http://dx.doi.org/10.4153/S000843952000051X

Canad. Math. Bull. Vol. 64 (2), 2021, pp. 383-400 q
© Canadian Mathematical Society 2020

Almost Gorenstein rings arising
from fiber products

Naoki Endo, Shiro Goto, and Ryotaro Isobe

Abstract. The purpose of this paper is, as part of the stratification of Cohen-Macaulay rings, to
investigate the question of when the fiber products are almost Gorenstein rings. We show that the
fiber product R xr S of Cohen-Macaulay local rings R, S of the same dimension d > 0 over a regular
local ring T with dim T = d — 1 is an almost Gorenstein ring if and only if so are R and S. In addition,
the other generalizations of Gorenstein properties are also explored.

1 Introduction

The fiber product of homomorphisms R N T < Sof rings is defined by
RxrS={(a,b)eRxS|f(a)=g(b)},

which forms a subring of R x S. The notion of fiber products, in general, appears not
only in commutative algebra but in diverse branches of mathematics, and it often plays
a crucial role. Much research has been conducted regarding a relation of ring theoretic
properties (e.g., Cohen-Macaulay, Gorenstein) between the fiber products and the
base rings. The reader may consult [1, 5, 7, 30, 31, 32, 33, 34] for details. By [33], the
fiber product of one-dimensional Cohen-Macaulay local rings over the residue class
field is Gorenstein if and only if the base rings are discrete valuation rings (DVRs),
and hence the fiber products are rarely Gorenstein rings. Nevertheless, for example,
the fiber product of hypersurfaces might have good properties even though it is not
Gorenstein, which we will clarify in this paper.

An almost Gorenstein ring is one of the generalizations of a Gorenstein ring,
defined by a certain embedding of the rings into their canonical modules. The
motivation of the theory derives from the strong desire to stratify Cohen—Macaulay
rings, finding new and interesting classes that naturally cover the Gorenstein rings.
The class of almost Gorenstein rings could be a very nice candidate for such classes.
Originally, the theory of almost Gorenstein rings was established by V. Barucci
and R. Froberg [2] in the case where the local rings are analytically unramified of
dimension one. They mainly considered the numerical semigroup rings and gave
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pioneering results. However, the notion given by [2] was not flexible for the analysis
of analytically ramified case, so in 2013, the second author, N. Matsuoka, and T. T.
Phuong [12] proposed the notion of over one-dimensional Cohen-Macaulay local
rings, using the first Hilbert coeflicient of canonical ideals. Finally, in 2015, the first
and second authors, and R. Takahashi [19] gave the definition of almost Gorenstein
graded/local rings of arbitrary dimension, by means of Ulrich modules.

The purpose of this paper is to explore the question of when the fiber product is
an almost Gorenstein ring. The main result of this paper is stated as follows.

Theorem 1.1 Let (R,m),(S,n) be Cohen-Macaulay local rings with d = dimR =
dim S > 0, and let T be a regular local ring with dim T = d — 1 possessing an infinite
residue class field. Let f : R - T, g : S — T be surjective homomorphisms. Suppose that
A =R x7 S has a canonical module K, and that Q(A) is a Gorenstein ring. Then the
following conditions are equivalent.

(i)  The fiber product A = R x1 S is an almost Gorenstein ring.

(ii) Rand S are almost Gorenstein rings.

In what follows, unless otherwise specified, let R be a Cohen-Macaulay local ring
with maximal ideal m. Let Q(R) be the total quotient ring of R and R the integral
closure of R in Q(R). For each finitely generated R-module M, let ugr(M) (resp.
¢r(M)) denote the number of elements in a minimal system of generators of M
(resp. the length of M). For R-submodules X, Y of Q(R), let X:Y ={a e Q(R) |
aY ¢ X}. We denote by Kg a canonical module of R if one exists. We set r(R) =
(r(Ext}(R/m, R)) the Cohen-Macaulay type of R, where d = dim R.

2 Basic Facts

The purpose of this section is to summarize some basic properties of fiber products.
For amoment, let R, S, T be arbitrary commutative rings,andlet f : R - T, g:S - T
denote homomorphisms of rings. We set

A=RxrS={(a,b)eRxS|f(a)=g(b)}

and call it the fiber product of R and S over T with respect to f and g, which forms a
subring of B = R x S. We then have a commutative diagram

AVRXT
N A

of rings, where p;: A > R, (x,y) = x, p»: A= S,(x,y) — y stand for the projec-
tions. Hence, we get an exact sequence

0—A-SB-2T
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f

of A-modules, where ¢ = [ ] The map ¢ is surjective if either f or g is surjective.

In addition, if both f and g are surjective, then T is cyclic as an A-module, and B
is a module-finite extension over A. This partially justifies the following (see e.g,
[1, Lemmas 1.2 and 1.5]).

Lemma 2.1 Suppose that f : R — T and g : S — T are surjective. Then the following
assertions hold true.

(i)  Aisa Noetherian ring if and only if R and S are Noetherian rings.

(i) (A,J) isalocal ring if and only if (R, m) and (S, n) are local rings. When this is
the case, ] = (m xn) N A.

(iii) If (R, m), (S,n) are Cohen-Macaulay local rings with dimR =dimS=d >0
and depth T > d — 1, then (A, ]) is a Cohen-Macaulay local ring and dim A = d.

In the case of local rings, we have the following. Although Proposition 2.2(iii)
follows from the result of Ogoma ([33]), let us give a brief proof for the sake of
completeness. For a Noetherian local ring R, we denote by e(R) (resp. v(R)) the
multiplicity (resp. the embedding dimension) of R.

Proposition 2.2 Suppose that (R, m), (S,n) are Noetherian local rings with a com-

mon residue class field k = R/m = S/n, and f : R — k, g: S — k denote the canonical

surjective maps. Then the following assertions hold true.

@) v(A) =v(R) +v(S).

(i) IfdimR=dimS > 0, then e(A) = e(R) +e(S).

(iii) IfR, S are Cohen-Macaulay local rings with dimR = dim S =1, then A = R x; S
is Gorenstein if and only if R and S are DVRs.

iz

Proof  Since J = m x 1 is the maximal ideal of A, we get J* = m**! x n®*! for every

£>0.

(i)  This part follows from the equalities £4(J/J*) = {x([m/m?*] & [n/n?]) =
Cr(m/m?) + Ls(n/n?).
(i) Remember that f and g are surjective. We then have the equalities

Ca(A[T™Y) = La(AIT) + €4 UT1T)
=1+ [lr(m/m"") + Ks(n/neﬂ)]
=1+ {[lr(R/m™") —1] + [6s(S/n"") - 1]}
= [r(R/m™) + £5(S/n" )] -1

for every £ > 0, which yield that e(A) = e(R) + e(S), because dim A = dim R =
dim § > 0.
(iii) Suppose that A is a Gorenstein ring. By applying the functor Hom,(—, A)

to the exact sequence 0 — A L B4 k>0 of A-modules (here, ¢ = [_fg]),
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we get
0— A:B—> A—> Ext\(A/],A) — 0,

which implies J = A : B, because Ext} (A/]J,A) = A/]. As A is Gorenstein, we
have B = A: (A : B), so the equalities

RxS=B=A:(A:B)=A:J=]:J=(m:m) x (n:n)

hold where the fourth equality comes from the fact that A is not a DVR
(note that B is a module-finite birational extension of A). Consequently,
R=m:mand S =n:n, whence R and S are DVRs (see e.g, [12, Lemma 3.15]).
The converse implication follows from assertion (ii). This completes the
proof. |

3 Survey on Almost Gorenstein Rings

This section is devoted to the definition and some basic properties of almost Goren-
stein rings, which we will use throughout this paper. Let (R, m) be a Cohen-Macaulay
local ring with d = dim R, possessing a canonical module Kg.

Definition 3.1 ([19, Definition 1.1])  We say that R is an almost Gorenstein local ring,
if there exists an exact sequence

0—R—Kpr—C—0

of R-modules such that ur(C) = €% (C), where ur(C) denotes the number of ele-
ments in a minimal system of generators for C and

e (C)=1li

n—oo0 nd

(d-1)!

i (C/m"1C).

is the multiplicity of C with respect to m.

Notice that every Gorenstein ring is an almost Gorenstein ring, and the converse
holds if the ring R is Artinian ([19, Lemma 3.1 (3)]). Definition 3.1 requires that if R
is an almost Gorenstein ring, then R might not be Gorenstein, but the ring R can be
embedded into its canonical module Ky, so that the difference Kg /R should have good
properties. For any exact sequence

0—R—Kg—C—0

of R-modules, C is a Cohen-Macaulay R-module with dimg C =d -1, provided
C+#(0) ([19, Lemma 3.1 (2)]). Suppose that R possesses an infinite residue class
field R/m. Set R; = R/[(0) :x C] and let my denote the maximal ideal of R;. Choose
elements fi, f>,..., f4-1 € msuch that (fi, f2,..., f4-1)R; forms a minimal reduction
of m;. We then have

b (C) =ep (C) = tr(C/(fis f2r-- > fa-1)C) > Lr(C/mC) = pur(C).
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Therefore, €2 (C) > ur(C), and we say that C is an Ulrich R-module if €% (C) =
ur(C), since C is a maximally generated maximal Cohen-Macaulay R,-module in the
sense of [3]. Hence, C is an Ulrich R-module if and only if mC = (fi, f2, ..., fa-1)C.
If d = 1, then the Ulrich property for C is equivalent to saying that C is a vector space
over R/m. In addition, we have the following fact.

Fact 3.2 ([12, Theorem 3.11], [19, Proposition 3.4], [24, Theorem 2.14])  Suppose that
d =1 and there exists an R-submodule K of the total ring Q(R) of fractions such that
Rc K ¢ Rand K = Kg as an R-module, where R stands for the integral closure of R in
Q(R). Then the following conditions are equivalent.

(i)  Risan almost Gorenstein ring.
(i) mK CR, thatis, mK =m.
(iii) mK = m as an R-module.

In this paper, we say that an R-submodule K of Q(R) is a fractional canonical ideal
of R,if R ¢ K ¢ Rand K = Ky as an R-module.

One can construct many examples of almost Gorenstein rings (e.g., [4, 8, 10, 12,13,
14, 15, 16, 18, 19, 20, 23, 28, 29, 35]). The significant examples of almost Gorenstein
rings are one-dimensional Cohen-Macaulay local rings of finite Cohen-Macaulay
representation type and two-dimensional rational singularities. Because the origin
of the theory of almost Gorenstein rings are the theory of numerical semigroup rings,
there are numerous examples of almost Gorenstein numerical semigroup rings (see
[2,12]).

4 Proof of Theorem 1.1

This section mainly focuses on proving Theorem 1.1. Theorem 1.1 is reduced, by
induction on dim A, to the case where dim A = 1. Let us start from the key result of
dimension one. First, we fix our notation and assumptions.

Setting4.1  Let (R, m), (S, n) be one-dimensional Cohen-Macaulay local rings with a
common residue class field k = R/m = S/n, andlet f : R - k, g : S — k be the canonical
surjective maps. Then A = R xS is a one-dimensional Cohen-Macaulay local ring with
maximal ideal ] = m x n. Since B = R x S is a module-finite birational extension over
A, Q(A) =Q(R) xQ(S) and A=R x S.

Throughout this section, unless otherwise specified, we assume that Q(A) is a Goren-
stein ring, A admits a canonical module K4, and the field k = A/] is infinite. Hence, all
the rings A, R, and S possess fractional canonical ideals (see [12, Corollary 2.9]).

We denote by K (resp. L) the fractional canonical ideal of R (resp. S). Thus, K is
an R-submodule of Q(R) such that R € K € R, K = Ky as an R-module, and L is an
S-submodule of Q(S) such that S € L ¢ S, L = K as an S-module.

To prove Theorem 1.1 in the case where dim A = 1, we can assume that A is not a
Gorenstein ring. Hence, either R or S is not a DVR (see Proposition 2.2).
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4.1 The Case Where R and S are not DVRs

In this subsection, suppose that both R and S are not DVRs. We then have K # R,
since K : K = R ([22, Bemerkung 2.5]). As {x([K : m]/K) = g (Exty(R/m,K)) =1,
we obtain K : m C R. In addition, we also have R : m ¢ K. Indeed, if R : m € K, then
K2R:m=(K:K):m=K:mK.Thus,R=K: K< K: (K:mK) =mK ¢ mR. This
makes a contradiction. Hence, R : m ¢ K, and therefore

K:m=K+Rg

for some g € (R : m)\K. Similarly, because § is not a DVR, we can choose g, € (S :
n)\LsuchthatL:n =L+ S-g,. We set

X=(KxL)+Avy

with ¥ = (g1,82) € A=RxS. Then X is an A-submodule of A, satisfying A C B ¢
X c A. Furthermore, we have the following lemma, which plays a key role in our
argument.

Lemma 4.2 X 2K, as an A-module. Hence, X is a fractional canonical ideal of A
andr(A) =1(R) +r(S) +1.

Proof  First, we notice that X : J = (K:m) x (L :n). In fact, take an element « €
X : Jandwrite o = (x, y),wherex € Q(R),y € Q(S).SinceJ- (x,y) € X = (K x L) +
A-y, we have

(m,0)(x,y) =(mx,0) e X and (0,n)(x,y)=(0,ny)eX

for each m € m and n € n. Hence, (mx,0) = (k,£) + (a,b)(g1, g2) for some (k,¢) €
K x L, (a,b) € A. Therefore,

mx=k+ag and 0=0+bg,

which yield that b € n. Moreover, because (a,b) € A, we get a € m. Consequently, we
have ag; € m(R : m) € R, whence x € K : m. Similarly, y € L : n, as desired.

Note that X is a faithful maximal Cohen-Macaulay A-module with dimy X = 1.
We now choose the regular elements a e mon Rand b e non S. Then (a,b) € Aisa
regular element on A. Therefore,

(a,b)X :x J = (a,0)X :qa) ] = (a,b)[X :qea) J]

so that [(a,b)X :x J]/(a,b)X = [X :q(a) J]/X as an A-module. We are now going to
prove that [ X :q(4) J]/X is cyclicasan A-module. Indeed, choose an element & € X : J
and write & = (x, y), where x € Q(R) and y € Q(S). Then, since X : J = (K + Rgy) x
(L + Sg2), we have

x=k+cg and y={0+dg,

where k € K, ¢ € L, c € R,and d € S. Notice that the projection p; : A > R, (a,b) ~ a
is surjective. There exists ¢’ € S such that (¢, ¢") € Aand p;(c, ¢’) = c. Similarly, let us
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choose d’ € R such that (d’',d - ¢') € Aand p,(d’,d — ¢") = d - ¢’. Hence, we have
the equalities

a=(x,y) = (k,0) + (cg,0) + (0,dgz2)
= (k. 0) + (c,¢") (g1, 82) + (0, (d - ¢")g2)
= (k,0) + (c.c") (g1, g2) +(d',d - ')(0, g2),
whence a € (K x L) + Ay +A-(0,g,) = X+ A- (0, g,). Therefore, [ X :q(a) J] /X is
a cyclic A-module. Hence, X = K4 as an A-module.
Remember that R: m=m:mand S : n =n:n,because R and S are not DVRs (see
(12, Lemma 3.15]). We then have m(K : m) = mK and n(L : n) = nL. Hence,
JX =J(KxL)+Jy=(mKxnL)+ (mg xng,)
=m(K:m)xn(L:n)=mK xnL.
Therefore, we have
r(A) =l4(X/]X) =€4(X/[K x L]) + £4([K x L]/[mK x nL])
=1+ lr(K/mK) + £s(L/nL) =1+r(R) +1(S),
which completes the proof. [ ]

As a consequence of Lemma 4.2, we have the following corollary, which ensures
that Theorem 1.1 holds when R and S are not DVRs, and dim A = 1.

Corollary 4.3  Suppose that R and S are not DVRs. Then the fiber product A = R xS
is an almost Gorenstein ring if and only if R and S are almost Gorenstein rings.

Proof Notice that JX=(mxn)((KxL)+Avy)=m(K+Rg)xn(L+Sg)=
m(K :m) xn(L :n) = mK x nL, where the last equality follows from the fact that R
and S are not DVRs. Therefore, A = R x S is an almost Gorenstein ring if and only if
JX = J (Fact 3.2). The latter condition is equivalent to saying that mK = mand nL = n,
that is, R and S are almost Gorenstein rings, as desired. ]

Let us note one example.

Example 4.4 Let k be a field and let a,b,c,d >2 be integers. We set R =
k[X,Y]/(X*-Y?), S=k[Z,W]/(Z¢ - W¥) and consider the canonical surjec-
tions f: R - k, g: S — k. Then

RxpS2k[X,Y,Z,W]/(X,Y)(Z, W)+ (X* - Y", 2z - Ww*)
is an almost Gorenstein local ring with r(R) = 3.
For a one-dimensional case, we will show that the conditions stated in Theorem 1.1
are equivalent to saying that the fiber product A = R x; S is a generalized Gorenstein
ring, which naturally covers the class of almost Gorenstein rings. Similarly, for

almost Gorenstein rings, the notion is defined by a certain specific embedding of the
rings into their canonical modules. Let us now recall the definition of generalized
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Gorenstein rings, in particular, of dimension one, which was recently proposed by
the second author and S. Kumashiro (see [11] for the precise definition).

Definition 4.5 ([11, Definition1.2])  Let (R, m) be a Cohen-Macaulay local ring with
dim R = 1, possessing a fractional canonical ideal K of R; that is, K is an R-submodule
of R such that R € K € R and K = Ky as an R-module. We say that R is a generalized
Gorenstein ring, if either R is Gorenstein, or R is not a Gorenstein ring, and K/R is a
free R/a-module, where a = R : K.

Notice that, by [12, Theorem 3.11], R is a non-Gorenstein almost Gorenstein ring
if and only if a = m, so that the generalized Gorenstein condition is weaker than the
almost Gorenstein condition.

We begin with the following proposition.

Proposition 4.6 £4(X/A) = Lr(K/R) + £s(L/S) + 2.
Proof Remember that X = (K x L) + A-y and JX = J(K x L). Since JX C JA, we
then have ] = JX n A. Hence, we get the equalities
CA(XJA) = La(X)TX + A) + L4 (JX + AJA)
= pa(X[A) + L4(JX[T)
=1(R) +1(S) + Lr(mK/m) + £s(nL/n)
=1(R) +1(S) + [lr(K/R) +1-1(R)] + [€s(L/S) +1-1(S)]
= éR(K/R) +£S(L/S) +2,

as claimed. ]

Lemma 4.7 Let (R, m) be a Cohen-Macaulay local ring with dim R = 1, possessing
a fractional canonical ideal K of R. If R is not a Gorenstein ring, then a-(K : m) = aK,
wherea=R: K.

Proof Since Risnota DVR, K:m = K + Rg for some g € (R: m)\K. Foreach a ¢
a and k € K, we obtain (ag)k = (ak)g € mg C R, because ak e aKkNnRcmKnR¢c
mRN R =m. Hence, age R: K =ac ak, so that a(K:m) = aK + ag = aK, which
completes the proof. [ ]

By setting a; = R: K and a, = S : L, we have the following lemma.

Lemma 4.8  The following assertions hold true.

(i)  Suppose that R and S are not Gorenstein rings. Then A: X = a; x aj.
(if) Suppose that R is Gorenstein, but S is not a Gorenstein ring. Then A: X = m x a,.

Proof
(i) ByLemma4.7, we geta;(K:m) =0;Kand a(L : n) = a,L. Hence,
X (apx az) = (K +arg) x (a:L + az82)
=aq(K:m)xa(L:n)=qKxa,l
c (mMRNR)x (nSNS)=mxncA,
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whence a; x a; € A : X. Conversely, for every (x,y) € A: X, we have (K x L) -
(x,y) € A. For each k € K, we get (k,0)(x,y) = (kx,0) € A, so that kx e m.
Hence x € R: K = a;. Similarly, y € S : L = a,, as wanted.

(if) This part follows from the same argument as in the proof of (i). |

As a consequence, we have the following corollary.

Corollary 4.9  Suppose that R and S are not DVRs. Then the fiber product A = R x; S
is a generalized Gorenstein ring if and only if R and S are almost Gorenstein rings.

Proof  The ‘if’ partis due to Corollary 4.3. We now prove the ‘only if” part. Suppose
that A =R x; S is a generalized Gorenstein ring. We can assume that either R or
S is not a Gorenstein ring. Notice that there is an isomorphism (A/A : X)®(+*)
X/A of A-modules, where r = r(R), s = r(S) denote the Cohen-Macaulay types of
R and S, respectively. Hence, by Proposition 4.6, (r +s) - £4(A/A: X) = (r(K/R) +
ls(L/S) + 2. Suppose now that both R and S are not Gorenstein rings. Then, because
L4(AJA: X) =Lr(R/ay) + £5(S/az) — 1, we have
(r+s)- [ER(R/al) +05(S/ay) - 1]

=lr(K/R) +{s(L/S)+2

< (T - I)KR(R/GI) + (S - 1)65(8/02) +2,
whichyields that [£s(S/ay) —1] (r+1) + [¢r(R/a;) —1] (s +1) < 0. Hence, £g (R/ay) =
ls(S/ay) =1, so that a; = m, a, = n. By Fact 3.2, we conclude that R and S are almost
Gorenstein rings. On the other hand, we consider the case where R is Gorenstein, but

S is not a Gorenstein ring. We then have (r +s) - [£s(S/a;)] < (s = 1) - £s(S/az) + 2,
which implies £5(S/a,) = 1. Hence, S is an almost Gorenstein ring. |

4.2 The Case where R is a DVR and S is not a DVR

In this subsection, we assume that R is a DVR and S is not a DVR. Choose an
A-submodule X of Q(A) such that A< X ¢ A and X =K, as an A-module. Then,
because Ky = X: B2 Rx L as a B-module, we have X: B=¢-(Rx L) for some
invertible element & = (&, &) € Q(A). Applying the functor Homy(—, X) to the

f

exact sequence 0 — A 5B k= A/] — Owhere ¢ = [ ], we obtain the sequence

0—X:B—X—A/]—0
of A-modules. Hence, JX € X : B ¢ X. Thus, we have the following inclusions.

Lemma 4.10  One has
X:BC X< (X:B):J=(§RxEL):]
=&(R:m) x &(L:n).
In particular, J(X :B) c JX ¢ J-[&(R:m) x &(L:n)].

We are now in a position to prove Theorem 1.1 for the one-dimensional case.
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Proposition 4.11 ~ Suppose that R is a DVR and S is not a DVR. Then the fiber product
A = R xy S is an almost Gorenstein ring if and only if S is an almost Gorenstein ring.

Proof  Suppose that A is an almost Gorenstein ring. Then, since JX = J, we get
nbLencnéy(Lin) = &L,

because n(L : n) = nL. Thus, n = &;nL 2 nL, and hence S is an almost Gorenstein
ring. Conversely, suppose that S is an almost Gorenstein ring. We then have £ ¢
X,because E=¢-(1,1) €& (KxL)=X:BcX.Since XS A=RxS,wegeté eR.
Therefore,
]X Cc ] [f](R : m) X fz(L : n)]

=& -m(R:m)x&-n

S&HRx & om,
where the second equality comes from the fact that S is an almost Gorenstein ring,
but not a DVR. Moreover, we have

JXCA-(1,0)- &+ JE.

Indeed, for each a € R, there exists « € A such that p;(a) = a. Hence, a = (a, ) for
some b € S. Then, for every n € n, we get the equalities

(a&, &2n) = (a,0)(§,0) + (0, &n)
= (a,0)(1,0) + (0, n)¢,

which imply the required inclusion. Therefore, we have
JX=[JXnA-(1,0)-{+J&

IfJXnA-(1,0)-&c JE thenJX = JE = J. Letusnow assume that JX n A+ (1,0)- & ¢
J&. Take an element ¢ € JX N A-(1,0) - & such that ¢ ¢ J& Write ¢ = (a,b)(1,0)¢,
where (a,b) € A. Then, since ¢ € JX € J(R x §) = m x nS, we get a; € m. Further-
more, a&; ¢ mé&;, because ¢ ¢ J&. Hence, a ¢ m and & € m. Consequently,

JXCJ(Rxn)=ERx Emc )X
yields that JX = §(R xn) 2 &(m xn) = £] 2 J. In any case, because JX 2 ], we con-

clude that A is an almost Gorenstein ring. [ ]

To explore the generalized Gorenstein properties of fiber products, we need more
auxiliaries.

Proposition 4.12  The following assertions hold true.

(i) X:J=Rx&(S:L).

(i) X:B=mx&Land &p =1forsome p € (L:n)\L.
(i) X=(X:B)+A

(iv) A:X=mxp(S:L).

Proof (i), (ii) Since (X:B):J=X:BJ=X:JCA=RxS, we have X:J =
E(R:m)x&(L:n) and &(R:m)cR, whence & eR:(R:m)=m. Because
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AcXcX:], we get RC&(R:m). Thus, m = (&). Consequently, X : B = &(R x
L)=mx &L, while X:J=Rx&(L:n). Since 1€ X:] and 1¢ X : B, there exists
p € (L:n)\L such that &p = 1.

(iii) Since £4(X/X : B) =1, we get X = (X : B) + A.

(iv) Notice that A: X = A:4 (X : B). For each (a,b) € A: X, am x b-§,L ¢ A. We
then have b-&,L cn,sothat b-&, cn:L=S:L.Hence,bep(S:L).Since p(S:L)
(L:n)(S:L)=(S:L)L cn,weconcludethata e m. Thus,A: X cmxp(S:L) cA.
Because (mx p(S:L))(X:B)=m?x(S:L)Lcm?xnC A, we have that A: X =
mxp(S:L). [ ]

We apply Proposition 4.12 to get the following corollary.

Corollary 413 (A: X)X =mx (S:L)L.

Proof  The assertion follows from Proposition 4.12 and p(S: L) € (S: L)L. |
We need one more general lemma.

Lemma 4.14  Let (R, m) be a Cohen-Macaulay local ring with dim R = 1, possessing
a fractional canonical ideal K of R. Suppose that R is not a Gorenstein ring. We set
a = R : K. Then the following assertions hold true.

(i) a=a(R:m)cak.

(i) a=aKifandonlyif K* = K°.

Proof

(i) Foreachaecaandx e (R:m),wehave (ax)k = (ak)x e mx C R for every k €
K, because ak € aK € mK € mR. Hence, ax € R: K = a C aK, so that a = a(R:
m) ¢ aK, which completes the proof.

(ii) If K*=K% then a=R:K=R:R[K], which forms an ideal of R[K].
Hence, aK = a. Conversely, if a = aK, then a = aK” for every n >0, so that
a=R:R[K]. Hence, K* = K?, because a=R: K =K:K? and R: R[K] =R:
K*=K: K’ =

Corollary 4.15  The following conditions are equivalent.
i X?=Xx.

(i) L*=1I°

When this is the case, L4(AJ/(A: X)) = £s(S/(S:L)).

Proof

(i) = (ii) Suppose that X* = X*. By Lemma 4.14, we get (A : X)X = (A : X), so that
mx (S:L)L=mxp(S:L). Hence, (S:L)L" =p"(S:L) for all n> 0.
Thus, (S:L)S[L]=p"(S:L) =(S:L) for each n > 0, because p is an
invertible element of S[L]. Therefore, L* = L°.

(i) = (i) If L*=L% then S:L=S:S[L], which is an ideal of S[L], so that
p(S:L)=(S:L)=(S:L)L. Hence, X* = X, by Proposition 4.12(iv)
and Corollary 4.13. The last assertion follows from the fact that p(S: L) =
(S:L). [ |
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Finally, we reach the following theorem.

Theorem 4.16  Suppose that R is a DVR and S is not a DVR. Then the fiber product
A =R xS is a generalized Gorenstein ring if and only if S is an almost Gorenstein ring.

Proof = We only prove the ‘only if” part. Suppose that A is a generalized Gorenstein
ring. By [11, Theorem 4.8], we then have A[X]/A = (A/A : X)®(*1) as an A-module,
where £ = r(S). By [11, Theorem 4.8], we get X* = X3, that is, L? = L*. Hence, we have
the equalities

CA(A[X]/A) = (L +1)La(A/(A: X)) = (L+1)Ls(S/(S: L)).

Since X ¢ X : J € A[X] (see [12, Corollary 3.8 (1)]), we have X" ¢ (X : J)" < A[X] for
every n > 0, so that X" = (X : J)" = A[X] for every n > 0. Similarly, we have L" =
(L :n)" = S[L] for every n > 0. Therefore,

A[X] = [Rx &(L: n)]n =Rx &-S[L]=Rx &S[L] foralln >0,

which yields S[L] = &-S[L]. Thus, &,,p € S[L], and hence A[X] = R x S[L]. Hence,
C4(A[X]/A) =1+ €s(S[L]/S). On the other hand, by the sequence

0— L/S— S[L]/S — S[L]/L—0
of S-modules, we get
Cs(S[L]/S) < (€=1)-£s(S/(S: L)) +£s(S/(S: L)) =€-Ls(S/(S: 1)),
because S[L]/L = Kg/(s..) (see [11, Theorem 4.8]). Therefore,
(C+1)ls(S/(S: L)) <1+£-£s(S/(S:L)),
which implies £5(S/(S: L)) =1, so thatn = S : L. Hence, S is almost Gorenstein. ®

We now go back to the notation as in Setting 4.1. By combining Corollaries 4.3, 4.9,
Proposition 4.11, and Theorem 4.16, we have the following theorem.

Theorem 4.17  The following conditions are equivalent.

(i)  The fiber product A = R xi S is an almost Gorenstein ring.
(ii)  The fiber product A = R xS is a generalized Gorenstein ring.
(iii) R and S are almost Gorenstein rings.

Letting S = R, we get the following corollary.

Corollary 4.18  The following conditions are equivalent.

(i)  The fiber product R x; R is an almost Gorenstein ring.
(if)  The fiber product R x R is a generalized Gorenstein ring.
(iii) The idealization R x m is an almost Gorenstein ring.

(iv) Ris an almost Gorenstein ring.

Proof  The proof follows from Theorem 4.17 and [12, Theorem 6.5]. [
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We are now ready to prove Theorem 1.1. Let (R,m), (S,n) be Cohen-Macaulay
local rings with d =dimR =dim § > 0, (T, mr) a regular local ring with dim T =
d-1l,andlet f:R— T, g:S — T be surjective homomorphisms. Suppose that the
residue class field T/my of T is infinite. We then consider the fiber product A =
R xr §, which is a Cohen-Macaulay local ring with dim A = 4.

With this notation, we begin with the following proposition.

Proposition 4.19  The fiber product A = R xr S is a Gorenstein ring if and only if R
and S are regular local rings.

Proof By Proposition 2.2, we can assume d >2. Choose a regular system
X1,X2,...,%4-1 of parameters for T. The surjectivities of f and g show that
X1, X2, ..., %41 forms a regular sequence on R and S. Let us write x; = f(a;) = g(b;)
for some a; € m and b; € n. We then have an isomorphism

Al(ar, az,...,a4-1) 2R/(ar,a2,...,04-1)
XT/(xl,xz,...,xd,l)s/(bl’ bZ: e bd—l)

of rings, which yields the required assertion, by induction arguments. [ ]
We finally reach the proof of Theorem 1.1.

Proof of Theorem 1.1 ~ Wesetd = dim A. By Theorem 4.17, we can assume that d > 2
and that the assertion holds for d — 1.

(i) = (ii) We can assume A is not a Gorenstein ring. Let us consider an exact
sequence

0—A—Ky,—C—0

of A-modules with 4 (C) = €}(C), where J = (m x 1) n A denotes the
maximal ideal of A. Since A has an infinite residue class field, we choose
a regular element o = (a,b) € ] on A so that « is a superficial element
for C with respect to J, and (f o p;)(«) forms a part of a regular system
of parameters of T. We then have that a e m and b € n are regular ele-
ments of R and S, respectively. Hence, we have an isomorphism A/(«) 2
R/(a) x1/ar S/(b) as rings. Then the hypothesis on d shows that R/(a)
and S/(b) are almost Gorenstein rings. Therefore, by [19, Theorem 3.7], R
and S are almost Gorenstein rings.

(ii) = (i) First, we consider the case where R and S are Gorenstein rings. Choose
a regular system of parameters x, X2, ..., X4-; € mr of T and write x; =
f(a;)=g(b;) with a; emand b; en. Foreach1<i<d -1, we set a; =
(ai,b;) €J. Then aj,ay,...,a,4.1 forms a regular sequence on A, and
there is an isomorphism

Al(ar, az,...,a4-1) 2 R/(ar,az,...,a41)
XT/(xl,xz,“.,x,i_l)s/(bb by, ..., bd—l)
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of rings. As R/(ay, az,...,a4-1), S/(b1, b2, ..., bs_1) are Gorenstein and
T/(X], X2,

..,X4-1) is a field, we conclude that A/(a;, a,...,a4-1) is an almost
Gorenstein ring, and so is A. Let us assume that R is Gorenstein, and S
is an almost Gorenstein ring, but not a Gorenstein ring. Choose an exact
sequence

0—S—Ks—D—0

of S-modules such that ys(D) = e2(D). Let us take an S-regular element
b € nsuch that b is a superficial element for D with respectton,and g(b) €
mr is a part of a regular system of parameters of T. Let us choose a € m
such that f(a) = g(b). Then a = (a, b) € ] is a regular element on A and
Al(a) 2 R/(a) xr/qar S/(b). The induction hypothesis shows that A/(«)
is an almost Gorenstein ring, whence A is almost Gorenstein. Finally, we
are assuming that R and S are non-Gorenstein, almost Gorenstein rings.
Consider the exact sequences

0—R—Kzg—C—0 and 0—S—Kg—D—0

of R-modules, and of S-modules, respectively. We then choose an A-
regular element « = (a, b) € J such that a € m is a superficial element for
C with respect to m, b € n is a superficial element for D with respect to
n,and (f o p;)(«) € mr is a part of a regular system of parameters of T.
Then A/(a) = R/(a) x7/a1 S/(b). Hence, A/(«) is an almost Gorenstein
ring, whence A is almost Gorenstein, as desired. |

5 Further Results in Dimension One

The notion of almost Gorenstein ring in our sense originated from the works [2]
of V. Barucci and R. Froberg in 1997, and [12] of the second author, N. Matsuoka,
and T. T. Phuong in 2013, where they dealt with the notion of one-dimensional
Cohen-Macaulay local rings. Although the second author and S. Kumashiro have
already provided a beautiful generalization of almost Gorenstein rings, say generalized
Gorenstein rings, there are other directions of the generalization for one-dimensional
almost Gorenstein rings, which we call 2-almost Gorenstein and nearly Gorenstein
rings.

Let us maintain the notation as in Setting 4.1. The goals of this section are stated as
follows.

Theorem 5.1  The following conditions are equivalent.

(i)  Thefiber product A = R x; S is a 2-almost Gorenstein ring.
(if) Either R is a 2-almost Gorenstein ring and S is an almost Gorenstein ring, or R is
an almost Gorenstein ring and S is a 2-almost Gorenstein ring.
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Theorem 5.2 The following conditions are equivalent.

(i)  The fiber product A = R xS is a nearly Gorenstein ring.
(ii) R and S are nearly Gorenstein rings.

Before going ahead, we recall the definition of 2-almost Gorenstein rings and
nearly Gorenstein rings. For a while, let (R, m) be a Cohen-Macaulay local ring with
dim R = 1, possessing a fractional canonical ideal K of R, i.e., K is an R-submodule of
Q(R) such that R € K € Rand K = Kg as an R-module.

With this notation, T. D. M. Chau, the second author, S. Kumashiro, and N.
Matsuoka proposed the notion of 2-almost Gorenstein rings.

Definition 5.3 ([6]) We say that R is a 2-almost Gorenstein ring, if K* = K> and
(r(K*/K) = 2.

By [6, Theorem 3.7], the condition of K* = K* and £ (K?/K) = 2 is equivalent to
saying that /g (R/c) = 2, where ¢ = R : R[K]. The latter condition is independent of the
choice of fractional canonical ideals K (see [6, Theorem 2.5]). Furthermore, because
R is an almost Gorenstein ring but not a Gorenstein ring if and only if £x (R/¢) =1,
that is, ¢ = m ([12, Theorem 3.16]), 2-almost Gorenstein rings could be considered to
be one of the successors of almost Gorenstein rings.

Let us now state the definition of nearly Gorenstein rings, which is defined by J.
Herzog, T. Hibi, and D. I. Stamate, by using the trace of canonical ideals. The notion
is defined for arbitrary dimension; however, let us focus our attention on the case
where dim R = 1, because there is no relation between almost Gorenstein and nearly
Gorenstein rings for higher dimensions (see [21]). For an R-module X, let

¢ : Homg(X,R) @ X — R

be the R-linear map defined by ¢(f ® x) = f(x) for every f € Homg(X,R) and
x € X. We set trp(X) =Im¢ and call it the trace of X. The reader may consult
[9, 21, 25, 26, 27] for further information on trace ideals and modules.

Definition 5.4 ([21])  We say that R is a nearly Gorenstein ring, if m € trg(K).

For every fractional ideal X in R, we have trg(X)=(R:X)-X (see [26,
Lemma 2.3]). By [21, Proposition 6.1], almost Gorenstein ring is nearly Gorenstein,
and the converse is not true in general, but it holds if R has minimal multiplicity, that
is, v(R) =e(R).

We close this paper by proving Theorems 5.1 and 5.2.

Proof of Theorem 5.1  Thanks to Proposition 2.2, we can assume that either R or S
is nota DVR. Suppose that both R and S are not DVRs. Then X = (K x L) + Ag forms
a fractional canonical ideal of A, where v = (g1, 2) € A, g1 € (R:m)\K,and g, € (L :
n)\L. By Theorem 4.17, we can assume that either R or S is not a Gorenstein ring.
Suppose that R and S are not Gorenstein rings. We thenhave A : X = (R: K) x (S: L),
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so that
Ca(AJ(A: X)) = Ca(BJ(A: X)) ~ 1= (o(R/(R: K)) + £5(S/(S : L)) ~ 1.

Hence, £4(A/(A: X)) = 2holds if and only if either £x (R/(R : K)) = 1and £5(S/(S :
L)) =2,0rlg(R/(R:K))=2and ¢s(S/(S: L)) =1.IfRis Gorenstein and S is a non-
Gorenstein ring, then A: X =m x (S : L) so that

Lo(AJ(A X)) = Cr(Rjm) + 5(S/(S : L)) 1= £5(S/(S : L)),

which yields the required assertion. [ ]

Proof of Theorem 5.2 By Proposition 2.2 and Corollary 4.13, we can assume that
R and S are not DVRs. If R and S are Gorenstein, then by Corollary 4.3, A =R x4 S
is an almost Gorenstein ring, so that A is nearly Gorenstein ([21, Proposition 6.1]).
Thus, we can also assume that either R or § is not a Gorenstein ring. Suppose that R
and S are not Gorenstein rings. By Lemma 4.8(i), we have that A : X = a; x a,, where
a;=R:K,a,=8:L.Since

(A : X)X = (a1 X az)((K X L) +A- (gl,gz))
=a(K:m) xay(L:n)=uK xa,L,

we see that A = R xj § is a nearly Gorenstein ring if and only if ;K = m and a,L = n,
in other words, R and S are nearly Gorenstein. Let us now consider the case where R
is Gorenstein, but S is not a Gorenstein ring. In this case, A : X = m x a5, so that

(A: X)X = (mx a)((Rx L) + A~ (g1,g2)) = m(R:m) x L.

Therefore, condition (ii) is equivalent to saying that a,L = n, that is, S is a nearly
Gorenstein ring. This completes the proof. [ ]
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of the manuscript.

References

[1] H. Ananthnarayan, L. L. Avramov, and W. E Moore, Connected sums of Gorenstein local rings. ].
Reine Angew. Math. 667(2012), 149-176. https://doi.org/10.1515/crelle.2011.132

[2] V. Barucci and R. Froberg, One-dimensional almost Gorenstein rings. J. Algebra 188(1997), no. 2,
418-442. https:/doi.org/10.1006/jabr.1996.6837

[3] J.P. Brennan, J. Herzog, and B. Ulrich, Maximally generated maximal Cohen-Macaulay modules.
Math. Scand. 61(1987), no. 2, 181-203. https://doi.org/10.7146/math.scand.a-12198

[4] E. Celikbas, O. Celikbas, S. Goto, and N. Taniguchi, Generalized Gorenstein Arf rings. Ark. Mat.
57(2019), 35-53. https://doi.org/10.4310/ARKIV.2019.v57.n1.a3

[5] L. W. Christensen, J. Striuli, and O. Veliche, Growth in the minimal injective resolution of a local
ring. J. Lond. Math. Soc. (2) 81(2010), no. 1, 24-44. https://doi.org/10.1112/jlms/jdp058

[6] T.D.M. Chau, S. Goto, S. Kumashiro, and N. Matsuoka, Sally modules of canonical ideals in
dimension one and2-AGL rings. ]. Algebra 521(2019), 299-330.
https://doi.org/10.1016/j.jalgebra.2018.11.023

[7] M. DAnna, A construction of Gorenstein rings. J. Algebra 306(2006), 507-519.
https://doi.org/10.1016/j.jalgebra.2005.12.023

[8] L. Ghezzi, S. Goto, J. Hong, and W. V. Vasconcelos, Invariants of Cohen-Macaulay rings associated
to their canonical ideals. J. Algebra 489(2017), 506-528.
https://doi.org/10.1016/j/jalgebra.2017.05.042

https://doi.org/10.4153/5S000843952000051X Published online by Cambridge University Press


https://doi.org/10.1515/crelle.2011.132
https://doi.org/10.1006/jabr.1996.6837
https://doi.org/10.7146/math.scand.a-12198
https://doi.org/10.4310/ARKIV.2019.v57.n1.a3
https://doi.org/10.1112/jlms/jdp058
https://doi.org/10.1016/j.jalgebra.2018.11.023
https://doi.org/10.1016/j.jalgebra.2005.12.023
https://doi.org/10.1016/j/jalgebra.2017.05.042
https://doi.org/10.4153/S000843952000051X

Agl rings arising from fiber products 399

[9]

(10]
(11]
(12]
(13]

(14]

(15]

(16]

(17]

(18]

(19]

[20]
[21]
[22]
(23]
[24]
[25]
[26]
(27]

(28]

[29]
(30]
(31]

(32]

(33]

(34]

S. Goto, R. Isobe, and S. Kumashiro, Correspondence between trace ideals and birational extensions
with application to the analysis of the Gorenstein property of rings. J. Pure Appl. Algebra 224(2020),
747-767. https://doi.org/10.1016/j.jpaa.2019.06.008

S. Goto, D. V. Kien, N. Matsuoka, and H. L. Truong, Pseudo-Frobenius numbers versus defining
ideals in numerical semigroup rings. J. Algebra 508(2018), 1-15.
https://doi.org/10.1016/j.jalgebra.2018.04.025

S. Goto and S. Kumashiro, On generalized Gorenstein local rings. Preprint, 2019.

S. Goto, N. Matsuoka, and T. T. Phuong, Almost Gorenstein rings. J. Algebra 379(2013), 355-381.
https://doi.org/10.1016/j.jalgebra.2013.01.025

S. Goto, N. Matsuoka, N. Taniguchi, and K.-i. Yoshida, The almost Gorenstein Rees algebras of
parameters. ]. Algebra 452(2016), 263-278. https://doi.org/10.1016/j.jalgebra.2015.12.022

S. Goto, N. Matsuoka, N. Taniguchi, and K.-i. Yoshida, The almost Gorenstein Rees algebras over
two-dimensional regular local rings. J. Pure Appl. Algebra. 220(2016), 3425-3436.
https://doi.org/10.1016/j.jpaa.2016.04.007

S. Goto, N. Matsuoka, N. Taniguchi, and K.-i. Yoshida, On the almost Gorenstein property in Rees
algebras of contracted ideals. Kyoto J. Math. 59(2019), no. 4, 769-785.
https://doi.org/10.1215/21562261-2018-0001

S. Goto, N. Matsuoka, N. Taniguchi, and K.-i. Yoshida, The almost Gorenstein Rees algebras
ofpg-ideals, good ideals, and powers of the maximal ideals. Michigan Math. J. 67(2018), 159-174.
https://doi.org/1307/mmj/1516330972

S. Goto, K. Nishida, and K. Ozeki, Sally modules of rank one. Michigan Math. J. 57(2008), 359-381.
https://doi.org/10.1307/mmj/1220879414

S. Goto, M. Rahimi, N. Taniguchi, and H. L. Truong, When are the Rees algebras of parameter ideals
almost Gorenstein graded rings? Kyoto J. Math. 57(2017), no. 3, 655-666.
https://doi.org/10.1215/21562261-2017-0010

S. Goto, R. Takahashi, and N. Taniguchi, Almost Gorenstein rings - towards a theory of higher
dimension. ]. Pure Appl. Algebra 219(2015), 2666-2712.

https://doi.org/10.1016/j.jpaa.2014.09.022

S. Goto, R. Takahashi, and N. Taniguchi, Ulrich ideals and almost Gorenstein rings. Proc. Amer.
Math. Soc. 144(2016), 2811-2823. https://doi.org/10.1090/proc/12970

J. Herzog, T. Hibi, and D. I. Stamate, The trace of the canonical module. Israel J. Math. 233(2019),
133-165. https://doi.org/10.1007/s11856-019-1898-y

J. Herzog and E. Kunz, Der kanonische Modul eines Cohen-Macaulay-Rings. Lecture Notes in
Mathematics, 238, Springer-Verlag, Berlin-New York, 1971.

A. Higashitani, Almost Gorenstein homogeneous rings and theirh-vectors. J. Algebra 456(2016),
190-206. https://doi.org/10.1016/j.jalgebra.2016.02.023

T. Kobayashi, Syzygies of Cohen-Macaulay modules over one dimensional Cohen-Macaulay local
rings. Preprint, 2017.  arXiv:1710.02673

T. Kobayashi and R. Takahashi, Rings whose ideals are isomorphic to trace ideals. Math. Nachr.
292(2019), no. 10, 2252-2261. https://doi.org/10.1002/mana.201800309

H. Lindo, Trace ideals and centers of endomorphism rings of modules over commutative rings. J.
Algebra 482(2017), 102-130. https://doi.org/10.1016/j/jalgebra.2016.10.026

H. Lindo and N. Pande, Trace ideals and the Gorenstein property. Preprint, 2018.
arXiv:1802.06491.

N. Matsuoka and S. Murai, Uniformly Cohen-Macaulay simplicial complexes and almost
Gorensteinx simplicial complexes. ]. Algebra 455(2016), 14-31.
https://doi.org/10.1016/j/jalgebra.2016.02.005

M. Miyazaki, Almost Gorenstein Hibi rings. J. Algebra 493(2018), 135-149.
https://doi.org/10.1016/j.jalgebra.2017.09.033

W. E Moore, Cohomology over fiber products of local rings. J. Algebra 321(2009), no. 3, 758-773.
https://doi.org/10.1016/j.jalgebra.2008.10.015

S. Nasseh and S. Sather-Wagstaft, Vanishing ofExtandTorover fiber products. Proc. Amer. Math.
Soc. 145(2017), no. 11, 4661-4674. https://doi.org/10.1090/proc/13633

S. Nasseh, S. Sather-Wagstaff, R. Takahashi, and K. VandeBogert, Applications and homological
properties of local rings with decomposable maximal ideals. ]. Pure Appl. Algebra, 223(2019), no. 3,
1272-1287. https://doi.org/10.1016/j.jpaa.2018.06.006

T. Ogoma, Fiber products of Noetherian rings. In: Commutative algebra and combinatorics (Kyoto,
1985), Adv. Stud. Pure Math., 11, North-Holland, Amsterdam, 1987, pp. 173-182.
https:/doi.org/10.2969/aspm/01110173

J. Shapiro, On a construction of Gorenstein rings proposed by M. D'’Anna. J. Algebra 323(2010),
1155-1158. https://doi.org/10.1016/j.jalgebra.2009.12.003

https://doi.org/10.4153/5S000843952000051X Published online by Cambridge University Press


https://doi.org/10.1016/j.jpaa.2019.06.008
https://doi.org/10.1016/j.jalgebra.2018.04.025
https://doi.org/10.1016/j.jalgebra.2013.01.025
https://doi.org/10.1016/j.jalgebra.2015.12.022
https://doi.org/10.1016/j.jpaa.2016.04.007
https://doi.org/10.1215/21562261-2018-0001
https://doi.org/1307/mmj/1516330972
https://doi.org/10.1307/mmj/1220879414
https://doi.org/10.1215/21562261-2017-0010
https://doi.org/10.1016/j.jpaa.2014.09.022
https://doi.org/10.1090/proc/12970
https://doi.org/10.1007/s11856-019-1898-y
https://doi.org/10.1016/j.jalgebra.2016.02.023
https://arxiv.org/abs/1710.02673
https://doi.org/10.1002/mana.201800309
https://doi.org/10.1016/j/jalgebra.2016.10.026
https://arXiv:1802.06491
https://doi.org/10.1016/j/jalgebra.2016.02.005
https://doi.org/10.1016/j.jalgebra.2017.09.033
https://doi.org/10.1016/j.jalgebra.2008.10.015
https://doi.org/10.1090/proc/13633
https://doi.org/10.1016/j.jpaa.2018.06.006
10.2969/aspm/01110173
10.1016/j.jalgebra.2009.12.003
https://doi.org/10.4153/S000843952000051X

400 N. Endo, S. Goto, and R. Isobe

[35] N. Taniguchi, On the almost Gorenstein property of determinantal rings. Comm. Algebra 46(2018),
1165-1178. https://doi.org/10.1080/00927872.2017.1339066

[36] W. V. Vasconcelos, Hilbert functions, analytic spread, and Koszul homology. In: Commutative
algebra. Syzygies, multiplicities, and birational algebra (South Hadley, 1992), Contemp. Math., 159,
Amer. Math. Soc., Providence, RI, 1994, pp. 410-422. https://doi.org/10.1090/conm/159/01520

Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA

e-mail: nendo@purdue.edu

URL: https://www.math.purdue.edu/nendo/

Department of Mathematics, School of Science and Technology, Meiji University, 1-1-1 Higashi-mita,
Tama-ku, Kawasaki 214-8571, Japan

e-mail: shirogoto@gmail.com

Department of Mathematics and Informatics, Graduate School of Science and Engineering, Chiba University,
1-33 Yayoi-cho, Inage-ku, Chiba, 263-8522, Japan

e-mail: r.isobe.math@gmail.com

https://doi.org/10.4153/5S000843952000051X Published online by Cambridge University Press


10.1080/00927872.2017.1339066
10.1090/conm/159/01520
mailto:nendo@purdue.edu
https://www.math.purdue.edu/nendo/
mailto:shirogoto@gmail.com
mailto:r.isobe.math@gmail.com
https://doi.org/10.4153/S000843952000051X

	1 Introduction
	2 Basic Facts
	3 Survey on Almost Gorenstein Rings
	4 Proof of Theorem 1.1
	4.1 The Case Where R and S are not DVRs
	4.2 The Case where R is a DVR and S is not a DVR

	5 Further Results in Dimension One

