BULL. AUSTRAL. MATH. SOC. 53C40, 53a07,
VOL. 35 (1987) 161-186. 58C25

SUBMANIFOLDS WITH FINITE TYPE GAUSS MAP

BanNG-YEN CHEN AND PaoLo PIcCINNI

In this paper we study the following problem: To what extent
does the type of the Gauss map of a submanifold of E™ determine
the submanifold? Several results in this respect are obtained.

In particular, submanifolds with I-type Gauss map are characterized.

-1
Surfaces with I-type Gauss map and minimal surfaces of Sm with
2-type Gauss map are completely classified. Some applications are

also given.

1. Introduction.

A compact submanifold M of a Euclidean m-space Em is said to

be of finite type if the immersion x of M in E™ can be expressed
as a finite sum of EM-valued eigenfuctions of the Laplacian A of M ,

acting on Em—valued functions. Minimal submanifolds of a hypersphere
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and equivariant immersions of a compact homogeneous space are the simplest
and best known examples of finite type submanifolds (see [5,71).

Similarly, a smooth map ¢ of a compact Riemannian manifold M

into Em is said to be of finite type if ¢ is a finite sum of Em—
valued eigenfunctions of A . Some fundamental results on finite type

maps are given in [9].
For an isometric immersion x : M -+ E" of a compact oriented n-

dimensional Riemannian manifold M into ﬁw, the Gauss map v : M~>G(n,m)

of x is a smooth map which carries a point p in M into the oriented
n-plane in " which is obtained from the parallel translation of the
tangent space of M at p in Em (where G(n,m) is the Grassmannian
consisting of all oriented n-planes through the origin of Em). Since
G(n,m) is canonically imbedded in N'E" = £ , N = (Z) , the notion of

finite-type Gauss map is naturally defined.
The main purpose of this paper is to study the following problem:

To what extent does the type of the Gauss map of a submanifold of
E" determine the submani fold?

For closed curves in Em , the type of a curve in Em coincides
with that of its Gauss map (Proposition 3.1). In contrast, for sub-
manifolds of dimension = 2 , the two notions are different.

A well-known result of Takahashi says that a compact submanifold of

" is of I-type if and only if it is a minimal submanifold of a hyper-
sphere. 1In Section 4 we study the following problem: Which submanifolds

of Em have I-type Gauss map? In this respect, we obtain a chacter-

ization theorem for submanifolds with I-type Gauss map. This result is
then applied to obtain some classification theorems of such submanifolds.
In Section 5, we show that a standard isometric immersion of an ordinary

2-sphere has 2-type Gauss map if and only if it is not the first standard

. . ces . . - -1
imbedding. The complete classification of flat minimal tori in "

with 2-type Gauss map is given in Section 6. In the last section, we

X e . s 1
give the complete classification of minimal surfaces of Sm-

https://doi.org/10.1017/50004972700013162 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700013162

Gauss map of submanifolds 163

with 2-type Gauss map (Theorem 7.1).
2. Preliminaries.
Let M be a compact Riemannian manifold and A the Laplacian of

M acting on the space CN(M) of smooth functions. Then A has an

infinite discrete sequence of eigenvalues:

For each k = 0,1,2,..., The eigenspace Ve = {FfecCwm | af = Akf} is
finite-dimensional. With respect to the inner product (f,g) = f fg dv

on C (M) , the decomposition I, V, is orthogonal and dense in )
Therefore, for any [ € c”m) s> we have f = f, + Et>1 f} » where f,

is a constant and fi is the projection of f into Vt .
For any smooth map ¢ : M > Em of a Riemannian manifold M into

the Euclidean m-space " , we can apply the above decomposition to the

Em—valued function ¢
(2.1) b=¢y+ I o,
t=1

where ¢o is a constant vector which is called the centre of gravity of
¢ . The map ¢ 1is said to be of finite type if there exist only finitely
many nonzero terms in the decomposition (2.1). More precisely, ¢ is
said to be of k-type if there exist exactly Kk nonzero ¢t’s (t 2 1)
in the decomposition.

If the map ¢ is an isometric immersion, then M is called a
submanifold of finite type (or of k-type) if ¢ does.

The following result is known (see [5,7]).

THEOREM 2.1. Let =z : M+~ E™ be an isometric immersion of a compact
Riemamian manifold M into E" and let H be the mean curvature vector
of M 1in ", Then we have

(i) M is of finite type if and only if there is a nontrivial
polynomial Q(t) such that Q(b)H =0 .
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(i1) If M 1is of finite type, there is a unique monic polynomial
P(t) of least degree with P(AH =0 .
(i11) If M <ig of finite type, then M is of k-type if and only
if deg P =k .
The same results hold if H is replaced by x - x.

For smooth maps, we have the following result analogous to Theorem

2.1, whose proof is the same as that of Theorem 2.1.

THEOREM 2.2. Let ¢ : M > E" be a smooth map from a compact

Riemannian manifold M into E" ond let < = div(d¢) be the tension
field of ¢ . Then we have
(Z) ¢ s of finite type if and only <if there is a nontrivial
polynomial Q(t) such that Q(A)t =0 .
(i2) If ¢ 1is of finite type, there is a unique monic polynomial
P(t) of least degree with P(A)Tt =0 .
(i22) If ¢ 1is of finite type, then ¢ 1is of k-type if and only
if deg P =k .
The same results hold if 1t {is replaced by ¢ - ¢, .

The unique monic polynomial P mentioned in Theorem 2.1 (respective-
ly, in Theorem 2.2) is called the minimal polynomial of the finite type
submanifold M (respectively, of the finite type map ¢ ).

3. Gauss Map.

Let V be an oriented n-plane in E7 ., Denote by el,...,en an
oriented orthonormal basis of V . Then e, Ao A en is a decomposable
n-vector of norm 1 and ey h ... A en gives the orientation on V .
Conversely, for any decomposable n-vector of norm 1 , it determines a

unique oriented n-plane in Em . Consequently, if we denote by G(n,m)

the Grassmannian of the oriented n-planes in Em , then G(n,m) can be

identified naturally with the decomposable n-vectors of norm 1 in the

-1
dg)-dimensional Euclidean space N = EN . Let SN , N = (Z) , be

the unit hypersphere in NET = EN centred at 0 . Then G(n,m) is an
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-1
n{m - n)-dimensional submanifold of SN .  Thus, we have
-1
G(n,m) c SN c E'N =N
Iet £ : M~ Em be an isometric immersion of a compact, oriented,

n-dimensional Riemannian manifold M into Em . For each vector X

tangent to M , we identify X with its image under dx . Let €15 es€y

be an oriented orthonormal frame on M . Then the Gauss map

v : M~> Gn,m) < SIV—1 c EN = "

is given by v(p) = (e; A ... A en)ﬁp) .

LEMMA 3.1. For a compact oriented submanifold M in E" | the

Gauss map v : M+E‘N ig mass-symmetric, that is, the centre of gravity 7

coincides with the centre of the hypersphere S' 1 (that is, the origin)
in E’N .

Proof. Let z : M+ E" be the isometric immersion and @15+005€

n
. n
an oriented orthonormal local frame on M . Denote by ml,...,w , the
_ 1 2 n
dual frame of € 1eees, Then we have dx—elm te,w F ... tew .
By direct computation, we have
" copies
—————————
n
de A ... Adz=nlley A..one ol AL AW =ntvadr.

Thus, we obtain

n-1 copies

n!J vdV=f dx/\.../\dx=[ dlx Ade A ... A dx)
M M M

This shows that the centre of gravity vb = f v dv/ f av =0 . ]

If M is a closed curve in Em , we have
PROPOSITION 3.1. The Gauss map v of a closed curve C in E"
ig of k-type if and only if C is of k-type in E.
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Proof. Iet x : C > Em be the isometric immersion, 8 the arc

length and e; = dx/ds the unit tangent vector. Then the Gauss map Vv
1 1 .
is given by v = e, ¢ g = G(1,m) c A F" = E" . Assume C is of k-type

and P is the minimal polynomial of C . Then we have P(A)(x - x4) =0 .
Thus
P(a)v = P(8) 2 ¢ ) =L b ) =0
= Z (@ -xg) = x - xy) =0 .

Thus, by Theorem 2.2 and Lemma 3.1 we see that v is of h-type with
hs<sk.

Now, if v is of h-type with minimal polynomial P , then we have

= = 2
P(A)v = 0 . Since d/ds commutes with P(A) and A = —dz/ds , we
get DP(AJH = 0 , where H = del/ds . Therefore, by Theorem 2.1, C is

of l-type with 7 < A . Combining these results, we obtain L =h =%k, [

In the remaining part of this section, we compute the first Laplacian

Av of v for later use.
let © : M > Em be an isometric immersion of an oriented, n-

dimensional Riemannian manifold into Em . We choose an oriented

orthonormal local frame el,...,en,en+1,...,em on M such that el,...,en

are tangent to M and hence are normal to M . We shall

e 10028y
make use of the following convention on the ranges of indices:
1<i,5,ky oo sSm; n+1<srse,t, ... <m.

Let V¥V and V' be the Levi-Civita connections on M and Em

respectively. Denote by wA A, B=1,...,my the connection forms.

BJ
Then we have
k r
' = Je, +h .. e

(3.1) v eiej [ J.(e‘b) k ij °r s

r s s

. v =-h ..e. + .Je D e = .

(3.2) eier K zgeg @ r(ez) g’ e, r w r(ez)es ?

where D is the normal connection and hrij the coefficients of the

second fundamental form h . The Einstein convention is used for repeated

indices,
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By regarding v as an EN-valued function on M , we have

r
.3 V= @e. AL... A = .. Ao Ae_ A ... ANe_ .
(3.3) e.v 91(21 en) h by e, » n
Since
(3.4) Av = -ee.v + (Ve.ei)v >
1
by a direct computation we obtain
Jth
(3.5) av = KT e, A Ae A Ae
. 17,1 €1 cen o Moo "
kth Jth
r ,s
. el Ao Ae AL, Ae A, Ae
ik 1 8 r n
2
+HR" v,

2
where ||n||” = nTij ATij and

r _ t r 1 r A r
(3.6) h ., .=-e.h jkw t(ei) - w j(ei)h " k(ei)h i1

Jk,1 1 gk +h

By the Codazzi equation hﬁjk,i = hrij,k , (3.5) yields

(3.7) Av=-n1L ey N A D HA ... Ae
. e. n
i i
. e kth Jth 2
-k .. R, Ao A AL A A L.oA .
) id h ik €1 e, e, e, + inl° v

where H = (I/h)hriiei is the mean curvature vector. We recall the
following Ricci equation of M in " .

r 8 r 8

(3.8) Rp(ej,ek;er,es) = <[Ar’As]ej’ek> =h ikh i h it ik

where RD is the normal curvature tensor and Ar the Weingarten map
at e, - From (3.7) and (3.8) we obtain the following.

LEMMA 3.2. Let z : M+ E" be an isometric immersion of an
oriented n-dimengional Riemannian manifold M into E" . Then the

Laplacian of the Gause map v : M+ G(n,m) < N'E" s given by
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(3.9) Av =-nJe A...AD HA...Ae
z e, n

7

RD kth Jjth 2
+ (ej’ek;er’es)el Aeidh e ALlA e ALAe F [|%]]© v

Since the first term of the right-hand side of (3.9) is the only
term tangent to G(n,m) and other two terms are normal to G(n,m) ,

Lemma 3.2 implies the following result of [13].
COROLLARY 3.1. (Ruh and vilms [13]). Let M be a submanifold of
E" . Then the map v : M + G(n,m) is harmonic if and only if M has

parallel mean curvature vector in .
> SN_I (Z = the

If we consider the map v =172 + v : M+ G(n,m)

inclusion), then Lemma 3.2 gives
COROLLARY 3.2. ILet M be a submanifold of E" . Then the map

1

S :m>s"Y is harmonie if and only if M has flat normal connection

and parallel mean curvature vector.
COROLLARY 3.3. et M be a compact submanifold of E" . If the
mp v :M-~+ SN-I 18 harmonic, then all of the Pontrjagin classes and

the Euler class of the normal bundle ™M vanish.

4, Submanifolds with 1-type Gauss Map.
From Theorem 2.2 and Lemma 3.2 we have the following.
THEOREM 4.1. Let =z : M +~ E" be an isometriec immersion of a
compact, oriented Riemarnian manifold M into E" . Then the Gauss

map v :M-> N'E" is of I-type if and only if M has constant scalar
curvature, flat normal connection and parallel mean curvature vector in

Proof. From Theorem 2.2 and Lemma 3.2 we see that v is of I-type

if and only if DH = 0 , RD =0 and ||h]| is a constant. From Gauss'

equation, the scalar curvature Tt of M satisfies n(n - 1)t =

7'12|1‘1|2 - ”h”2 . Since DH = 0 implies the constancy of the mean
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curvature |H| , Theorem 4.1 follows. (]
If M is a hypersurface of g , we have
THEQREM 4.2. A compact hypersurface M of E™Y has I-type Gauss
mp v : M- N if and only if M 1is a hypersphere in 7

Proof. Let M be a hypersurface of P! . Then M has flat
normal connection. Thus, by Theorem 4.1, the Gauss map is of I-type

if and only if M has constant mean curvature and constant scalar

curvature. Since a compact hypersurface of En+1 has constant mean
curvature and constant scalar curvature if and only if M is a hyper-
sphere (Corollary 6.1 of [7] which follows easily from Proposition 4.1 of
[5, p. 271]1), we conclude that v 1is of I-type if and only if M is a

1
hypersphere of gt 0
1
If M is a compact hypersurface of a hypersphere Sn+ of En+2 ,

. . 2
then the normal connection of M in En+ is also flat. Thus, Theorem
4.1 implies that M has I-type Gauss map if and only if M has constant
scalar curvature and constant mean curvature. Thus, by applying Theorem 2

of [6], we obtain the following.
THEOREM 4.3. Let M be a compact hypersurface of a hypersphere

g1 of En+2 . Then M has 1-type Gauss map if and only if M <is
one of the following submanifolds:

(a) A mass-symmetric 2-type submanifold of 7 3
(b} A small hypersphere of gl ;
(c) A minimal hypersurface of S with constant scalar curvature.

The following theorem classifies surfaces with I-type Gauss map

completely.

THEOREM 4.4, Let M be a compact surface in E' . Then M has
1-type Gauss map if and only if M is one of the following surfaces:

(a) A sphere s%(r) c £} c F" ; or

(b) The product of two plane circles S'(a) x S'(b) < E* < E" .
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Proof. By Theorem 4.1 we see that both $%(r) and S @) x 8'(b)

have I-type Gauss map.
Conversely, if M 1is a compact surface in E" with 1-type Gauss

map, then we have (i) DH =0 , (ii) T is constant and (iii) RD =0 .

Since M is compact, H ¥ 0 . Thus, Theorem 2.1 of [4, p. 106] shows
that M is either a minimal surface of a hypersphere Sm-1 of E" »

or it lies in E3 c " or in 53 c B . If M is a minimal surface of
Sm-1 , then by Rp =0, M lies in a 33 cE* c E" (Remark 2.1 of [4,
p. 115]). Consequently, M 1lies either in E} or in 53 . If M lies
in E3 , Theorem 4.2 shows that M is a sphere Sz(r) c E3 . If M lies
in 83 c Eh , Theorem 4.3 shows that M is a sphere in E3 or a minimal
surface with constant Gauss curvature in 53 or a 2-type surface in

S3 c Eu . If M is a minimal surface of S3 with constant Gauss

curvature, then a result of [1Z] shows that M is the product of two
plane circles of the same radius. If M is a 2-type surface in

3 s 3
s® < &" , Theorem 2 of [6] shows that M is mass-symmetric in S~ . Thus

a classification theorem of [5, p. 279] yields that M is the product of
two plane circles of different radius. 0
From Theorem 4.1, we obtain immediately the following.

COROLLARY 4.1. Let z : M+~ E' be an isometric immersion of a

compact oriented Riemannian manifold M into A § f the Gauss map of
x s of I-type, then all of the Pontrjagin classes and the Euler class

of the normal bundle vanish.

Remark. 1In [71], Bleecker and Weiner had studied compact oriented
submanifolds of E" whose Gauss map satisfies Av = Av for some constant
A . They obtained results such as Theorems 4.1, 4.2 and 4.4.

5. Surfaces with 2-type Gauss Map.
The main purpose of this and the next two sections is to classify

P -1 .
minimal surfaces of Sm with 2-type Gauss map. In order to do so, we
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need to compute sz .
let = : M> Em be an isometric immersion of a compact oriented
. . . . 6Jn—l
surface into E™ . Assume that M lies in the unit hypersphere of

Em centred at the origin. Then the position vector x is a unit normal

vector. In the following, we choose an oriented orthonormal local frame

el,ez,es,...,em in such a way that em = x . Then we have
(5.1) W'..=-5.. and w" =0.
1J %] r

P -1
In the following, we assume that M is a minimal surface of Sm .
Then the first normal space Im A is of dimension < 2 . Thus, we may

also assume that €5, &, lies in Im h . Then, with respect to the local

frame chosen above, we have

(5.2) Ag = ... =4 =0, A =-I.
Consequently, by Ricci's equation, we obtain
(5.3) RD(ei,eJ.;er,es) =0 for r,g # 3,4 .
Because DH = 0 , Lemma 3.2 gives

2
(5.49) Av = ZKDe3 Ae, + i) e, re,,

3 4 3 4
where K = Hle,epep,e,) = ko, 0% -1 kb,

In the following, we shall make use of the following convention on

the ranges of indices:
1<i,j,ks2; 5¢<a,8,ysm; 3 < r,s,t, sm.
By a straight-forward but lengthy computation, we may obtain

LEMMA 5.1. Under the hypothesis, we have

o' = 2008 + 2P0 RN # § P+ (6% 117 e, 4 e,
a

rllmll® + D+ 20ie A e,
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2 r r
- Z(ei”hH I e ne, +H e re)

3 b a a
+ 4(eiKD){h ijej A eu+h ije3 A ej-w 3(ei)ea Ae, - w l‘(ei)ea A ea}

Y a 3 a
- 4P 05l - Wt (e )les n ey

a B (] b o
-2KD{(Veiw Jeg +ubyle )i (e,) - w' (e )u® (e))e A e,

o ] o 3 a
- 2KD{(Veiw u)ei + w0 l‘(ei)w B(ei) -w h(ei)m 3(ei)}ea ney .

Now, we give some examples of compact minimal surfaces in

Sm_1 c Em with 2-type Gauss map. More examples will be given in

Section 6.

The first example is given by Veronese surface in Su . We recall

the Veronese surface as follows (see {5,101]).

Let (z,y,3) be the natural coordinate system in E> and

2 3 4 5)

. . 5 .
(ul,u SU LU LU the natural coordinate system in E . We consider

the mapping defined by

ul _ 1 yz u2 _ 1 2 u3 _ 1 u'+ _ 1 (.’L‘Z yZ)
= > = > = XY, = =
V3 V3 V3 2v3

(5.5)

us—é(x2+y2—222).

This defines an isometric minimal immersion of S2(/3) into S% =5%(1) .
Two points (x,y,2) and (-z,-y,-z) of S2(/3) are mapped into the
same point of s* and this mapping defines an embedded real projective

. 4 . .
plane in S which is called the Veronese surface. For the Veronese

surface, we have

(5.6) 72 =%, KD=§-.

Thus, Lemma 5.1 yields

2
(5.7) Av=-—e3Aeu+——e A e
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From (5.4) we have

5.8 Av = ge A e +1—0e Ae
(5.8) V- 3%t e T T 5 2
Consequently, (5.7) and (5.8) give

2 14 8
(5.9) ATv - 3 Av + z V= 0.

Therefore, from (5.4) and (5.9) and Theorem 2.2, we may conclude that the
. . 2 b 5 .

second standard immersion ¢, : § (V3) 8 < E° defined by (5.5) has

2-type Gauss map. Moreover, the order of the Gauss map is [1,3] (with

A, =2/3 and Ay =4).

. . 2,
In general, the k-th standard immersion wk of a 2-sphere S in
2k

S can be defined as follows.

Let (6,¢) denote the spherical coordinates of Sz(rk) of radius

T = (kik + 1)/?)1/2. Then the coordinates of Sz(rk) in E3 are given
by
(5.10) x = 1) cos ¢, Yy = Ty sin ¢ cos 6, 23 = T sin ¢ sin 8 .,

In terms of (68,¢) , the k-th standard immersion wk of Sz(rk) into

Szk is given by

£° (rk//E) - B, * PZ(cos ¢,

o

(5.11) ut = r B; . PZ (cos ¢) « cos(i8) , 1 =1,...,k,
uk+t =r B; . Pi (cos ¢) - sinfie) ,

0 1 2 , . , 2k+1
where (u ,u ,...,u k) is the Euclidean coordinate system of F kt .

Moreover,

. . +J
(5.12) Pl(t) = (1 - £2)3/2 ﬁk— [(1- tz)kJ, i=0,1,...,k,
k dtk+J

are the Legendre functions and BJk are defined by
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. . 1/2
1 [tk-grtezk+1) 1/ .
(5.13) B, = 7 [ ey ] , d=0,1,...,k .

It is well-known that the k-th standard immersion is an isometric
minimal immersion of Sz(rk) into SZk . If k is odd, it is an
imbedding and if k is even, it is a two-to-one map.

THEOREM 5.1. Let z : 8%(r) » 8" ! ¢ " be a minimal isometric
immersion of a 2-sphere s%(r) into "' c E". If x s not totally
geodesic, then it has 2-type Gauss map.

Proof. Let x : Sz(r) > Sm_1 c E" be a minimal isometric immersion

of 5%(r) into ST 1. Then, by a well-known result of Calabi [3],

r = rk for some natural number %k and the immersion & is the k-th
. . 2 . 2k g1 . .
standard immersion wk of § (rk) into S§° < (up to rigid motions
g1 _ . .. .
of ) . If k=1, x is a totally geodesic immersion. Thus, we
obtain k 2 2 from hypothesis.
Since the k-th standard immersion wk : Sz(rk) > SZk c Tl "

is isotropic (see Theorem 1 and Remark 1 of [§]), Lemma 3 of [§] implies

that, with respect to a suitable orthonormal frame el,ez,e3,...,em so

that em = x , we have

0 e
(5.14) A3=(C 0], A“=[

Since e, =, we have

S0
(S
N
-
BN
]
]
k=S
]
S
L]
X
]
1
~

r

(5.15) Wop =05 T =3...m.

Moreover, from (5.14) and equation of Gauss, we find
(5.16) e® = (k- 1)(k + 2)/2k(k + 1)
2
Let D denote the normal connection of § (rk) in E". Then, by

(5.14), (5.15), (5.16), and Codazzi equation, we obtain

(5.17) De e,

2 _ _ 9.2
. + 2w 1(el)eu = Deze 20 1(ez)e

4 3
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2 _ 2
(5.18) Deze3 + 2w l(ez)eu = —Dele‘+ + 2w 1(el)e3 .

From (5.17) and (5.18) we get

(5.19) w = -2w , ,

(5.20) W o) = ¥ (o)), wjley) = -w® (e)), @25,
Moreover, from (5.14) and (5.16), we obtain

(5.21) Wall? = 2% + k - D/k(k + 1),

(5.22) K= (k- 1)(k + 2)/k(k + 1)

Furthermore, (5.21) yields
a 2 3 a
(5.23) Dlla® " = -260” A 0¥ (e ,e,) .
a
On the other hand, by (5.14), (5.19) and structure equation, we have
2
(5.24) - waa A = (2K + el AW,
where K = 2/k(k + 1) . Combining (5.20), (5.23) and (5.24), we find

5.25) [ u®J1* = L [® 1% =2+ &0 = k% # k + 20Kk + 1) .
a o

From (5.14) and (5.20), we also get

4 a _ 43 o :
(5.26) h ijw 3(ei) =h ijm u(ei) for Jg=1,2.
From the structure equations, we obtain
3

(5.27) (&%)l e,) = -(u, A w )l e) - (B n B )lege,)
(5.28) (o’ )le,e,) = (%, A o' (e e,) - (T AP e e .
Thus, by using (5.20), (5.27) and (5.28) we give

a _ b a B a
(5.29) (Veim 3)ei =w 3(ei)m q(ei) - 3(ei)w B(ei) R

a _ 3 a 8 a
(5.30) (Veim q)ei = w u(ei)w 3(ei) -w “(ei)m B(ei) .
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Consequently, (5.21), (5.22), (5.25), (5.26), (5.29), (5.30) and Lemma 5.1
yield

(5.31) 2% = 2k’ ”h”2 + 2Kle, A e,

y
+ {||n]l + 4(1(1))2}e1 Ae, .

Since ”hll, K and KD are constant, (5.4), (5.31) and Theorems 2.2 and

4.4 imply that the Gauss map v is of 2-type. 0

From the proof of Theorem 5.1 we have the following.

COROLLARY 5.1. ILet a : M~ S" ! c " be q minimal isometric
immersion of a compact oriented surface M into ST ). If M is

constant isotropic in g™ (or in E"), then the Gauss map of x= is of
either 1- or 2-type.

6. Classification of Minimal Tori with 2-type Gauss Map.

Let (n,k,m) be a triple of integers with #n,k > 0 . Let A be
the lattice generated by

(6.1) {(0, 2v2/3 nun), (V2 kn, ¥2/3 (2m - K)1)} .
Consider the map J(n xom) C RB? » E® aefinead by

(5,8) = <= (cos 2= (s + /3 £), sin = (s + V3 t) ,

(6.2 ¥
© o Yonm i 7
cos —l-(—s + /3 t), sin -1‘(-3 + /3 t), cos/2 s, sin V2 &) .
/2 V2
Then 5 is an isometric immersion and it induces a minimal isometric
(n,k,m)

6

immersion of the flat torus =.Ez/A into Ss c E° which is

T(n,k,m)

denoted by Yin.k.m) SO we have
E RS

5 6
(6.3) y(n,k,m) : T(n,k,m) + S  cF

The following result completely classifies minimal flat tori in

-1
" with 2-type Gauss map.
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THEOREM 6.1. (a) For any triple (n,k,m) of integers with
n,k > 0 , the minimal isometric itmmersion (6.3) has 2-type Gauss map.

(b) Let y : 12 > " ¢ " be an isometric minimal immersion of

a flat torus 7% into ST, If the Gauss map of y 1is of 2&-type,
then
(b.1) T° is isametric to the flat torus T(n k.m) for same

natural numbers k and n and integer m ;

(b.2) T® is immersed fully in a totally geodestic 5-sphere 55 of
Smhl s and

(b.3) up to rigid motiong, y 1is given by the composition 1 .

2 5 1 .. . .
Ym,k,m) * R A R , where 1 is the inclusion.

f. b . 'y . :
Proo (a) Let y(n,k,m) e the isometric immersion of T(n,k,m)
given by (6.3), induced from (6.2). Then, by a direct computation, we

have Ay(n,k,m) = zy(n,k,m) . Thus, by a result of Takahashi, y(n,k,m)
is a minimal immersion. Since the Gauss map is given by v = 3/3s A 3/93%t,
a straight-forward computation yields
2

(6.4) A"v - 8Av + 12v =0 .

From Theorem 4.4, we know that v is not of I-type. Thus,
Theorem 2.2 implies that the Gauss map is of 2-type.

2

(b) Let y : T =~ §"! ¢ F" be an isometric minimal immersion of
a flat torus T2 into Sm—l such that the Gauss map of y is of 2-type.
Assume that T2 = RZ/A , where A is a lattice in Bz which defines the

flat torus T2 . Without loss of generality, we may assume that A is

given by
(6.5) A = {(2hnu, 2mwv + 2hma) | h,m € 2} ,
where u, ¥, w are real numbers with u, v > 0 . The dual lattice of A

is given by

k nw n
* - (A —_—
(6.6) A* = {(Znu Pm 2nv) | k,m € 2} .
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It is known that the spectrum of 22‘=.RZ/A is given by

6.7) (Eomy2 2 e,

The eigenspace V(A) of A with eigenvalue A is given by

(6.8) Span{cos(%§-+ %?)2, n(=L 4 %;92 | (5)2 + (ng = A},
10
where € = k - >

Since Yy : 2 > 9" c F" s minimal, Ay = 2y . Thus, every

coordinate function of y 1is an eigenfunction of A with eigenvalue 2.

We put
2 2
&1 Z
(6.9) P = (ei,ni) | (7] + [’%) =2 ,
where €. =k. -n.w/v and k., n. ¢ Z . Let #P =1 (#P denotes the
i 1 7 A

cardinal number of P). For simplicity, we may assume P:={(€i’ni) Ii eIZ},

when I, = {1,2,...,l}. Then the isometric immersion y may assume to be

A

of the following form:

(6.10) y(s,t) = (ui cos(sis + nit), L7 51n(eis + nit))ieI R

where I is a subset of IZ’ ui are positive constants and

- - -2, =2
. . = €, . =N, ., Fn. = .
(6.11) €; ez/u, n. nt/b, e; * 1 2

If #I = 2 , then 7% is a minimal flat torus in s% . Thus, by a result

of [12], 7% is immersed as a Clifford torus. Thus, by Theorem 4.4, ¥y
has I-type Gauss map which is a contradiction. Thus, we obtain #I 2 3.
Since cos(-8) = cos © and sin(-8) = -sin 6 , without loss of generality

we may put

(6.12) Ziao for 1 eI.

. . . s . . . -1
Since y is an isometric immersion of 72 into §" , we have

(6.13) y ug =1,
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2—-2 ¢ 2-2 _
(6.14) weg =l PR
2_. —
(6.15) ) w kyno=0.

By applying (6.10) we see that the nonzero coordinates of the Gauss map

v o T2 + AzEm = Em(m_l)/2 are given by

(6.16) v(s,t) (uij(—cos((gi + Ej)s + (;7: + Ej)t) +

+ coslle. - e.Js + (n. - nJ)t)) ,
2 J 1 J

u..(sin((c. + €.)s + (n. + n.)t) +
1 1 J 1 J

+ sin((c, - e.)s + (m. - n.)t)) ,
7 J 1 J
- W..(sin((c. +€.)s + (n. + n.J)t) -
17 1 J (2 J
- sin((e, - e.)s + (n, - n.)t)) ,
T d T d

w..(cos((e. +€.)s + (n. + n.)t) +
1J 1 J (2 J

+ cosl(e. - es + (m. - nJ)t))). .,
1 J 1 J 1<J

where

uiuj(einj - ejni) .

o

6.17 .. =
( ) Hig
By direct computation, we find

(6.18) Av = (uij(-bij cos((ei + ej)s + (ni + nJ.)t) +
+ec..cos(l(e, -es + (m, - n.)t)) ,
1 1 J 1 J
- u..(b..sin((c. + €.)8 + (n. + n.)t) +
1J  1J 1 J 2 J

+ cijsin((zi - Ej)s + @ - r_zj)t)) )

- ”ij(bij sin((ei + ej)s + (ni + nj)t)
- cij sin((ei - ej)s + (ni - nj)t)) »

uij(bij cos((ei + ej)s + (ni + nj)t) +

s

+ cij cos((ei - eJ.)s + (ni - nj)t)))i <j
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2, _ 52 - = ~ =
(6.19) A°v = ("ij( bij cos((ei + €j)3 + (ni + nj)t) +
+ df:j cos((e; = ei)s + (n; - n)t)) ,
e w. (b2 sin((c. + 5.)8 + (n. + n.)t) +
% % 1 J 2 J

+c%. sinl((e. - e.)8 + (n. - n.)t)) ,
1J 4 J (4 Jd

2 - - — -
- u..(b.. sinf((e. + €.)s + (n. + n,)t) -
1y id C J T J
- ¢t sinl(e, - es + (n, - n)t)) ,
1d 2 J z J
2 . - — —
u..(b.. cos(le. + ¢.)Js + (n. + n.)t)) +
g i 1 d 1 d
2 —_ — —_ -
+ce,, cos(le. - e€.)Js + (n. - n.)t))). . s
iJ 1 J 1 J 1<
where
(6.20) b..=4+ 2.c. + 2n.n. ,
1 i J g
(6.21) e..=4-0¢.e, - on.n, .
1J J 1 J
If b.,=ec.. for all Z < j , then
1d 1d
(6.22) eiej = —ninj . <7,
This implies that either 23 = cﬁ3 for all g € I or 53 = czk for all
jJ € I . Thus, by (6.9), we obtain
—2

It

(6.23) ne o= 2/(1+ e%) or Z§ =2/(1+c°) for jeI.

This gives #I < 2 which contradicts the assumption. Consequently, there

is a pair (Z,j) (i < j) such that bij # i - Without loss of

generality, we may assume that b12 # e, This is equivalent to

2 "
(6.24) €€, # -n.n,.
Thus, from (6.16), (6.18), (6.19) and Theorem 2.2, we find

(6.25) {bij’cij | 2,d e I, © < )} = {b),5e,,} -

We put
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1 = -

From (6.9) and (6.12) we have

1
- — 7
(6.27) n.=(2-¢€.) .
Jd d
If blj =b12 , then (6.20), (6.26) and (6.27) give
— 1 — pu—
(6.28) ej =3 [81251 * n, Ve - 812 )
If blj = 012 , we have
- _ 1 - = Vi o2
(6.29) ej =-3 [81251 tn, 4 -~ Bl ) .

From (6.27), (6.28) and (6.29) we get #I < &5 .

If 8?2 =4, then #I = 2 , which is impossible. Therefore, we
have sz < 4 . This condition is equivalent to the condition EI?{Z#EZZI.

Without loss of generality, we may assume

- en < en .
(6.30) e, eznl

From (6.20), (6.26) and (6.30) we find

m
[l

Ll T +37 7 2
(6.31) 3 [81261 +tn Y4- 8, ] .

2
If we put
P T -n 2
(6.32) €33 [81281 n,'é - 812 ] s
then we have
(6.33) {ei}ieI c {el,ez,—ez,es,-e3} .

It is clear that 1, 2 € I . Moreover, we have #I 2 3 .

then #I = 3 and {ec.}. ={ZI,E,-'52} If

£ €3 %3 ¢ {Ei}ieI > 1'1el 2

€, or -e, belongs to {Si}ieI , then by (6.9) and (6.32) we may find

IES’ = IZZ' . Consequently, we always have
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(6.34) (c.},

i'iel ~ {81’82’-82}'

Without loss of generality, we may assume that €, >0 . Let us simply

2

denote € by € and denote 7, by 7n . Then from (6.34) we have

2 2

(6.35) {(Ei’;i) Vo= {(-e,n), (e,n) (e ,n )}, €>0, n>

0.

If we apply our argument of deriving (6.31) to (6.35), we find

(6.36) Zl=i'e"(3—2€2), e1=i€.

Therefore, by using (6.27), we get
1
—_ —D 5. 2 _ —
(6.37) n, = {(2 - €2)(1- 2 )2} s ny #n.

Therefore, (6.20), (6.21), (6.35), (6.36) and (6.37) yield

—2 - =2 Y
(6.38) {bij’cij}z<g {4e°, m", (e + sl) + (n + nl) R
(c - El)z + (n - nl)z, (c-cp2+ m+np? (4507

+ (n - )%

Thus, by

(6.36), (6.37) and €, n > 0 , we obtain 7, = 0 . Therefore, by (6.37),

1
—2

we obtain EQ= 2 or 1/2 . 1If € = 2 , we obtain from (6.27) that

7 = 0 which yields #I = 2 by virtue of (6.35). Hence, we find

(6.39) E:—’;—z—-, €, =% % =1/2, Z=£.
1 2
Since ;; = 0 , we may choose E} =v2, Consequently, we obtain
- = /2 /6 /2 /6
(6.40) {(ei’”i)}ier = {[7, > -7 7 /2,0|% .

Substituting (6.40) into (6.13), (6.14) and (6.15) we get
2 2 2

uw. =y, =y, = 1/3 . Therefore, we find that the nonzero coordinates of

1 2 3

-- 1 . . .
y < T2 > Sm c Em are given by the following functions:
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y =icosi(s+/§t), Y, —l-sin-l—(s+/§t)
S AR

(6.41) Yq = L sl (-s + /3 ¢) , Y, = L sin L (-s + /3 t)
V3 V2 V3 /2
y5=—1—COS’/Z_S, y =isin/2_s.
Y3 & 3
Because yl,. .o .y6 are functions on T2 = RZ/A , they are invariant under

the action of A . From this we see that (hu + Y3(mv + hw))/V2 ,
(-hu + /3(mv + W))/¥Z and V2 hu are integers for any integers h , m,

In particular, we have

(6.42) u=k/NVZ2, v=+V2/3n, w= (2m - k)/V/6
for some integer m and natural numbers k and 7n . Therefore, we

find that the lattice A 1is generated by
(6.43) {(0, 2273 nn) , (V2 kn, Y2(2m - K)u/V3)} .

It is easy to verify that the functions y, are invariant under the action

of A . Thus, we complete the proof of (b). 0
7. Classification of Surfaces with 2-type Gauss Map.

We give the following.

THEOREM 7.1 (Classification). Let =z : M » 8" ' c E" be a minimal
isometric immersion of a compact oriented surface M into ™Y | Then
x has 2-type Gauss map if and only if either (1) M is a 2-sphere
32 (rk) with radius 7 = Yk(k + 1)/2 for some integer k 2 2 and =z

is given by the Kk-th standard immersion ¥, of Sz(rk) or (2) M is
the flat torus T(n kh) = RZ/A for some integers n,k,h with n,k > 0,
where A is the lattice generated by

(7.1) {(0, 2/2/3 nn), (V2 kn, Y2/3(2h - kK)n)} ,

and the immersion x is induced from the isometric immersion

TR +85cE cE" defined by
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xz(s,t) =L (cos L (s + /3 t), gin <= (s + /3 t) s

/3 /2 /2
(7.2)
cos L (-g + V3 t), sin L s+ /3 t), cos Y28, sin V38, 0,...,0) ,
/2 /2

w to rigid motions of S 1.

1 . . . .
Proof. Let z : M+ 8" ' c " be a minimal isometric immersion of

. . -1 .
a compact oriented surface into Sm . If the Gauss map is of 2-type,
then, by Theorem 2.2, there exist two constants b and ¢ such that

the Gauss map v of & satisfies

(7.3) A%y + AV + v = 0 .
By looking at v = e1 A ez , at equation (5.4) and at Lemma 5.1, we find
2 m m
. . Ik e Ae + .e. A =0 .
(7.4) (e, Hall€)(n wem e, th e ne)=0

since 4 = -I , (7.4) implies that ||| is constant. similarly, by

looking at the coefficients of e, A e2 of (5.4) and using Lemma 5.1
and (7.3) we obtain

(7.5) Nnll* + 22)2 +b ||0)|? +c=0.

Because ”h“ ,» b and ¢ are constant, (7.5) shows that KD is also
constant. If KD = 0 , then, by the constancy of "h” and minimality of
M in 5”1—1 , we conclude from Theorem 4.1 that the Gauss map is of 1-

type which is a contradiction. Thus, KD is a nonzero constant. Since

M is minimal in Sm-l and ||h” is constant, M has constant Gauss

curvature. Therefore, by applying a result of [2], we may conclude that
M 1is either an ordinary 2-sphere 5%(r) of radius r or a flat torus.
If M is Sz(r') , we conclude from Theorem 4.4 and a result of [3] that
r = Pk = fk(_k_-!——l)-/—Z for k22 and x is the k-th standard immersion
q:k . If M is a flat torus, then we conclude from Theorem 6.1 that M

is given by RZ/A for some lattice generated by (7.1) where n,k,h are
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integers with n,k > 0 . Moreover, by Theorem 6.1, we also see that x

is induced by the isometric immersion x of Rz into E" defined by

(7.2) up to rigid motions.

£n
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The converse of this was given in Theorems 5.1 and 6.1. O
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