a; = 0; and supp g is compact or in the case @ = 1 and Q = R”. In this paper we
shall show generalizations of their theorems on a completeness of wave operators and
an existence of spectral representations. We also show an invariant principle of wave
operators.

We shall state the assumptions on the coefficients of (1.1).

(A.1) The function a(x) is in C'(Q), real valued, and uniformly positive in Q and sat-
isfies o (x) — 1 = 0(|x| 7' ~%) for some § > 0.
(A.2) The real symmetric matrix (aij(x)) is uniformly positive in Q. The functions a;j(x)
are in C2() and satisfy conditions a;(x) —&; = 0(|x| ~'=%) = V a;(x) for some
6> 0.
(A.3) The real valued function g(x) is in Lfoc(Q) where p = n / 2forn > 4,p > 2 for
n=4andp = 2 for n = 3, and satisfies g(x) = 0(|x| ~>7°) for some § > 0, if
|x| is sufficiently large.

(1. 1)
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(A.4) The function o (x) is a real valued C(d2) function.

(A.5) The unique continuation property for eigenfunctions associated with nonnegative
eigenvalues of L holds, i.e., if u € H: (Q) satisfies (L — X\ )u = 0, where A > 0,
and u(x) = 0 in some open subset of Q, then u = 0 in Q.

2. Perturbed system. In this section for simplicity we only consider the Neumann
boundary condition Bu = v;a;dju + ou = 0 on 0Q2 x R. Let b be a Hilbert space which
is equal to L?(Q2) as a set with the inner product (f, g)y = Jo(fga ~')(x)dx, and let L be
an operator from D(L) C } to b defined by Lf = —a(x){ dia;(x)d; — q(x)}, where

D(L) = {f € H'(Q) : Lf € LX(Q) as D/(Q),
(Lf,v)y = A){agajaiv+qfv} dx+/aQ afvdS forall v € H'(Q)).

When g = 0, we denote L by L;. Then we have the following

LEMMA 2.1.
i) The operator L is self adjoint and D(L) = {f € H*(Q) : Bf = v(x)a (x)oif +
a(x)f = 0o0ndQ}.
ii) L has no positive eigenvalues.
iii) The number of the non-positive eigenvalues of L is finite and their eigenspaces

are finite dimensional spaces.

The statement i) is proved by the similar argument in the proof of Theorem 3.6 below.
The statement ii) is Corollary 1.1 in [10] and the proof of iii) is almost the same as one
of Lemma 3.15in [11].

We introduce data space H = Hp(Q2) X by, where Hp(Q) is the completed space of
C3°(Q) by the norm ||f]|#,q)- The energy form of (1.1) is defined by

I 1
E(f,g) = 5L{a,«jajf.a,-g1 +afigi + o hia) dx+§/aQaf|g|dS

for any f = (f1,f2) and g = (g1, &) in H. We define an operator A = ( _OL (])) from
D) = {f €H : f, e H\(Q), Ly € L*(Q) as D'(Q) and
Q2.1 (Lfi,v)y = /Q{a,,a,f.a,»mqf,v} dx+ /aQ ofivds forv € H'(Q))

to H. Similarly A, is defined by changing L in A with L; = —a(x)d;a;j(x)d;. The follow-
ing properties of A and A, are not difficult.

LEMMA 2.2. A and A, are densely defined and closed operators, and E(Af,g) =
—E(f,Ag) for any f,g € D(A). A similar relation holds for the energy form E| and A,
corresponding to L.

Let {—)\jz : j = 1,...,m} denote the negative eigenvalues of L, and let {p;, €
b :j = 1,....,m} be the corresponding linearly independent eigenfunctions which

https://doi.org/10.4153/CJM-1991-026-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-026-0

SCATTERING THEORY FOR WAVE EQUATIONS 437

span the eigenspace corresponding to all negative eigenvalues. We can choose the data
£ * = = (p;, =p;) which are eigenvectors of A with respect to - A;, and satisfy the following
relatlons (see pages 4849 of [7]); for all j, k

(2.2) E( ) =0=EF.fi ) EFfi) = =M.

We denote by P the span of the {f*} . Then it is clear from (2.2) that every f in H has
a unique decomposition of the form f = g + p, where p € P and g lies in the following
space

H' = {f€H:Ef,p)=0forallp € P}.

We denote by [ the degenerate space of the energy form E;
I={feH :Ef,g)=0forallg € H}.
By the proof of Lemma 3.15 in [11] we can show the following

LEMMA 2.3. [ is equal to Ker A and is a finite dimensional space.

From this lemma and (A.5) the form

K(f.g) = fig1dx,

,/Qﬁ{|)c]<R}

where R is chosen large enough, defines an equivalent norm on [ to the one of H. We
decompose any element f in H" into the form f = f’ + f”, where f’ € I and f” belongs
to the following space

H"={feH :K({f,g)=0forallge I}.

Then we have the following proposition (see Lemma 3.19, Corollary 3.29) and 3.21 in
[11]).

PROPOSITION 2.4. i) The form E'(f) = K(f') + E(f") on H', where K(f') = K(f',.f")
and E(f") = E(f",f"), defines an equivalent norm on H' to ||f||n. ii) The quotient space
H = H'[ I is complete in the E-norm. iii) If f belongs to H' N D(A), then for ||f||2 =

E(f)
[Aflle < CAlf Nl + | Af L.

Making use of the above proposition we shall show the following.

PROPOSITION 2.5, If | X| is sufficiently large, A belongs to the resolvent set of A;.

PROOF. Let Py, H/, I, and F; denote the corresponding spaces to P, H’, I and
H , respectively, which are similarly defined by changing L in A with L;. Since P, and

I, are invariant subspaces of A; from Lemma 2.3, we can define an operator A, from
D)) = (DA N H)/ Iy C H to Hy. We shall prove that A; is skew self-adjoint

in . Ttis easy to show that D(A,) is a dense set of #;. First we shall show that A,
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is a closed operator. We assume that {f,} C D(A) and {A,f,} converge to f and g
in the energy norm, respectively. Then from Proposition 2.4 the projections {f)'} and
{[A£,)"} of {f,} and {A\f,} to H", respectively, converge to projections f” and g” of
f and g, respectively in the H-norm. Let { g; = (gj1,0:j = 1,..., £} denote a base of /
such that K(gj, gk) = 0. Then

¢
2.3) ALY = ALY = D200 80, )&
where f = (f},./7), and [Af,]" and [Af;]" are projections of Af, and Af; to I, re-
spectively. It follows from (2.3) that { [A,f,]'} is a bounded set of H. Since I is finite
dimensional, we can take a subsequence {n;} of {n} such that [A,f,,]" converges to
h € I in the H-norm. From the closedness of A; we see that Ajf” = Af = g’ +h,
which means that A,f = g, that is, A, is closed.

Since A; is skew-symmetric from Lemma 2.2, we only show that the range of A +
A, contains a dense subset of H , where X is real. Let g = (g1,g2) be an element of
H' N (HI(Q))z. Then (A £ A))f = g is equivalent to (A% + L))f; = Agi F g» and
f» = +(gi—Af1). The norm induced by the form £, (u) = fo{ a;0;ud;it+\>|ul?a ™'} dx+
J30 0 |ul? dS is equivalent to the H'(2) norm, if | A | is sufficiently large. Thus there exists
fi € H'(Q) such that (\g| F g2,v)y = £\ (fi,v) for all v € H'(Q). This means that
f = (fi.f) € D(Ay) and (A = A))f = g. Letf = f' + p be the decomposition of f in
H' @ P of H. Then we have (A + A})f' — g = (A £ A;)p. By the uniqueness of the
decomposition it follows that (A + A;)f’ = g, that is, (A + A;)f’ = . The proof of the
skew self-adjointness of A, is completed.

In order to prove the statement of Proposition 2.5 we may show that the range of the
restricted operator to H,' of A +A, is H,, because ker(A +A;) = {0}, if | A| is sufficiently
large. For any g € H, there exists f € 5:[| such that (A +A,)f = g. This means that there
exists h € H suchthat (A +A,)f = handy = g—h € I.Thus (A +A)(f+¢ /)) = g.
The proof is completed.

Next we shall prove a similar property on A.

THEOREM 2.6. i) The set D(A) is equal to the set { f € H : f, € H'(Q),3%f; € L*(Q)
for || = 2, Bfi = 00n dQ}. Forany f € D(A)

2.4 2 Ml + 30 19%Aleq < CAAfllL+ 1/]m-
1

|a|=1,2 || =0,
ii) If | \| is sufficiently large, X belongs to the resolvent set of A.

PROOF. Let p(x) be in C*°(R") such that ¢ (x) = 1 for |x| > R+1 and ¢(x) = 0 for
|x| < R, where R is sufficiently large. Then for any f € D(L;) Li(¢fi) and Li (1 — ¢)f1)
belong to L*(2). Thus it is well known that (1 —)f; € H*() and B(1 — ¢)f; = 0 0on 9Q
(see Section 9, 10 of [1] and Chapter X of [2]). We shall show that 0% (f1) € LX(Q) for
|| = 2. In order to show this we need the following regularity theorem in the weighted
space H,,(£2), where HJ/(Q) is a Hilbert space with the norm ||f “,Z,Ln(m = Claj<m |(1 +
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)92 fl| 2 ys I 4 € L2(Q) N Hpo(€Y), where L2(Q) = HO(Q), Liu € L3(R) and
Bu = 0 on dQ, then u belongs to Hﬁ (€2). This is derived by the same way of proving a
similar regularity theorem in H*(R"). From this theorem and the inequality ||f]|,2q) <
CullfllHp, where p < —1 (see the proof of Lemma 1.1 in Chapter IV of [5]), it follows
that ¢f; belongs to H; (R"). Therefore,

(2.5) Alpfi) = (1 — a)A(pfi) + a[dib;; — a)djl(pfi) + Li(efi)
belongs to L?(R") from the assumptions (A.1) and (A.2). By the Fourier transform we
see that 0% (¢f1) (|| = 2) belongs to L*>(R"). This means that D(L,) is equal to {f € H :
fr € H'(Q),0%f; € LX(Q) for || = 2, Bf; = 0 on 0Q} .

Next we shall show (2.4) when g = 0. From the elliptic estimate for a coercive elliptic
boundary value problem (see Chapter X in [2]) it follows that
(2.6) 2 1 = oMfilliz) < CLIL 2@ + fill oo }-

la|=2
On the other hand from (2.5) it follows that
> o efllzwn < CllA@O 2rm

|a|=2
2.7 < Csup{|l —a@|+la;—d51} > 95 (efllze

>R jal=2
+ Cr(l| Lifill 2y + 1fill o)),
where C does not depend on ¢. From (A.1), (A.2), (2.6) and (2.7) we get (2.4) for A;.
We shall show that if | )| is sufficiently large, ||[(A + A;)~!|| < C|A|~". Let us in-
troduce an equivalent norm N(f) on H such that [N(f)]* = [o{a;0,f10fi + a~!|f2|} dx.
Then from (2.1)

IN(X +A4D8)1 = CH{(A /2= CADIV g1l + (A = CiIA DIl g2l ey } -

which implies that || (A +A;)~!|| < C|X| 71, if | A] is sufficiently large. Thus making use
of Proposition 2.5, (2.4) and the argument in the proof of Corollary 3.10 in [11], we can
show D(L) = D(L,). The inequality (2.4) for general g(x) is derived from (2.4) forq = 0
and the inequality ||gf|q, < € Tjaj=2 105f1l2q) + Ccf I for '(f,0) € D(A),
where ¢ is an arbitrary positive number (see the proof of Lemma 3.9 in [11]). The proof
is completed.

Now we have proved all properties which are used to show the following theorem
(see the proof of Theorem 3.22 of [11]).

THEOREM 2.7. A generates a group of linear operators U(t) on H which is unitary
with respect to the energy form E.

Let j(x) be in C*(R") such that j(x) = 1 for |x| > p + 1 and j(x) = 0 for |x| < p,

Jjx) 0
here R*\ Q C : < .PutJtobe .

from H to . Then the wave operators from Hy to H are defined as follows:

(2.8) Wif = s— lim [QU(=nJUs(D]",

) and denote by (' the projection
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where Hy = {f = (fi.f2) : i € Hp(R"), f» € L*(R")} and { Uyp(#)} is the unitary

0 1
—-A 0
is proved by the same ways of proving Theorem 4.1 and Lemma 4.3 of [11].

group on H, with the infinitesimal generator Ao = . The following theorem

THEOREM 2.8.  The wave operators W exist and are isometric from Hy to ﬂ:ﬂ) where
Ho is the E-orthogonal subspace of Iy/ I in H with Iy = Ker A%.

In Corollary 3.10 we shall show that W is a unitary operator on 7:6

3. Spectral representations. First we state several facts which are derived from the
principle of limit absorption for L which is a self adjoint operator appeared in Section 2.
Let p and p/ be fixed numbers such that 1/2 < p/ <p < é+1/2andp+p’ <146,
where § is appeared in (A.1), and let IT be the set { k € C;Imk > 0,Rex # 0} . First
we shall state some properties of the generalized resolvent operator of L.

THEOREM 3.1. (see Theorem 3.2 in [8] and Proposition 13.7 in [9]). For any k € Il
there exists a bounded operator R(r) from L3,(Q) to qu,(Q), that is, R(k) € B(L(L),
Hiu,(Q)) such that R(x) € C(T,; fB(Li(Q),Hﬁ,(Q)),R(n) = (L —-r>»"ifImk > 0,
and (L — k>)R(k)f = f, BR(k)f = 0 on dQ for all f € Li(Q). Moreover u = R(k)f
satisifies the following radiation condition; u € Lz_u (Q), (Ax,V — ikX)u € Li_l(Q),
where A = (a;;(x)) and X = x/ | x|.

In order to define spectral representations for A we need the following operators.

DEFINITION 3.2. i) The operators V € B(H2(R"), L2,,,5 () and its dual operator

V* € BHA(Q), L2, 5 (R")) are defined as Lj — jLo and j*L — Lqj*, respectively, where
Ly = —A with a domain H?(R") in L>(R"), j € B(L*(R"), H ) is a multiplication operator
by a function j(x) used in (2.8), and j* € B(H ,L*(R")) is the dual operator of j.
ii) Forany o € R\ {0} denoted by J(c') and 7*(o) the operator %(| | ){;*—V*R(0)} €
B(LE(Q), LA(S""")) and its dual operator {j —R(—o)V} Jy(|o|) € BULA(S"1), L2, (Q)),
respectively, where [ (/o |)f1(w) = |o| "/ ?f(|o|w) € B(LZ(R"), L*(S" ")) with the
inverse Fourier transform f(¢ ) of f(x), and (o) is the dual operator of Jy(|o|).

The spectral representations of L are given as follows:

THEOREM 3.3. (see Theorem 2.5 in [4] and Theorem 14.6 in [9]). For any (o,w) €
R, x " ! we put

[Jef (o, w) = [I(Fo)fWw) forf € L,(K).

Then J. is able to be uniquely extended from Yy to L* (R+; LZ(S”_1)> as a partially iso-
metric operator with Ker J. = E(0)Y), where { E(\)} is the spectral resolution of L.
Moreover 7y satisfies the following;

i) For any bounded Borel function ¢(x)

(3.1 TrpL)f (0, w) = p(0D)[JefNo,w) for f € b;
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ii) The dual operator Ji € ‘B (L2 (R+; L2(S"*1)), f)) of Jx is denoted by the follow-
ing formula

N
(3.2) [JEh)00) = s — lim /1 /N[]*(ia)h(a, J(x)do inh.

Making use of 74, we define the spectral representations F1 of A as follows; for any
f=(fi.h) € LX(Q) x LXAQ)

AF(0){io(J+f1)(o,w) + (Jef2)(o,w)} /2, a >0,
By (o) {io(Juefi)(—0,—w) + Jefo)(—0,—w)} /2, 0 <0,
where A¥(0) = B (o) = (—isgno)" /2 if nis odd, and A¥(¢) = —1 and B (0) =
(—1)"272; if n is even. We can show that these definitions of spectral representations
are essentially equal to those in [5], [6], [13] and [14].

In order to extend (3.3) on H’ we need three lemmas.

(3.3) (Fif)o,w) =

LEMMA 3.4. Let p(x) € L*(Q) be an eigenvector associated with a negative eigen-
value —\2. Then p(x) belongs to Hi (Q) forall u € R.

PROOF. Let ¢(x) be in C*®°(R") such that ¢(x) = 0 for |x] < R and ¢(x) = 1 for
|x| > R+ 1, where {x: x| < R} CR"\Qand |q| < C for|x| > R. Since p € H*(Q),
Lp = —\?p, we see that from (A.1) to (A.3)

(3.4) —A(pp) + A (pp) = (=A — L)(pp) + (L + A*)(pp)

belongs to L3 5 (R"). By the Fourier transform of (3.4) it follows that (| € |2+ X 2)(¢p)* (£)
belongs to H'* (R¢). This implies that (pp)"(€) € H l(Rg ), which is equivalent to
pplx) € L%(R"). From a regularity theorem in the weighted space Hﬁ(R") mentioned
in the proof of Theorem 2.6 we see that pp € Hf(R") and the righthand side of (3.4)
belongs to L3,; (R"). By taking the Fourier transform of (3.4) we inductively get (|£|? +
M(pp)N(€) € H' (R), and (pp)"(§) € H"*‘(R'é ). Thus we can conclude (pp)" () €
H"(R}) for all n, which implies the desired property on p(x). The proof is completed.

2

LEMMA 35, LetY = DN L(@P N (1= EQO)Y) , where p is an arbitrary
positive number. Then the set Y X Y is dense in H'.

PROOF. From the definition of D(L) for any g € ' the exists a sequence { g} C

D(L) N (Cg(Q))2 such that g, converges to g in H. Put g/ = — P2 l{E(g,,,f )f*
E(gn.f'}f7/ A} and g, = g,—g),. Since g belongs to #’, E(g,,,fi)converges toOasn —

oo. From these facts and Lemma 3.4 it follows that the sequence { g, } in D(L)N (L2 (Q))
converges to g as n — 00. Put g, = (g1, &x2); then we have

2E(gn. ;) = =2/ (8n1:P)s £ Ai(&n2: D)5

Therefore g, is equal to (gx1 — =74 (81, P Pj> 82 — 2% 1 (82, Pj)pp;) Which belongs to
(1 — E(O_)f))z. The proof is completed.
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LEMMA 3.6. Foranyf € Y x Y put hy = (E(0) — E(0_))fs. Then

3.5) [l F+f

ZZ(RXS"'-I) = E(f) — (h2, h2)y.

PROOF. From (3.3) we have

E g = [ [10 I + 10 911 + | Iafal” + | 12£]} do dos
+ 2Refoo°/{ i0 9<fi Fofs — i0 Jofi Iifo) do dw.

Since f belongs to Y x Y, by Theorem 3.3 the last term of the above equality is equal to
2Re{ (LY *fi.f) — iL *fi. o)}, where LY * = [2° A1/2 dE(\). Tt follows that

4| Fif || Faposrry = 2(L81,81)y +2(82,82)y = 4E(g),

where g; = (1 — E(0))f.. If we put h; = (E(0) — E(0_))f;, then

E(g) = E(f — (0.hy)) = E(f) — (2, o)y,

where we use that (h;,0) € I and E(f, (0, hz)) = (ha, hy)g. The proof of Lemma 3.6 is
completed.
Making use of these lemmas, we can prove the following:

THEOREM 3.7. F4 can be uniquely extended as an isometric operator from f{l to
LR x §" 1.

PROOF. From Lemma 3.6 and (3.5) F can be extended as a bounded operator from
H'to LX(R x $"'). Then F.f = 0, if f € J. Thus we can define an operator F on j{
which satisfies (3.5) for all f € . We assume that E(f,g) =O0forallg € % = KerAZ.
Let {f,} be a sequence in Y X Y such that f, converges to f € H. Putf] = (fu1,8n2),
where g2 = (1—E(0))fy2 and put by = (E(0)—E(0-))fr2- From (0, k) € J it follows
that [If — full3 = IIf — 713 + IVhnall2 and || 2/ 2 gorse oy = EG- This means that f;
converges to f and || J.f IIzg(Rx g1y = E(f). The proof is completed.

Later in Corollary 3.10 we shall show that F. of Theorem 3.7 is unitary from ?Y; to
L*(R x "1,

THEOREM 3.8. Forallt € R and allf € 5:[1

(3.6) FLUf = " F.f.

PROOF. Let L, be [$° \'/2dE()\) and put

cos tLl/ 2 Li/ % sin tLJl,/ 2)

—Li/ % sin tLJlr/ 2 cos tLl/ 2

V() = (
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Then d(V()f)/ dt = AV(t)f for f € ¥ x Y. Thus f(r) = [(U(1) — V(1))f]" satisfies that
d(e“""”f(t)) /dt = 0 and f(0) = 0. It follows that £(f) belongs to Ker A, which implies
that df / dt = 0 and f(0) = 0. We see that U(¢)f = V(1)f for all Y X Y. Therefore from
(3.1)and 3.3)foroc > Oandf €Y XY
(FLU@)Y)(o,w) = Ay (0){(io costo — o sinto)(J + fi)(o,w)
+(isinto + costo ) Jofo)(o,w)} /2 = " (F1f)(s, w).

Similarly foro < Oandf € Y X Y(FiU(t)f)(a,w) = €' (Fif)(o,w). The proof is
completed.

The following theorem implies that W, and Fy are unitary.

THEOREM 3.9.  Let p(\) be a real valued function such that there exists a partition,
c <AE AE < AE < AF <A < -1 0f (0, £00) with the properties; \E — 0
as +k — —oo, )\ki — 400 as +k — 00, and for k = 0,£1,£2,... p(\) is smooth and
©'AN)> 0in XA € (M1, M). Then we have

(3.7 s— lim e Je BN = B FOf for £ € Hy.

where (F(io)f)(a, w) is similarly defined to (3.3) by changing (Jif)(o,w) with
oo ) Ww).

COROLLARY 3.10.  The operators W+ and Fx. are unitary operators from Hy to .‘f[,
and from H, to L*(R x S"™1), respectively.

PROOF. We assume that there exists § € 7:[1 such that (W.f, g)f{l = Oforallf € Hy.
Then from (3.7) (FOf, Fe8)i2mxs1y = 0. Since FY) is unitary (see Theorem 2.1 in

p. 100 of [5] and Theorem 5.1 in [6], we see that L § = 0. From Theorem 3.7 it follows
that g = 0. The proof is completed.

4. The proof of Theorem 3.9. In order to prove Theorem 3.9 we need several lem-
mas.

LEMMA 4.1. Let £(0,w) be an element of L>(R x 8"~"). Then we have the following
two assertions;
i) Ifol(o,w) € LX(R x "), then Fi.£ € D(A) and AF'.{ = F'.(ic £).
ii) Ifsuppf C {(0,w):0 < a < |o| < b}, thena Bochner vector-valued integral
in Lz_u(Q) J[I*(£o)t (0, )(x)do belongstohy, J5 L € D(L), and

(1) (LI = [17'(E0)0* (@, )W do.

PROOF. We only show the statement ii). We assume that the support of £ € L*(R x
S"=1y satisfies the assumption of the statement ii). Then for any f € Li (€2) we have

. T 0y = IS Oizrxes)

4.2
2 = [(¢.15° o)t (o, )]y do.
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Since || 7*(£0)£ (0. )12, @ < Cl £(a. )| 251\, Where C only depends on the support
of £, from Theorem 1 in page 133 of [16] Ji(£o)£ (o, ) is Bochner integrable with
respect to a measure do on R in Lz_u(Q). The linear functional T(h) = (f, h)y is bounded
on Lz_u Q) forf € Lﬁ (). Thus by Corollary 2 on page 134 of [16] it follows that

[ 7o)t ,‘d) — [(f. 90V (0, ). do,
(f/(o U)Gb /(f aa)ba

which implies that from (4.2) [ J*(£0)l(0,-)do = Ji¢ € b. Ji£ € D(L) and (4.1)
are easily proved. The proof is completed.
The operator F satisifies the following

LEMMA 4.2. Let £(0,w) be in L>(R x $" ") with suppf C {(o,w) : 0 < a <
|o| < b} and let g(x) be in H' such that ¢ = F'.£ € H,. Put

43 =it [7 o AE0) T F) 0, ) — (D' BI@)T (F0)E'(0,)] do,

where k = 1,2, £'(0,w) = £(—0,—w) and the integrations of (4.3) are Bochner’s
integrals. Then g — (hy, hy) belongs to I = KerA.

PROOF. From (3.1) and (3.3) we see that forf € Y.X Y

1 roo
B0 = 5 [ AR @)io IGFO )i + IFoVs, L@, Mixsydo
1

+3 | BE o) —io Jxo) i, o o, €0, Nizisr 1y do

Putfi = O or f, = 0 in (4.4); then from Lemma 4.1 it follows that (fi, Lg1)y = (fi, Lh))y
and (f2, g2)y = (f2, h2)y, which implies that g = (A, k) belongs to I from the properties
of J. stated in Theorem 3.3. The proof is completed.

By the following lemma we can neglect the projection Q' in (2.8).

4.4)

LEMMA 43. Let gu(t) be FLFQe "Af Then E(FLF{ e "eiof—
[Q’Je‘"‘"“"”f]) - E(gi — Je‘”“"“"“f) converges to 0 as t — 00, where p(\) sat-
isfies the assumption of Theorem 3.9.

PROOF. Let p(t) = S, { EGe "*WAf, £ + EQe "¢ W0f 7]/ A2 Then
Qe iteliholf —  Jemiteliholf 4 p(t). Since gi(t) belongs to H’', we may show that
lE(Je"’V’“'AO)f, p(t))l + \E(p(t))l converges to 0 as t — =o00. It follows that

[E(Je"0f, p(0))| + [E(p))| < C{IflmllpO i + @I} -

Thus from the definition of p(r) we may show that E(Je"#(40)f, f£) converges to 0 as
t — £00. From the spectral family of iA; we have
4.5)

2 " MIFINE) = e UIEDX_ () (fi(€).o(8)) + e IR Y (Ai(€).Fa(8)
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_ o U =il _ o 0 gl .
where 'X+'(§) = 3 (i‘€| 0 , X_(§) = 2 | —ife] 0 . Since
|E(Je "2 0f )| < C||f|n,» Where C does not depend on 7 and f, we may show that

E(Je " @0f £y, 0 as |f] — ooforf € Hy withsuppfy C {€ €R":0< a< |€]| <
b} . Making use of (4.5) and
EUe™O0F £ = A (1™ 1 0P ) 3 o

(4.6) _
+ /\k([e—nw(mo)f , (i) )L’(R"

we can write (4.6) by the sum of the forms [§° e~ *7)g(c)do, where g(o) € L'(R,)
and suppg C {0 : 0 < a < o < b}. Since ¢'(0) is not zero in each interval, by the
Riemann-Lebesgue theorem it follows that (4.6) converges to 0 as |z| — o0o. The proof
of Lemma 4.3 is completed.

The last lemma to prove Theorem 3.9 is as follows:

LEMMA 4.4.  We assume that the inverse Fourier transforms of components of f are
smooth and their supports are contained in { £ : 0 < a < |€| < b}. Then there exists
a positive constant Y > 1 such that for the operator V defined in i) of Definition 3.2.

IV (e ) 010 0o, do
.7 +|v / o (E5100D) 4o M FOf (g, Y do g < CCL+ s+ 1)

where k is an integer, s > 0, ¢ € Ry and C depends on f,k and Y.

PROOF. We only consider the term in (4.7) involving the function

Filx,s,0) = / ’ e"'(“zf"“"‘”))ﬂa(o)a*[F‘i”f}(a, Ydo.

From Holder’s inequality it follows that for p > 1

Vel s,0ll < CIVECy D2 )(p—l)/p

146 ()

x (IVAeCosonlliz,

< Cl(“fi(',s’t’)”fﬂ(R")) vl p(

(Q))l/p

)l/p.

p1+d) (R")

First from the definitions of [ ;(o)A](x) and F(io’f , and the assumption of f we see that
lf-C-» 5, D]l s2kny is bounded by some constant depending on f and not depending on s
and t. We take a positive integer j such that p(1+8) > p +jandj > p, where p > 1/2.
Making use of the equality

{ :i:i(Zas + tcp'(o))hlag}"’e_i(azs_w(a)) = e_i(azs_w(a)),
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and the integration by parts, we can obtain that

- m
If<Css, t)”Hfl‘_j(R") <Cs+[t)™ sup Haﬁg("a)”Hzﬂ_/(R")’

o€lab] t=1 B
where £ (x,0) = []g(a)akF{f)f(a, -)](x) and C does not depend on ¢ and s. Thus (4.7)
holds for Y = (m — p)/ p. The proof is completed.

PROOF OF THEOREM 3.9.  First we remark that from Theorem 2.1 on page 100 of [5]
and Theorem 5.1. of [6] F‘io) is a unitary operator from Hy to L>(R x $"~') such that
F‘f) Upy(t) = e"‘”Fﬁ,’) . Let f be an element in Hy such that the Fourier transform of the
components are smooth and suppf; C {£ : 0 < a < |€| < b}. We note that from (5.7)
Fie™'® = ¢~io F\ From the equality

F:tl;{d(:))f _ eit(p(iA)[QIJeviw(iA(,)f]/\
— eittp(iA){ Fleiw(a),;(i())f _ [Q/JFQ)*eiw(a)Fi))f]A } ,
Lemma 4.2 and Lemma 4.3, we may prove that E(h*(t)) — 0 as t — Zoo, where
hE(t) = (K1), hE(n)) is defined by

hEW = i [T AR )0 LT Fo) — 0 G @)1,
+ (=D'BE(—0)a* 2 I (£0) — j(x) T3 (0))E)(0, )} do,

4.8)

with 4,(0,w) = ei"”(”’(F‘f)f)(a,w) and ¢/(0,w) = {,(—0,—w). Since from the state-
ment i) of Lemma 4.1 hif (1) belongs to D(L), we see that 2E(h*(1)) = (Lhi (1), hi (0), +

(hzzt(t), h;t(t))b. Then from (3.2) and (4.1) it follows that
Ly (1) = —h3 (1) + (Lj — jLo)le~"*“F],,
where h$ is defined by (4.8) as k = 3. We have

| (Lj — jLo)le™ ™ 1[Iy < C{Ile ™ “f |, + | Ave ™ “f |, }
= C{ ”f“Hv + ”AQfHH(J} .

Therefore in order to prove that E(hi(t)) converges to 0 as t — F0o we have to show

4.9) lim ||hE(0)||y = 0 fori=1,2,3.
t—=+o00

Since hii(t) (i = 1,2, 3) have essentially the same form, we only show (4.9) for i = 1.
By the definition of 7*(4o0) we see that

(4.10) Hi() = iAw{Af (@) ' R(£0)V I (0)e* (FLf ) o, )

+ B (—0)o ' REFo)WV I (0)e? O F L f )0, —)} do
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For7 > 0 we define h{(t, 7 ) by changing R(+c) with R((0? +ir)'/2) in (4.10). Then
from R((0? & it)!/2) = =i §° ¥ &="F1s gy it follows that

+ _  ilLFir)s X iFols—p(o))
h,(t,ir)—q:/o e [v/0 e
x Ay (0)0 ™ B (@) FLf o, ) do]ds
- [ ti(Ltir)s bl —i(iazs—p(-a):)
+i[Te [v /0 e
X Bf(a)o”l]g(a)(ﬂf)f)(—a, —-)do]ds.
From Lemma 4.4 it follows that
(4.11) [[hi @, £0)lls < Cay"*,
where C does not depend on 7. On the other hand for any g € Li Q)
. + _ ([t
(4.12) im (K{(,£7).8), = (A (). 8),.

(4.11) and (4.12) imply that A (t, £7) converges weakly to hE(#). Thus

Il <lim [ £l < Clef 77

Since the set consisting of considered f is a dense set of Hy, the proof of Theorem 3.9 is
completed.

APPENDIX. We shall state a generalization of Theorem 2.1 in [11]. Put Dy = { fe€
Hy : [Ug(H)f1(x) = 0 for |x| < +¢} and denote WDy by D.. Then we can prove the
following:

THEOREM A.1. The spaces Dy satisfy the following properties:
i) UD, C D, fort >0, Ut)D_ C D_fort<O0;

i) Ner0@0D, = {0} = NerUD_;

iii) U,GRU(t)itL and U,eg U(t)f)_ are dense subsets of %

This theorem is proved by a similar argument in Section 4 and 5 of [11].
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