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Derived Knorrer periodicity and Orlov’s theorem for
gauged Landau—Ginzburg models

Yuki Hirano

ABSTRACT

We prove a Knorrer-periodicity-type equivalence between derived factorization
categories of gauged Landau—Ginzburg models, which is an analogy of a theorem proved
by Shipman and Isik independently. As an application, we obtain a gauged Landau—
Ginzburg version of Orlov’s theorem describing a relationship between categories of
graded matrix factorizations and derived categories of hypersurfaces in projective
spaces, by combining the above Knorrer periodicity type equivalence and the theory of
variations of geometric invariant theory quotients due to Ballard, Favero and Katzarkov.

1. Introduction

1.1 Background and motivation

When X is a scheme, G is an affine algebraic group acting on X, x : G — G, is a character, and
W:X — Al is a y-semi-invariant regular function, we call data (X, x, W) a gauged Landau—
Ginzburg (LG) model. Following Positselski [Pos11, EP15], we consider the derived factorization
category of (X, x, W)Y, denoted by

Dcohg (X, x, W).

Derived factorization categories are simultaneous generalizations of bounded derived categories
of coherent sheaves on schemes, and of categories of (graded) matrix factorizations of
(homogeneous) polynomials. Orlov proved the following semi-orthogonal decompositions between
bounded derived categories of hypersurfaces in projective spaces and categories of graded matrix
factorizations [Orl09].

THEOREM 1.1 [Orl09, Theorem 40]. Let X C ]P’;gv ~! be the hypersurface defined by a section
fe F(IP’,QV_I, O(d)). Denote by F' the corresponding homogeneous polynomial.

(1) Ifd < N, there is a semi-orthogonal decomposition
DP(cohX) = (Ox(d— N +1),...,0x,Dcohg,, (AY, x4, F)).
(2) Ifd = N, there is an equivalence
DP(cohX) = Deohg,, (AY, xa, F).
(3) Ifd > N, there is a semi-orthogonal decomposition

Dcohg,, (AY, x4, F) = (k, ..., k(N —d+ 1),D"(cohX)).
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While Orlov’s approach was algebraic, there are geometric approaches to the above
theorem [Shil2, BFK12, BDFIK14|, where a version of Knorrer periodicity [Shil2, Isil3] and
homological variations of geometric invariant theory (GIT) quotients [Segll, Hall5, BFK12]
are the main tools. Combinations of Knorrer periodicity and the theory of variations of GIT
quotients also imply homological projective dualities [BDFIK13, ADS15, ST14, Renl5].

In this article, we prove another version of Knorrer periodicity [Kno87], which is a derived
(or global) version, and we combine it with the theory of variations of GIT quotients by [BFK12]
to obtain a gauged LG version of Orlov’s theorem.

1.2 Main results

Let k£ be an algebraically closed field of characteristic zero. Let X be a smooth quasi-projective
variety over k, and let G be a reductive affine algebraic group acting on X. Let £ be a G-
equivariant locally free sheaf of finite rank, and choose a G-invariant regular section s € T'(X,
EV)Y. Denote by Z C X the zero scheme of s. Let x : G — G,, be a character of G, and
set £(x) := € ® O(x), where O(x) is the G-equivariant invertible sheaf corresponding to .
Then £(x) induces a vector bundle V(E(x)) over X with a G-action induced by the equivariant
structure of £(x). Let ¢ : V(E(x)) = X and p: V(E(x))|z = Z be natural projections, and let
i:V(E(x))|lz = V(E(x)) be a natural inclusion. The regular section s induces a y-semi-invariant
regular function Qs : V(E(x)) — Al. The first main result in this paper is the following.

THEOREM 1.2. Let W : X — Al be a y-semi-invariant regular function, such that the restricted
function Wz : Z — Al is flat. Then there is an equivalence

i*p* : DCOhG(27X>W‘Z) :) DCOhG(V(g(X))7X7q*W + Qs)

The above result is an analogy of Shipman’s and Isik’s result, where they consider the
case when G = G, the G-action on X is trivial, x = idg,,, and W = 0 (see [Shil2, Isil3]).
Furthermore, the above theorem can be considered as a generalization of Knorrer periodicity
to a derived and G-equivariant version. The proof of the above theorem is quite different from
Shipman’s and Isik’s proofs, and we consider relative singularity categories introduced in [EP15],
which are equivalent to derived factorization categories, and use results from [Orl06].

To state the next result, let S be a smooth quasi-projective variety over k with a G,,-action,
and let W : S — A! be a x1 := idg,,-semi-invariant regular function which is flat. Let d > 1 and
N > 0 be positive integers, and consider G,,-actions on Ag =5 X Afcv and on Pg_l =5 X Pév_l
given by

GmxAgatx(s,vl,...,vN)l—) (td-s,tvl,...,tvN)GAng,
GmXIP’g_lth(s,vlz---:vN)H(t's,vlz---:vN)EIPg_l.

Denote by the same notation W : A]SV — Al and W : Pg_l — A the pull-backs of W : § — Al
by the natural projections, respectively. Combining the above-derived Knorrer periodicity with
the theory of variations of GIT quotients, we obtain the following gauged LG version of the
Orlov’s theorem.

THEOREM 1.3. Let X C ng& be the hypersurface defined by a G,,-invariant section f € F(ngl,

O(d))®m, and assume that the morphism W : ngl — Al is flat on X. Denote by F : AY — Al
the regular function induced by f.
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(1) Ifd < N, there are fully faithful functors

& : Deohg,, (AY, x4, W + F) — Dcohg,, (X, x1, W),
T : Dcohg,, (S, x1, W) — Dcohg,, (X, x1, W),

and there is a semi-orthogonal decomposition
Dcohg,, (X, x1, W) = (Ya_n41, ..., To, ®(Dcohg,, (AY, xa, W + F))),

where T; denotes the essential image of the composition (—) ® O(i) o Y.

(2) If d = N, there is an equivalence
Dcohg, (X, x1, W) 2 Dcohg,, (AY, xq, W + F).
(3) If d > N, there are fully faithful functors

¥ : Deohg,, (X, x1, W) — Dcohg,, (AY, x4, W + F),
T : Dcohg,, (S, x1, W) — Dcohg,, (AY, x4, W + F),

and there is a semi-orthogonal decomposition
DCOth (Aga Xd» W+ F) = <T07 ey TN*d+17 \II(DCOth <X7 X1, W))>7
where Y; denotes the essential image of the composition (—) ® O(x;) o Y.

Since we have an equivalence
DP(cohX) = Dcohg,, (X, x1,0),

where the G,,-action on X is trivial, we can view Orlov’s theorem as the case when S = Speck
and W = 0 in the above theorem.

1.3 Notation and conventions

e For an integer n € Z, we denote by x,, : G,,, > G,, the character of the one-dimensional
algebraic torus G,, defined by

Xn(t) :=t".

e For a character y : G — G,, of an algebraic group G, we denote by O(x) the G-equivariant
invertible sheaf (Ox,\ : 7*Ox = ¢*Oy) associated to y, where 7 : G x X — X and
0:G x X — X are the projection and the morphism defining the G-action, respectively.
For any g € G, A\g == Algyxx : Ox 5 ¢*Ox is given as the composition

OX X(g) OX :) g*oX

of the multiplication by x(g) € G,, and the natural isomorphism Oy = ¢*Ox.
For a G-equivariant quasi-coherent sheaf F' on a G-scheme, we set

F(x) == F@O(x).

e Throughout this article, unless stated otherwise, all schemes and categories are over an
algebraically closed field k of characteristic zero.
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2. Derived factorization categories

In this section, we provide the definition of the derived factorization category, which is introduced
by Positselski (cf. [Posl1, EP15]), and its basic properties.

2.1 Derived factorization categories

DEFINITION 2.1. A gauged LG model is data (X,x, W)¢ with X a scheme, x : G — G,, a
character of G, G an affine algebraic group acting on X, and W : X — A! a y-semi-invariant
regular function, i.e. W(g-z) = x(9)W (z) for any g € G and any = € X. If G is trivial, we denote
the gauged LG model by (X, W), and call it an LG model.

For a gauged LG model, we consider its factorizations which are ‘twisted’ complexes.

DEFINITION 2.2. Let (X, x, W)% be a gauged LG model. A factorization F of (X,x, W)% is a
sequence

of of
F = (F1 —> FO —> Fl(X)),

where F; is a G-equivariant quasi-coherent sheaf on X and (pf is a G-invariant homomorphism
for i = 0,1 such that ¢ o " = W -idp, and ¢f (x) o}’ = W -idg,. Equivariant quasi-coherent
sheaves Fjy and F} in the above sequence are called components of the factorization F'.

DEFINITION 2.3. For a gauged LG model (X,x, W), we define a differential graded (dg)

category
QCOhG(Xa X5 W)

whose objects are factorizations of (X, x, W)%, and whose complexes of morphisms are defined as
follows: for two objects E, F' € Qcoh (X, x, W), we define the complex Hom(E, F')® of morphisms
from F to F as the following graded vector space

Hom(E, F)® := @ Hom(E, F)"
nez

with a differential d* : Hom(E, F)* — Hom(E, F)"*! given by
d(f) = o f = (=1)'f 0"
where

Hom(E, F)*™ := Hom(Ey, F1(x™)) ® Hom(Eo, Fo(x™)),
Hom(E, F)*™ ™ .= Hom(E1, Fo(x™)) ® Hom(Eo, Fi(x™™)).

We define dg full subcategories cohg(X,x, W), Injo(X,x,W), LFrq(X,x, W), and
Ifrq (X, x,W) of Qcohg(X,x, W) whose objects are factorizations whose components are
coherent, injective quasi-coherent, locally free, and locally free of finite ranks, respectively. If G
is trivial, dropping G and x from each notation, we denote the dg categories by Qcoh(X, W),
coh(X, W), etc.

The dg category Qcohg (X, x, W) induces two categories
ZO(QCOhG(X7X7 W)) and HO(QCOhG(X7X7 W))
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Objects of these categories are same as objects of Qcohq (X, x, W), and sets of morphisms are
defined as

Hom 70 (qeon, (x,)) (E; F) := Z°(Hom(E, F)*) = Ker(d"),

Hom 170 (eony, (x 1)) (B F) := H°(Hom(E, F)*) = Ker(d") /Im(d ).

Remark 2.4. We can write down the above sets of morphisms as follows: Hom zo(qcon, (x,x,w)) (&
F) is the set of pairs (f1, fo) such that f; € Homqeon,x (Ei, F;) and that the following diagram
is commutative.

¥ oF
E1 ! EQ 0 E1 (X)
f1l lfo iﬁ(x)
oF oF
F1 ! F() 0 F1 (X)

The set of morphisms in the category H°(Qcohy (X, x, W)) can be described as the set of
homotopy equivalence (denoted by ~) classes in Hom zo(qeong (x,x,w)) (£, F);

Hom (0 (Qeoh (x,x,w)) (£ F) = Hom zo(qeon (x,x,w)) (£ )/ ~,

where two morphisms f = (f1, fo) and g = (g1, g0) in Homzo(qeon,, (x,x,w)) (E, F) are homotopy
equivalent if there exist two morphisms

ho : EO — Fl and hl : El(X) — FD
such that fo = @1 ho + hagf and fi(x) = ¢f 1 + ho ()¢t (X)-
We easily see the following result (cf. [Hirl7, Proposition 3.5]).

PROPOSITION 2.5. The categories Z°(Qcohg (X, x, W)) and Z°(cohg (X, x, W)) are abelian, and
the categories Z°(LFrg(X,x, W)) and Z°(frg(X, x, W)) are exact.

We next define the totalizations of bounded complexes of factorizations.

DEFINITION 2.6. Let F® = (--- — F" LIy S --+) be a bounded complex of Z°(Qcohg (X,
X, W)). For [ = 0,1, set
Tii= @ FKIP,
itj=—1
and let

tllﬂ—)Tm

be a G-invariant homomorphism given by

il pirar) = SEOIT) 4 (—1)ipl (x[1721),

where 7 is n modulo 2, and [m] is the minimum integer which is greater than or equal to a real
number m. We define the totalization Tot(F*) € Z°(Qcohq (X, x, W)) of F* as

Tot(F*) := (Ty N T1(x))-
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In what follows, we will recall that the category H®(Qcohs (X, x, W)) has a structure of a
triangulated category.

DEFINITION 2.7. We define an automorphism 7" on H°(Qcohy (X, x, W)), which is called the
shift functor, as follows. For an object F' € H°(Qcohy (X, x, W)), we define an object T(F) as

-0 (%)

T(F) = (Fo —%% Fi(x) Fa(x))

and for a morphism f = (f1, fo) € Hom(E, F), we set T'(f) := (fo, f1(x)) € Hom(T(E),T(F)).
For any integer n € Z, denote by (—)[n] the functor 7" (—).

DEFINITION 2.8. Let f: E — F be a morphism in Z°(Qcohg (X, x, W)). We define its mapping
cone Cone(f) to be the totalization of the complex

(-5 0ELFS05 )

with F'in degree zero.
A distinguished triangle is a sequence in H°(Qcohs(X,x, W)) which is isomorphic to a
sequence of the form

EL F 5 Cone(f) B EL,

where ¢ and p are natural injection and projection, respectively.
The following is well known.

PROPOSITION 2.9. We denote by H®(Qcohy(X,x,W)) a triangulated category with respect
to its shift functor and its distinguished triangles defined above. Full subcategories
HO(COhG(X7X7W))7 HO(Ian(X7X7W))7 HO(LFTG(X7X7W))7 and Ho(ler(X7X7W)) are full
triangulated subcategories.

Following Positselski [Pos11, EP15], we define derived factorization categories.

DEFINITION 2.10. Denote by Acycl(cohg(X,x,W)) the smallest thick subcategory of
H°(cohg (X, x, W)) containing all totalizations of short exact sequences in Z"(cohg(X, x, W)).
We define the derived factorization category of (X, x, W)G as the Verdier quotient

Dcohg (X, x, W) := H%(cohg (X, x, W))/Acycl(cohg (X, x, W)).

Similarly, consider thick full subcategories Acycl(Qcohq (X, x, W)), Acycl(LFrg(X, x, W))
and Acycl(lfrg(X, x, W)) of H%(Qcohs (X, x, W)), H*(LFrg(X,x, W)), and HO(Ifrg(X, x, W))
respectively, and denote the corresponding Verdier quotients by

DQeohg(X, x, W) := H%(Qcohg(X, x, W))/Acycl(Qeohg (X, x, W),
DLFrg (X, x, W) := H(LFrq(X, x, W))/Acycl(LFra (X, x, W)),
Dlfrq(X, x, W) := H(Ifrg(X, x, W)) /Acycl(ifrg (X, x, W)).

Objects in Acycl(Qcohg (X, x, W)) are called acyclic.

Denote by Acycl®(Qcohq (X, x, W)) (respectively Acycl®(LFrg(X, x, W))) the smallest thick
subcategory of the triangulated category H®(Qcohq(X,x, W)) (respectively H(LFrg(X,x, W)))
which is closed under taking small direct sums and contain all totalizations of short exact
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sequences in Z°(Qcohs(X,x, W)) (respectively Z°(LFrg(X,x,W))). Denote the Verdier
quotients by

DCOQCOhG’(Xa X W) = HO(QCOhG(X7 X W))/ACyClCO(QCOhG’(Xa X W))7
DLFrg(X, x, W) := H*(LFrg(X, x, W))/Acycl®(LFrg(X, x, W)).

Objects in Acycl®(Qcohg (X, x, W)) are called coacyclic.
If G is trivial, we drop G and x from the above notation, and denote each triangulated
category by Dcoh(X, W), DQcoh® (X, W), etc.

Remark 2.11. If X is a regular Noetherian scheme of finite Krull dimension, then
Acycl(Qcohg (X, x, W)) is cocomplete, i.e. admits arbitrary direct sums (cf. [LS16, Corollary
2.23]). Hence, in that case, we have

DCOQCOhG’(Xa X W) = DQCOhG (Xa X W)

The following lemmas ensure the existence of derived functors between derived factorization
categories.

LEMMA 2.12. Assume that the scheme X is Noetherian. The natural functor
H°(Injg (X, x, W)) = DPQeohg (X, x, W)
is an equivalence.

Proof. Since the abelian category Qcohs X of G-equivariant quasi-coherent sheaves is a locally
Noetherian Grothendieck category, it has enough injective objects, and coproducts of injective
objects are injective. Hence, the result follows from [BDFIK16, Cororally 2.25]. O

LEMMA 2.13 [BFK14, Proposition 3.14]. Assume that X is a smooth variety. Then the natural
functor
DLFrg (X, x, W) — DQcohq (X, x, W)

is an equivalence. This equivalence induces an equivalence

Dlfrg(X, x, W) — Dcohg (X, x, W).

2.2 Derived categories and derived factorization categories
In this section, we recall that derived factorization categories are generalizations of bounded
derived categories of coherent sheaves on schemes.

Consider trivial G,,-action on a scheme X and an exact functor between abelian categories

T : Ch(QeohX) — Z°(Qeohg (X, x1,0))
given by
° e i— @dm_l(x—i) i ®d2(x—i) i—
1 ) = (P ) S @) S B )
1€EZ 1€EZ 1€EZ

Then it is easy to see that the exact functor Y is an equivalence, and it induces an equivalence
between triangulated categories:

T : K(QcohX) — HO(Qcthm(X, X1,0)).

Since the triangulated equivalence preserves coacyclic objects, we obtain the following.

979

https://doi.org/10.1112/50010437X16008344 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008344

Y. HIRANO

PROPOSITION 2.14. There is an equivalence
T : D°(QecohX) = D Qcohg, (X, x1,0),
which induces an equivalence between full subcategories

T : DP(cohX) 5 Deohg,, (X, x1,0).

m

Remark 2.15. See [Pos12, Appendix A] for the definition and basic properties of coderived
categories. By [Pos12, Theorem 5.9.1(b)], if X is Noetherian, the thick subcategory DP(cohX) of
D (QcohX) is the full subcategory of compact objects. However, when X is a singular variety,
there is an object in DP(cohX) which is not compact in the usual derived category D(QcohX).
This is a remarkable difference between the usual derived category and the coderived category.
On the other hand, if X is a smooth variety, these two kinds of derived categories are equivalent
(see the argument in the proof of [Pos12, Theorem 5.5.1(c)]).

2.3 Derived functors between derived factorization categories
We quickly review derived functors between derived factorization categories. See, for
example, [LS16, BFK14] or [Hirl7] for more details.

2.3.1 Direct images and inverse images. Let X and Y be Noetherian schemes, and let G be
an affine algebraic group acting on X and Y. Let f: X — Y be a G-equivariant morphism, and
choose a y-semi-invariant function W :Y — Al

The morphism f naturally induces a dg functor

fv : Qeohg (X, x, W) — Qeohg(Y, x, W)
defined by

foF = (fu(F) fo(F) T 1 () ().

By Lemma 2.12, we can derive the dg functor f. to obtain an exact functor

fe(0f)
-5

Rf. : D°°Qcohq(X, x, f*W) — D“Qcohqs(Y, x, W).
If f is a proper morphism, it preserves factorizations whose components are coherent sheaves:
Rf, : Dcohg (X, x, f*W) — Dcohg (Y, x, W).
The morphism f also induces another dg functor
f* : Qeohg(Y; X, W) — Qeohg(X, x, /W),
defined by

FE = (1 (B T () F(ED ().

If Y is a smooth variety, by Lemma 2.13, we have the derived functor of f*

1 (e8)
AERLL LN

Lf*: DQcohg (Y, x, W) — D®Qcohg (X, x, f*W).
This functor maps coherent factorizations to coherent factorizations:
Lf* : Dcohg (Y, x, W) — Dcoha(X, x, f*W).

It is standard that the direct image R f, and the inverse image Lf* are adjoint.
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Remark 2.16. If f is an affine morphism, we do not need to take the derived functor, and the
dg functor f, naturally defines an exact functor
fx : D°Qeohg (X, x, [*W) — D°Qcohq (Y, x, W).

Similarly, if f is a flat morphism, we do not have to assume that Y is a smooth variety and take
the derived functor, and the dg functor f* naturally defines an exact functor

f7: D®Qeohg(Y, x, W) — D®Qeohg (X, x, f*W).

2.3.2 Tensor products. Let (X, x, W)G be a gauged LG model, and let V : X — Al be
another y-semi-invariant regular function. Fix an object F' € Qcohs (X, x, V). We define a dg
functor

(=) ® F : Qeohg (X, x, W) = Qecohg (X, x, W + V)
given by
ey ®F N0
EQF = (@ (B ® Ey) —— @ EE)X) —— DE Em)(x)),
i=0,1 i=0,1 i=0,1

where 7 is n modulo 2, and
PEOF pr @l 1Q¢f
: -10¢) ¢yl

SEEF — (9053 ®l —(1© wf)(x)) .
0 1®ey (e @1)(Kx)
By Lemma 2.13, if X is a smooth variety, we have the derived functor

(=) @Y F : DQcohg(X, x, W) — DQcohg (X, x, W + V).
If F' is a coherent factorization, this functor preserves coherent factorizations:
(=) @Y F : Deohg (X, x, W) — Deohg (X, x, W + V).
Consider a natural exact functor between abelian categories
7 : Qeohg(X) = Z°(Qeohy (X, x, 0))

and

defined by
7(F):= (0 - F — 0).

Then we denote by X the following composition of functors
5 : DP(Qeoh X) = DP(Z2°(Qeohg (X, v, 0))) —2 DQeohy (X, X, 0).
For a complex F* € DP(QcohX), we define the tensor product
(—) ®" F* : DQcohg (X, x, W) — DQcohg (X, x, W)
by the following
(—) &% F* = (-) @~ B(F*).

Remark 2.17. If the components of F' are flat sheaves, we do not have to assume that X is a
smooth variety and take the derived functor, and the dg functor (—)® F' induces an exact functor

(—) ® F : D®°Qcohg (X, x, W) — D°Qcohq (X, x, W + V).
Furthermore, if F' is a coherent factorization, the tensor product preserves coherent factorizations:

(—) ® F : Dcohg (X, x, W) — Dcohg (X, x, W + V).
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2.3.3 Integral functors. We define integral functors between derived factorization categories.
For simplicity, we consider the case when G is trivial. Let X; and X2 be Gorenstein quasi-
projective schemes, and let W; : X; — Al be a regular function. We denote the projection by
m;: X1 X X9 — X, for each i =1, 2.

In order to define integral functors, we need the following lemma.

LEMMA 2.18 [EP15, Corollaries 2.3.e and 2.4.a]. Let (X, W) be a LG model. Assume that the
scheme X is a Gorenstein separated scheme of finite Krull dimension with an ample line bundle.
Then the functor

DLFr(X, W) — D*“Qcoh(X, W)

induced by the embedding of dg functor LFr(X, W) — Qcoh(X, W) is an equivalence.

Now we define integral functors. Let P € D°Qcoh(X; x Xo, m3W — 77 W) be an object. Since
X1 and X, are Gorenstein, so is X1 x X5 (cf. [TY03]). By the above lemma, we have the derived
tensor product

(=) @Y P : D®°Qcoh(X; x Xy, i W) — D®Qcoh(X; x Xo, m3W).

DEFINITION 2.19. For an object P € D®°Qcoh(X; x Xo, msW — wjW), we define the integral
functor with respect to P, denoted by ®p, as the following functor

Rio. (75 (—) @ P) : D°°Qcoh (X1, W) — D®Qcoh(Xy, Wa).
We call the object P the kernel of the integral functor ®p.

In the following, we recall that the composition of integral functors is also an integral functor.
Let X3 be another Gorenstein quasi-projective scheme, and let W3 : X3 — Al be a regular
function. Consider the following diagram

X1><X2

13 23

where all morphisms are projections. For two objects

P € D°Qcoh (X x Xo, m5 Wy — ] W1),
Q € D*°Qcoh (X3 x X3, p5 W3 — p5Wa),

we define another object

P % Q := Rz, (155 P @Y 13,Q) € D°Qcoh (X x X3, g3 W3 — ¢iWh).
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PropoSITION 2.20. The notation is the same as above. The composition of integral functors

[
DPQcoh (X1, W1) =& DQeoh(Xa, Wa) —> D®Qcoh(X3, W)

is isomorphic to the following integral functor

Pp,
D°Qcoh (X7, Wi) —2 D®Qcoh (X3, Ws).

Proof. The result follows from the projection formula and base change formula for derived
factorization categories. O

2.4 Support properties of factorizations
Following [EP15, §1.10], we consider set-theoretic supports of factorizations. In this section, X
is a Noetherian scheme.

DEFINITION 2.21. Let (X, x, W)® be a gauged LG model, and let Z C X be a G-invariant closed
subset of X. We say that a factorization F' € Qcohg (X, x, W) is set-theoretically supported on
Z if the supports Supp(F;) of components of F' are contained in Z.

Denote by
QCOhG (X7 X W)Z

the dg subcategory of Qcohg (X, x, W) consisting of factorizations set-theoretically supported
on Z. H°(Qcohg (X, x, W)z) is a full triangulated subcategory of HY(Qcohg (X, x, W)). Denote
by Acycl®(Qcohg (X, x, W)z) the smallest thick subcategory of H(Qcohg (X, x, W)z) which
is closed under small direct sums and contains all totalizations of short exact sequences in
Z%(Qeohg (X, x, W)z). Set

D®Qcohg (X, x, W)z := HO(Qcth(X, X, W)z)/Acycl®(Qcohg (X, x, W)z).
Similarly, denote by
COhG(Xa X5 W)Z and In.jG(X7X? W)Z

the dg subcategory of cohg (X, x, W) and Inj, (X, x, W), respectively, consisting of factorizations
set-theoretically supported on Z. Let Acycl(cohg (X, x, W)z) be the smallest thick subcategory of
H(cohg(X, x, W)z) containing all totalizations of short exact sequences in Z°(cohg(X, x, W)z),
and consider the Verdier quotient

Dcohg(X, x, W)z := H(cohg(X, x, W)z)/Acycl(cohg (X, x, W)z).
LEMMA 2.22. Let A € Acycl®(Qcohg (X, x, W)z) and I € H(Inj(X,x, W)z). Then we have
Hom 70 (qeoh (X x,w) 2) (A, 1) = 0.
Proof. Since arbitrary direct sums of short exact sequences are exact and the totalization functor
commutes with arbitrary direct sums, it is enough to show that for a short exact sequence

A®:0— Al - A% - A3 - 0in Z°%(Qcohy (X, x, W)z), we have Hom p0(qeoh, (x,x,w) z) (TOt (A®),
I) = 0. This follows from a similar argument as in the proof of [L.S16, Lemma 2.13]. O
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By the above lemma, we see that every morphism from Acycl®(Qcohq (X, x,W)z) to
Inj(X, x, W)z factors through the zero object in HY(Qcohy (X, x, W)z). Hence, by [LS16,
Proposition B.2], we have the following lemma.

LEMMA 2.23. Let F € H°(Qcohg(X,x,W)z) and I € H(Inj(X,x,W)z). Then the natural
map

HomHo(Qcth(X,x7W)Z) (Fu I) :> HomDCOQCOhG(X,X,W)Z (Fu I)

is an isomorphism.
Furthermore, we have the following result.
LEMMA 2.24. The natural functor
H(Injo(X, x,W)z) = D®Qcohs (X, x, W)z
is an equivalence.
Proof. This follows from [BDFIK16, Cororally 2.25]. O
The following two propositions are G-equivariant versions of results in [EP15, §1.10].

ProprosITION 2.25 (Cf. [EP15, Proposition 1.10]). (1) The natural functor
DCOhG(Xa X5 W)Z g DCOQCOhG(X7 X5 W)Z

is fully faithful, and its image is a set of compact generators.
(2) The natural functor

tz : D®°Qcohg (X, x, W)z — D“Qcohg (X, x, W)

induced by the embedding of dg categories vz : Qcohg (X, x, W)z — Qcohq (X, x, W) is fully
faithful.
(3) The functor
tz : Deohg(X, x, W)z — Dcohg(X, x, W)

induced by the embedding of dg categories 1z : cohg(X, x, W)z — cohg(X, x, W) is fully faithful.

Proof. (1) Tt is enough to prove that any morphism F — A in H°(Qcohy(X,x,W)z) from
F € H%cohg(X,x,W)z) to A € Acycl®(Qcohs (X, x, W)z) factors through some object in
Acycl(cohg(X, x, W)z). This follows from a similar argument as in the proof of [LS16, Lemma
2.15].

We show that Dcohg (X, x, W)z generates D°Qcoh (X, x, W)z by using a similar discussion
in the proof of [Posl1l, Theorem 3.11.2]. By Lemmas 2.23 and 2.24, it is enough to show that for
an object I € H(Inj(X,x, W)z) if

Hom g0(qeon g (x,x,w) ) (F> I) = 0

for any F' € cohg(X,x, W)z, then id; : I — I is homotopic to zero. Consider the partially
ordered set of pairs (M, h), where M C I is a subfactorization of I and h : M — I is a contracting
homotopy of the embedding i : M — I, i.e. d(h) = i. By Zorn’s lemma, the partially ordered
set contains a maximal element. Hence, it suffices to show that given (M, h) with M # I, there
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exists (M', h') with M C M’ and h'|); = h. Take a subfactorization M’ C I such that M C M’
and M'/M € cohg(X,x,W)z. Since the components of I are injective sheaves, the morphism
h: M — I of degree —1 can be extended to a morphism h” : M’ — I. Denote by i : M — I
and ¢’ : M" — I the embeddings. Since the map ¢’ — d(h") is a closed degree-zero morphism and
vanishes on M, it induces a closed degree-zero morphism g : M'/M — I. By the assumption,
g is homotopic to zero, i.e. there exists a homotopy ¢ : M’'/M — I such that d(c) = g. Then
B =h'"+cop: M — Iis a contracting homotopy for i’ extending h, where p: M’ — M'/M is
the natural projection.

The compactness of objects in Dcohg (X, x, W)z follows from Lemmas 2.23 and 2.24. Parts
(2) and (3) follows from Lemma 2.24 and part (1). O

ProprosITION 2.26 (Cf. [EP15, Theorem 1.10]). Let U := X\Z be the complement of Z C X,
and let j : U — X be the open immersion.

(1) The restriction
J* : DQcohg (X, x, W) — D“°Qcohq (U, x, W)

is the Verdier localization by the thick subcategory D°Qcohq (X, x, W)z.
(2) The restriction

j* : DCOhG(Xv X5 W) - DCOhG(Uv X’W|U)

is the Verdier localization by the triangulated subcategory Dcohg (X, x, W)z. The kernel of j*
is the thick envelope of Dcohg (X, x, W)z in Dcohg (X, x, W).

Proof. We can prove this by a standard discussion as in the proof of [EP15, Theorem 1.10].

(1) Since j7* has a right adjoint Ry, : D°°Qcohq (U, x, W) — D“Qcohq (X, x, W) which is
fully faithful, we see that j* is the Verdier (Bousfield) localization by its kernel which is generated
by cones of adjunctions F' — Ryj.j*F for any F' € D°Qcohg (X, x, W).

We show that Ker(j*) = D“°Qcohq (X, x, W)z. Since the inclusion D®°Qcohg (X, x, W)z C
Ker(j*) is trivial, it is enough to show that the cone of the adjunction F' — Ryj,j*F, for any
F € D®°Qcohg (X, x, W), is contained in D*°Qcohq (X, x, W)z. By Lemma 2.12, we may take F
as an factorization whose components are injective quasi-coherent sheaves. Then the adjunction
comes from a closed morphism F — j,j*F in Z°(Qcohg (X, x, W)). Since its kernel and cokernel
are objects in Qcohg (X, x, W)z, so is the cone of the adjunction by an equivariant version
of [LS16, Lemma 2.7.c].

(2) By Proposition 2.25(1) and [Nee92|, we have a fully faithful functor

Dcohg (X, x, W)/Dcohg(X, x, W)z —> Dcohg (U, x, Wlv),

where (—) denotes the idempotent completion of (—). Since every morphism D — FE from
D € Dcohg (X, x, W) to E € Dcohg (X, x, W)z factors through an object in Deohg (X, x, W)z,
the natural functor

Dcohg (X, x, W)/Decohg (X, x, W)z — Dcohg (X, x, W)/Dcohg (X, x, W)z

is fully faithful. Hence, we see that the natural functor
Dcohg (X, x, W) /Dcohg (X, x, W)z — Dcohg (U, x, W|r)

is also fully faithful. This functor is essentially surjective since for every G-equivariant coherent
F € cohgU there exists a G-equivariant coherent sheaf F' € cohgX such that j*F = I and the
coherent sheaves generate Dcohg (U, x, W|y) by [BDFIK16, Corollary 2.29]. O

985

https://doi.org/10.1112/50010437X16008344 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008344

Y. HIRANO

2.5 Koszul factorizations
Let (X, x, W)% be a gauged LG model such that X is a smooth variety. Let £ be a G-equivariant
locally free sheaf on X of rank r, and let

s:€&—>0Ox and t:0x — &(x)

be morphisms in cohgX such that tos =W -idg and s(x) ot = W. Let Z; C X be the zero
scheme of the section s € T'(X,EY)%. We say that s is regular if the codimension of Z, in X
equals the rank 7.

DEFINITION 2.27. We define an object K(s,t) € lfrg(X, x, W) as

K(s,t) = (K1 2 Ko 2% Ki(y))

where
[r/2]-1 2n+1 [r/2] ,2n
K= @ (Ae)on ko=@ (A
n=0 n=0
and

ki=tAN (=)@ sV (-).
The following property will be necessary in §4.1.
LEMMA 2.28 [BFK14, Lemma 3.21 and Proposition 3.20]. (1) have a natural isomorphism
K(s,t)Y = K(tY,sY).

(2) If s is regular, we have natural isomorphisms in Dcohg (X, x, W),

Oz, 2 K(s,t) and Oz & \&E'(x -1 = K(s,1)",
where Oz, := (0 - Oz, — 0) and \" €Y (x 1)[~r] is a complex in cohgX.

2.6 Restriction and induction functors
We construct restriction and induction functors. Let G be an affine algebraic group acting on a
scheme X. Let G x! X and G x? X be schemes G x X with different G-actions which are defined

as follows:
GxGx'X — Gx'X
w W
(9,9 ,2) + (99’ 2)
and

GxGx?X — Gx?X
w w

(9.9 %) +—> (99, 92).
Let ¢t : X — GG x X be a morphism defined by

Xsz+— (1g,2) € G x X.
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We define an exact functor ¢* : Qcohgs (G x! X) — QcohX as

Qcohys (G x! X) — QcohX
w w
(F,0) —  fF.

Since G x! X is a principal G-bundle over X, the above functor ¢* is an equivalence.
The following morphisms
p:Gx'X — Gx¢4X
w w
(g,2)  — (g,92)

and
7Gx X — X
W W

(g,x) +— x

are G-equivariant. The G-action o : G x X — X on X is the composition 7 o ¢. Since the
morphism ¢ is an isomorphism, the following functors are equivalences:

©* : Qcohg (G x4 X) 5 Qeoh (G x! X),
©. : Qeoh (G x! X) 5 Qeohg (G x X).

Since the morphism 7 is flat and affine, the following functors are exact:

7* : Qeohg(X) — Qeohg (G x? X),
e : Qeohg (G x4 X) — Qcohg(X).

DEFINITION 2.29. We define the restriction functor Resg : Qcohg X — QcohX and the induction
functor Indg : QcohX — Qcohy X as

Resg :=t*oo* and Indg:=o, 0 (L5)7 L

Remark 2.30. (1) The restriction functor Resg : Qcohy X — QcohX is isomorphic to the
forgetful functor, i.e. Resg(F,0) = F.

(2) Although the functor Ress sends equivariant coherent sheaves to coherent sheaves for
arbitrary group G, the functor Indg does not preserve coherent sheaves if G is not a finite group.

Since ¢* is an equivalence, the adjoint pair ¢* - o, induces the adjoint pair

Resg - Indg.

For a y-semi-invariant regular function W : X — Al  the restriction functor Resg :
Qcoh; X — QcohX and the induction functor Indg : QcohX — Qcohs X induce dg functors
between factorization categories, which we denote by the same notation:

Resg : Qeohg (X, x, W) — Qcoh(X, W),
Indg : Qeoh(X, W) — Qcohg (X, x, W).

These functors are also adjoint to each other:

Resg 7 Indg.
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Since the restriction and the induction functors are exact, we obtain the following induced
functors between bounded derived categories

Resg : D?(Qcoh X) — DP(QeohX),
Indg : DP(QeohX) — DP(Qcohs X)
and the functors between coderived factorization categories
Resg : D°Qcohg (X, x, W) — D*°Qcoh(X, W),
Indg : D°Qcoh(X, W) — DQcohqs (X, x, W).

The adjunction of the restriction and the induction functors between Qcoh,X and QcohX
induces the adjunction of the above induced functors between triangulated categories:

Resg 1 Indg.

We recall the definition of (linearly) reductiveness of algebraic groups.
DEFINITION 2.31. Let H be an affine algebraic group over a field K:

(1) H is called reductive if the radical of H is a torus;

(2) H is called linearly reductive if every rational representations of H over K is completely
reducible.

The following says that the above two properties are equivalent if the characteristic of the
base field is zero.

PROPOSITION 2.32 [MFKO94, Appendix A]|. Let H be an affine algebraic group over a field K of
characteristic zero. Then H is reductive if and only if it is linearly reductive.

LEMMA 2.33. Assume that G is linearly reductive.

(1) The adjunction morphism

€ 1 idQeonyx — Indg o Resg
is a split mono, i.e. there exists a functor morphism 7 : Indg o Resg — idqeon,x such that
n oe = id. The adjunction morphism
1dQeoh (x,,w) = Indg o Resg

is also a split mono.

(2) The restriction functors

Resg : DP(Qcoh X) — DP(QeohX),
Resg : DQcohq (X, x, W) — D®Qcoh(X, W)

are faithful.
Proof. (1) This follows from the argument in the proof of [Hirl7, Lemma 4.56].

(2) We will prove that the upper functor Resg : D?(Qcoh;X) — DP(QcohX) is faithful;
the proof of the faithfulness of the lower functor is similar. The functor morphism 7 : Indg o

Resg — idqcon,, x constructed in part (1) naturally induces the functor morphism 7 : Indg oResg
— idpb(Qeon,x) Such that the composition with the adjunction morphism

idpb(Qeong, x) = Ide o Resg => idpb(Qeon, x)

is the identity. Hence, any morphism f in DP(QcohX) factors through Indg o Resg(f), and so
f=0if Res(f) = 0. O
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3. Relative singularity categories

Relative singularity categories are introduced in [EP15], and it is shown that derived factorization
categories (with some conditions on regular functions) are equivalent to relative singularity
categories. In this section, we recall the definition and properties of relative singularity categories.

3.1 Triangulated categories of relative singularities

Let X be a quasi-projective scheme, and let G be an affine algebraic group acting on X.
Throughout this section, we assume that X has a G-equivariant ample line bundle. If X is
normal, this condition is satisfied by [Tho87, Lemma 2.10]. The equivariant triangulated category
of singularities DF(X) of X is defined as the Verdier quotient of DP(cohgX) by the thick
subcategory Perfg(X) of equivariant perfect complexes. Following [Orl04], we consider a larger
category D*8(X) defined as the Verdier quotient of D”(Qcoh;X) by the thick subcategory
Lfrg(X) of complexes which is quasi-isomorphic to bounded complexes of equivariant locally
free sheaves (not necessarily of finite ranks). If G is trivial, we denote the singularity categories
by D8(X) or D*8(X).

We recall relative singularity categories following [EP15]. Let Z C X be a G-invariant closed
subscheme of X such that Oz has finite G-flat dimension as an Ox-module, i.e. the G-equivariant
sheaf Oz € cohg(X) has a finite resolution F'* — O of G-equivariant flat sheaves on X. Under
the assumption, we have the derived inverse image Li* : DP(Qcoh,X) — DP(Qcoh,Z) between
bounded derived categories for the closed immersion ¢ : Z — X. This functor preserves complexes
of coherent sheaves: Li* : DP(cohX) — DP(cohZ).

DEFINITION 3.1 [EP15, §2.1]. We define the following Verdier quotients

DE*®(Z/X) := DP(QcohyZ) /(Im(Li* : D*(QeohgX) — DP(Qeoh2)))®,
D¥(Z/X) := D’(cohgZ)/(Im(Li* : D"(cohgX) — DP(cohg2))),

where (—) (respectively (—)%) denotes the smallest thick subcategory containing objects in (—)
(respectively and closed under infinite direct sums which exist in DP(Qcoh;Z)). The quotient
category DSGg(Z /X) is called the equivariant triangulated category of singularities of Z relative
to X. If G is trivial, we denote the categories defined above by D¢ (Z/X) or D%(Z/X).

PROPOSITION 3.2. Assume that G is reductive. We have natural Verdier localizations by thick
subcategories

7 DI5(Z) — DI8(Z/X),
©:D¥(Z) > DE(2/X).

Proof. Tt is enough to show that Lfrg(Z) C (Im(Li* : DP(QcohsX) — DP(Qcoh;Z)))® and
Perfg(Z) C (Im(Li* : DP(cohgX) — DP(cohgZ))). These inclusions follow from the assumption
that X has a G-equivariant ample line bundle L. The proofs of the inclusions are similar, and
we prove the only former inclusion. It is enough to show that any G-equivariant locally free
sheaf ¥ on Z is a direct summand of a bounded complex whose terms are direct sums of
invertible sheaves of the form i*L®". By [Tho87, Lemma 1.4], there is a bounded above locally
free resolution E* = F whose terms are as above. For any n > 0, we have the following triangle
in DP(Qcoh2)
0°"E* - E— H "(0” "E®*)[n+1] - 0 "E°*[1],
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where 02~ denotes the brutal truncation. If we choose a sufficiently large n >> 0, we have
Home(QcthZ) (E, an(o,>ano) [n + 1]) =0

by [Orl04, Lemma 1.12], since the restriction functor Resg : DP(Qcohs;Z) — DP(QcohZ) is
faithful by Lemma 2.33(2). Hence, the above triangle splits, and E is a direct summand of the
complex o "E*. O

Remark 3.3. Note that, if X is regular, then the thick subcategory (Im(L:*)) C DP(cohgZ)
coincides with its thick subcategory Perfs(Z) of equivariant perfect complexes of Z. Hence,
the quotient category D% (Z/X) is the same as D (Z). Similarly, D™ (Z/X) is also same as
D¢ (Z) when X is regular.

The exact functors Resg : QcohgZ — QcohZ and Indg : QcohZ — QcohyZ, defined in
Definition 2.29, induce functors between relative singularity categories

Resg : DG 8(Z/X) — D8 (Z/X),
Indg : D*%(Z/X) — D5(Z/X).

We need the following lemma in the proof of the main result.
LEMMA 3.4. Assume that G is reductive. Then the restriction functor
Resg : DG (Z/X) — D% (Z/X)
is faithful.
Proof. This follows from a similar argument as in the proof of Lemma 2.33(2). O

3.2 Direct images and inverse images in relative singularity categories

Let X7 and X5 be quasi-projective schemes with actions of an affine algebraic group G. Assume
that X7 and X9 have G-equivariant ample line bundles. Let f : X9 — X7 be a G-equivariant
morphism. Let Z; be a G-invariant closed subscheme of X; such that Oz has finite G-flat
dimension as a Ox,-module, and let Zs be the fiber product Z; xx, X2. Denote by f the
restriction f |z, : Z2 — Zy of f to Z5. We assume that the cartesian square

7y ! 7
X, T x

is ezact in the sense of [Kuz06]. Then, Oz, also has finite G-flat dimension as a Ox,-module.
Furthermore, we assume that f has finite G-flat dimension, i.e. the derived inverse image Lf* :
D~ (Qcoh; X1) — D™ (Qcoh; X2) maps DP(Qcoh X1) to DP(Qcoh X2). Then f also has finite
G-flat dimension.

In the above setting, the derived inverse image Lf* : D?(QcohZ1) — DP(Qcoh(; Z5) induces
exact functors

fo: Dgfsg(Zl/Xl) — Dg)sg(ZQ/XQ),
fo : Dng(Zl/Xl) —> DSGg(ZQ/XQ),
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and the derived direct image R f, : D?(Qcoh;Z2) — DP(Qcoh Z;) induces a right adjoint functor
Of fo : Dg)Sg(Zl/Xl) —> DCG(’)Sg(ZQ/Xg)

fo : DZ?Sg(ZQ/XQ) —> Dg)Sg(Zl/Xl).

If f is a proper morphism, the direct image R f, : D?(cohgZs) — DP(cohgZ;) between bounded
complexes of coherent sheaves induces a right adjoint functor

fo : DSGg(ZQ/XQ) — DSGg(Zl/Xl)

of f°:DE(Z1/X1) = DG (Z2/Xz).

Let X be a quasi-projective scheme with an action of an affine algebraic group G, and let
U C X be a G-invariant open subscheme. Let Z C X be a G-invariant closed subscheme such
that Oz has finite G-flat dimension, and consider the fiber product Uz := Z x x U. Denote by
[:U — X and | : Uy — Z the open immersions. Then we have the following exact cartesian
square.

LEMMA 3.5. The inverse image
I°:DE™(Z/X) - DE™*(Uz/U)
is a Verdier localization by the kernel of [°.

Proof. The direct image Rl, : D?(QcohUz) — DP(QcohZ) is fully faithful and right adjoint to
the inverse image [* : DP(QcohZ) — DP(QcohUz). By [Orl06, Lemma 1.1], the direct image
functor l, : DG™(Z/X) — D& (Uz/U) is fully faithful. Hence, {° admits a right adjoint functor
which is fully faithful, and this implies the result. O

3.3 Relative singularity categories and derived factorization categories

In this section, X and G are the same as in §3.1, and we assume that G is reductive. Let
x : G = G, be a character of G, and let W : X — A! be a y-semi-invariant regular
function. In this section, we assume that the corresponding G-invariant section W : Ox — O(x)
is injective. For example, if W is flat, this condition is satisfied. Denote by X, the fiber of
W over 0 € A', and let i : Xg — X be the closed immersion. We have an exact functor
7 : Qeoh; X — Z9%(Qeoh (X, x, W)) defined by

T(F) := (0 = i.(F) — 0).
We define a natural functor
T : DP(Qcohy Xg) — D°Qcohg (X, x, W)
as the composition of functors
D" (QcohgXo) > DP(Z°(Qeohg (X, x, W))) —=> D®Qeohg (X, x, W).

The functor Y annihilates the thick category (Im(Li*))® C DP(Qcohy;Xp), since its non-
equivariant functor Y : DP(QcohXy) — D%Qcoh(X,W) annihilates Resg((Im(Li*))®)
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(see [EP15, proofs of Theorems 2.7 and 2.8]) and the restriction functor Resg : D*°Qcohq (X, X,
W) — D®Qcoh(X, W) is faithful. Hence, it induces an exact functor

T : D& (Xo/X) — DQeohg (X, x, W).
Similarly, we have the following exact functor
T : DF(Xo/X) — Deohg (X, x, W),

and the following diagram is commutative,

D& (Xo/X) DQeohg (X, x, W)

| |

DSE(Xo/X) i Deohg (X, x, W)

where the vertical arrows are natural inclusion functors (which are fully faithful).

THEOREM 3.6 (Cf. [EP15, Theorems 2.7 and 2.8]). The functors
T : DS (Xo/X) — D®Qceohg (X, x, W),
T : DF(Xo/X) — Dcohg (X, x, W)

are equivalences.

In order to prove the above theorem, we need to construct the quasi-inverse of Y. We say
that a G-equivariant quasi-coherent sheaf ' € QcohyX is W-flat, if the morphism of sheaves
W :F — F ® L is injective. Denote by Flaty (X, x, W) the dg full subcategory of Qcohe (X, x, W)
consisting of factorizations whose components are W-flat. Then HO(Flat{y (X, x, W)) is a

full triangulated subcategory of H°(Qcohgs(X,x, W)). Denote by Acycl®(Flatly (X, x, W))
the smallest thick subcategory of HO(Flat{y (X,x,W)) containing all totalizations of short
exact sequences in the exact category Z°(Flatly (X, x, W)). Consider the corresponding Verdier
quotients

DFlaty (X, x, W) := H(Flat{y (X, x, W))/Acycl®(Flaty (X, x, W)).

The restriction functor Resg : Qcohg (X, x, W) — Qcoh(X, W) and the induction functor Indg :
Qcoh(X, W) — Qcohg (X, x, W) preserve factorizations whose components are W-flat sheaves
since Resg : Qcohp X — QcohX and Indg : QecohX — Qcoh, X are exact functors. Hence, the
restriction and the induction functors induce the following functors

Resg : DFlaty (X, x, W) — D®Flat" (X, W),
Indg : DFlat" (X, W) — D®Flaty (X, x, W),

and these functors are adjoint to each other:

Resg 1 Indg.

LEMMA 3.7. The natural functor
DFlat{y (X, x, W) — D®Qcohg (X, x, W)

is an equivalence.
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Proof. First, we prove that the functor is essentially surjective. Let F' € D°Qcohq (X, x, W) be
an object. Since X has a G-equivariant ample line bundle, there are G-equivariant locally free
sheaf F; and a surjective morphism p; : E; — F; in Qcohg X for each ¢ =0, 1. Let E € Qcohg (X,
X, W) be the factorization of the following form

WEBidEO idEl(x)®W

E:=(F®Ey—> Fi(x) @ Fy E1(x) @ Eo(x))-

Then p; and py define a natural surjective morphism p : E — F in Z°(Qcohg (X, x, W)). The
kernel K := Ker(p) of p is in Z° (Flat‘éV(X , X, W)) since the components of K are subsheaves of
W-flat sheaves. Hence, the totalization Tot(C*®) of the complex

c*:. .- . »0—-K—>FEF—-0—---

with the cohomological degree of E zero is in DCOFlatg (X, x, W), and we see that the natural
morphism Tot(C®) — F induced by p is an isomorphism in D®Qcohq (X, x, W).

To show the functor DCOFlatg] (X, x, W) — D®°Qcohgs(X, x, W) is fully faithful, it suffices
to prove that for any morphism f : F — F in H°(Qcohg (X, x, W)) with F € HO(Flat (X,
X, W)) and the cone of f in Acycl®(Qcohqs (X, x,W)), there exists a morphism g : F/ — E
with F/ € HO(Flat{y (X,x,W)) such that the cone of f o g is in Acycl®(Flat{y (X,x, W))
(see [LS16, Proposition B.2.(ff1)°P]). By the above argument in the previous paragraph, we
can find a morphism ¢ : F/ — E with F’ € H°(Flat¥ (X, x,W)) such that the cone of
g is in Acycl®(Qcohs (X, x, W)), and then the cone of f o g is in HO(Flat (X, x, W)) N
Acycl®(Qcohg (X, x, W)). Hence, it is enough to show that

HO(Flatdy (X, x, W)) N Acycl®®(Qcohg (X, x, W)) C Acycl®(Flatly (X, x, W)).

For this, let A € H(Flat¥ (X, x, W))NAcycl®(Qcohs (X, x, W)) be an object. We already know
that Resg(A) € Acycl®(Flat" (X, W)) by [EP15, Corollary 2.6(a)]. Note that the restriction
functor Resg : DFlatly (X, x, W) — D®Flat" (X, W) is faithful by a similar argument as in
the proof of Lemma 2.33(2). Hence, the fact that Resg(A) € Acycl®®(Flat" (X, W)) implies that
A € Acyc®(Flatly (X, x, W)). O
F F

For an object F = (F} RENG LN Fi(x)) € Z°Flaty (X, x,W)), define an object
E(F) € D§*8(Xo/X) by E(F) := Cok(¢l). It is easy to see that this defines the following
exact functor

= HO(Flatgy (X, x, W)) — DE™®(Xo/X).

If G is trivial, this exact functor annihilates Acycl®(Flat" (X, W)) by [EP15, Theorems 2.7 and
2.8]. Hence, since Resg : D™ (Xo/X) — D8(X/X) is faithful, we obtain the exact functor
= : DFlatyy (X, x, W) — DE*(Xo/X). By Lemma 3.7, we have the left derived functor of Z;

=
1]

2 : D®Qcohg(X, x, W) — D& (Xo/X).

Proof of Theorem 3.6. We will show that the functors T and L= are mutually inverse. Let F €
D Qcohgs (X, x, W) be an object. By Lemma 3.7 we may assume that E € DCOFlat‘éV(X, X, W).
Then

YLE(E) = YE(E) = (0 — Cok(pf) — 0),

and the surjective morphism Ey — Cok(¢F) induces the natural surjective morphism ¢ : £ —
YE(E) in Z°(Qcohy (X, x, W)). Since the kernel of ¢ is the factorization (E; = E; w, Ei(x))
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and it is isomorphic to the zero object in H°(Flat{y (X, x, W)), the morphism ¢ : F — YZ(E)
is an isomorphism in DQcohg (X, x, W). It is easy to see that the isomorphisms ¢(_ define an
isomorphism of functors

¢ : idDCOQCOhc(X,X,W) :> TLZ.

Let F € DG™(Xo/X) be an object. Then we may assume that F € QcohgXy. Take a
surjective morphism p : P — i, F' with P locally free. Set K := Ker(p) € Qcoh X and @ := (K N
P K(x)) € Qcohg(Xx, W), where i : K — P is the natural inclusion. Consider the natural
surjective morphism 7 : Q — (0 — i, F — 0) in Z°(Qcoh (X, x, W)). Then the kernel of 7 is the

factorization (K = K w, K (X)), and it is isomorphic to the zero object in H?(Qcohg (X, x, W)).
Hence, 7 is an isomorphism in D®Qcohq(X, x, W), and so we have a natural isomorphism
Y : LEY(F) > F in DE™(X/X) defined as the composition LEY (F) = EY(Q) = Cok(i) = F.
We need to show that the isomorphisms 1 _) are functorial in (—). Since the restriction functor
Resg is isomorphic to the forgetful functor Forg., we have a natural isomorphism of functors
o : ResgLEY 5 LEYResq defined by the composition

ResgLEY = Forg,LEY = L=YForg; — LEYResg,

and the following diagram is commutative.

Res
RescLEY(F) cr) Resc(F)
XA\ %SG(:)
L=YResq(F)

Hence, we see that the isomorphisms ¢(_ are functorial by the fact that the isomorphisms )
are functorial if G is trivial and that the functor Resq is faithful. This completes the proof of
the former equivalence.

The latter equivalence follows from [EP15, Remark 2.7], which is a generalized result of [EP15,
Theorem 2.7]. O

4. Derived Knorrer periodicity

Let X be a smooth quasi-projective variety, and let G be a reductive affine algebraic group
acting on X. Let £ be a G-equivariant locally free sheaf of rank r, and let s € I'(X,EV)% be a
G-invariant section of £Y. Denote by Z C X the zero scheme of s. We assume that s is regular,
i.e. the codimension of Z in X is r. Let

V(E(x)) := Spec(Sym(£(x)"))

be a vector bundle over X with the G-action induced by the equivariant structure of the locally
free sheaf £(x). Denote by V(£(x))|z the restriction of the vector bundle V(E(x)) to Z. Let
j:Z— X and i: V(E(x))|lz = V(E(x)) be the closed immersions, and let ¢ : V(E(x)) = X
and p : V(E(x))|z — Z be the projections. Now we have the following commutative diagram.

V(EX))|z —— V(E(X))

(R

A J X
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The invariant section s induces a y-semi-invariant regular function

Qs : V(E(x)) — AL

Let W : X — A! be a y-semi-invariant regular function on X. The function W induces x-
semi-invariant functions on Z, V(£(x)) and V(E(x))|z, which we denote by the same notation
W (by abuse of notation). Since the inverse image p* and the direct image i, are exact and
commutative with arbitrary direct sums as functors between categories of quasi-coherent sheaves,
these induce (underived) functors

p* : DCOQCOhG(Z7 X5 W) - DCOQCOhG(V(E(X))|Z’ X W)’
ix : D°Qcoh(V(E(X)) |z, x, W) — D°Qcoh(V(E(X)), x, W + Qs).

Restricting the composition i,p* : D®°Qcohq(Z, x, W) — D®°Qcohs(V(E(x)), x, W + Qs) to
Dcohg(Z, x, W), we obtain an exact functor

ixp” : Deoha(Z, x, W) — Deoha(V(E(X)), x; W + Qs)-

Shipman proved that the above functor i,p* is an equivalence when G = G, trivially acts
on X and W = 0 (see also [Isil3]).

THEOREM 4.1 [Shil2, Theorem 3.4]. The composition

Z*p* : DCOth (Z7X17 0) :> DCOth (V(E(Xl))a X1, QS)

is an equivalence.

The goal of this section is to show the following main result which is an analogy of the above
theorem.

THEOREM 4.2. Assume that W|z : Z — Al is flat. The functor

ixp* : Deohg(Z, x, W) — Dcohg(V(E(X)), x, W + Qs)

is an equivalence.

Remark 4.3. Let S be a smooth quasi-projective variety, and let G be an affine reductive group
acting on S. Let W : S — Al be a x := x1 + Y2-semi-invariant non-constant regular function
for some characters x; : G = Gy,. Let X := V(O(x1)) = S x AL be the G-vector bundle over
S, and let s € T'(X,O(x1))¢ be the section corresponding to the Yi-semi-invariant function
S x A}Cl — A! which is defined as the projection (s,z1) ~ 1. Then, S is isomorphic to the
zero scheme of s, and the G-vector bundle V(O(—x1)(x)) over X is isomorphic to the G-variety
S x A2 Lzz» Where the G-weights of z; are given by x;. By Theorem 4.2, we have the following
equivalence

Dcohg (S, x, W) ~ Dcohg(S x A?Elm, X, W+ x129).

This kind of equivalence is known as Kndrrer periodicity, so the above theorem is considered as
a generalization of the original Knorrer periodicity [Kn687, Theorem 3.1].

995

https://doi.org/10.1112/50010437X16008344 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008344

Y. HIRANO

4.1 Lemmas for the main theorem
In this section, we provide some lemmas for the main result. Throughout this section, we consider
the case when G is trivial.

Set

T
wj = /\(IZ/I%)v and w; = pwj,

where Ty is the ideal sheaf of Z in X. These are invertible sheaves on Z and V(&)|z, respectively.
We define an exact functor

it : D°Qcoh(V(E), W + Q) — D®Qcoh(V(E)|z, W)

as i'(—) := Li*(—) ® w;[—r]. By [EP15, Theorem 3.8], the above functor 4' is right adjoint to
ix : D°Qcoh(V(E)|z, W) — D*°Qcoh(V(E), W + Qs). Let

K = K(¢*s,t) € lfr(V(E), Qs)

be the Koszul factorization of ¢*s € T'(V(E), ¢*EY) and t e T'(V(E), ¢*E), where t is the tautological
section. By abuse of notation, we denote by Oz the object in coh(Z,0) of the following form

(0— 0z —0).
LEMMA 4.4. Consider the case when W = 0. We have isomorphisms
ip*(0z) 2 K and p.i'(K) = Oy
in Dcoh(V(E), Qs) and in D*°Qcoh(Z,0), respectively.

Proof. These isomorphisms follow from Lemma 2.28. In particular, the former isomorphism is an
immediate consequence. Note that w; = i* A" ¢*£Y. We obtain the latter isomorphism as follows:

psi' (K) = p,Li* <OZ ® /\q*EV[—""]> = p.Li*(KY) = pLi*(0z,) = Oz,

where the last isomorphism follows from the fact that the zero section Z C V(&) is isomorphic
to the fiber product of closed subschemes V(£)|z — V(&) and Z;v — V(E). O

LEmMMA 4.5. The functor
ixp* : D°Qcoh(Z, W) — D°Qcoh(V(E), W + Q)
is fully faithful.
Proof. The functors i,p* and p,i' can be represented as integral functors
D B0y, and padt = Oy ),

where k := p x i : V(£)|z — Z x V(E) and kernels Oy(gy, and w;[—r] are objects in
Dcoh(V(E)|z,0). By easy computation, we see that there exists an object P € D°Qcoh(Z,0) such
that p,i'oi,p* =2 ®a, p 2 (=)@ P, where A : Z — Z x Z is the diagonal embedding. Substituting
W =0, by Lemma 4.4, we have an isomorphism P =2 Oz. But P does not depend on the function
W. Hence, for any W, we have an isomorphism of functors p,i' o i,p* = ®a, p = idpeoqeon(z,w)-
By the following lemma, this implies that the functor i.p* : D°°Qcoh(Z, W) — D®“Qcoh(V (),
W + Q) is fully faithful. O
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The following lemma is an opposite version of [Joh02, Lemma 1.1.1].} We give a proof for
the reader’s convenience.

LEMMA 4.6 (Cf. [Joh02, Lemma 1.1.1]). Let F' : A — B be a functor between (arbitrary)
categories, and suppose that F' admits a right adjoint functor G : B — A. Then, if there exists
an isomorphism of functors a : id4 = GF (« is not necessarily the adjunction morphism), then
F is fully faithful.

Proof. The isomorphism « implies that the following composition of maps is bijective:
Hom(A, A') £ Hom(F(A), F(A") % Hom(GF(A), GF(A)).

Hence, it is enough to show that G is fully faithful on the image of F'. Since the above composition
is bijective, G is full on the image of F. Let ¢ : id4 — GF and § : FG — idg be the adjunction
morphisms. For any f € Hom(F(A), F(A")) we have

Opary o FG(f) o F(ea) = fodpayo Flea) = f,

where the first equation follows from the functoriality of § and the second equation follows from
the property of the adjunction morphisms. Hence, the following diagram is commutative

Hom(F(A), F(A")) Hom(F(A), F(A"))
Gl T(SF(A’)O(_)OF(EA)
Hom(GF(A),GF(A")) Hom(FGF(A), FGF(A"))

and hence G is faithful on the image of F. O

4.2 Proof of the main theorem

In this section, we prove the main theorem. Recall that G is a reductive affine algebraic group
acting on a smooth quasi-projective variety X. Since X is smooth, there is a G-equivariant ample
line bundle on X. In what follows, we assume that W|z : Z — Al is flat.

First, we consider relative singularity categories. Let Zy, V|z, and Vj be the fibers of W :
Z— AL W V(EWN)|z — Al and W+ Qs : V(E(x)) — Al over 0 € Al, respectively. Denote by
po : Vl]z, = Zo and ig : V|z, — Vj the restrictions of p and 4, respectively. By [Kuz06, Corollary
2.27], the following cartesian squares are exact.

Vlz, 2 Zo Vlz, 0 Vo
L ]
V(€)lz Z V(E)|z V(€)

Since p and ¢ have finite flat dimensions, we have exact functors of relative singularity categories

po” : DG (Z0/Z) — DG (Vz, /V(E)|2),
ino : DG (V2o / V()| 2) > D¥(Vo/V(€)) = D™ (Vo).

' would like to thank Timothy Logvinenko for informing me about this lemma.
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Then the following diagram is commutative.

DE™(Z0/2) D (V)

o 5

DQcohg(Z, W) ——F—= DQcohg(V(E(X)), W + Qs)

Furthermore, we compactify Vp and V'|z,. The compactifying technique appeared in [Orl06].
Let
P :=P(E(x) ® Ox) = Proj(Sym(£(x) ® Ox)")

be the projective space bundle over X with a G-action induced by the equivariant structure of
E(x) ® Ox. Then we have a natural equivariant open immersion

1:V(E(x)) — P.

Denote by I|z : V(E(x))|z — P|z the pull-back of [ by the closed immersion i : P|; — P. Now
we have the following cartesian square.

V(5(lX))|Z Pf
V(EX)) l P

Denote by G : P — X the natural projection, and let p := G|z : P|z — Z be the pull-back of g
by the closed immersion j : Z — X. Let Py be the G-invariant subscheme of P defined by the
G-invariant section s & W € T'(P,O(1)(x))% which is corresponding to the composition

g (seW)
-5

Op T(EBOK )Y > Op(1)(x),

where o is the canonical surjection, and let P|z, be the zero scheme defined by the invariant
section i (s ® W) € I'(P|z,O(1)(x))¢. Since the pull-back of s @ W (respectively i (s @ W))
by the open immersion [ (respectively [|z) is equal to W + Qs (respectively W), we have the
following exact cartesian square.

llz
V|Zo ° P|Zo
<
Vo o Py

Denote by pg : P|z, — Zo the pull-back of p: P|z — Z by the closed immersion Zy — Z. Since
the morphisms iy : P|z, — Py and pg : P|z, — Zo have finite Tor dimensions, the direct images
Rig, : D’(cohP|z,) — DP(cohP,) and Rpy, : DP(cohP|z,) — DP(cohZy) induce the following
exact functors (cf. [TT90, Proposition 2.7]),

100 DSGg(P‘ZO) — Dséf(Po),
Poo : DE(Plz,) — DE(Zo).
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Now we have the following commutative diagram

D& (Zo) 10070 DE(Py)

wl il(’o

D (Zo/Z) — 2P DE(Vh)

where the vertical arrow on the left-hand side is a Verdier localization by Proposition 3.2.

Remark 4.7. If Z is smooth, the above vertical arrows are equivalences. Indeed, in that case, the
singular locus Sing(F) is contained in V), whence [y° is an equivalence by a similar argument in
the proof of [Orl04, Proposition 1.14]. The equivalence of 7 follows from Remark 3.3.

Let %! : DP(cohgPy) — DP(cohgP|z,) be the functor defined by

i = Lig (=) ® \@/T%)[-7),

where Z is the ideal sheaf of iy : P|z, <> Py. The functor %! is a right adjoint functor of
i0x : DP(cohgP|z,) — DP(cohg Py). Indeed, these functors are adjoint when G is trivial by [Har66,
IIT Theorem 6.7, Corollary 7.3], and the isomorphism

Hom (ip, (A), B) = Hom(4, iy (B)),

where A € DP(cohP|z,) and B € DP(cohP), commutes with G-actions on each vector space of

morphisms by the property in [Har66, III Proposition 6.9.c]. Hence we see that %! is right adjoint
to ig, by [BFK12, Lemma 2.2.8]. Denote by

i’ : DE(Py) — DE(P|z)
the functor induced by %I. By the above argument, we have the following adjoint pair
00 0 -
Similarly, we have a right adjoint functor
i’ : DG (Vo) = D™ (V] 2,/ V(E(X))| 2)
of i : DG (V]2 /V(E(X))|z) = D™ (Vo).

Proof of Theorem 4.2. We have the following commutative diagram

ng(ZO/Z) 100P0° DZ%(VO)

o I

Dcohg(Z, x, W) =P Dcohg(V(E(X)), x, W + Qs)

where the vertical arrows are equivalences by Theorem 3.6. Hence, it suffices to show that the
functor igopo°® : DF(Zo/Z) — D& (Vo) is an equivalence.
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First, we prove that the functor igopo® : D5 #(Zo/Z) — D™ (V) is fully faithful. Let
€ : idpeese(z,/7) = Pooio” © G0opo°

be the adjunction morphism of the adjoint pair ig,pg° pooiob. It is enough to show that for
any object A € D™(Zy/Z), the cone C(A) of the morphism eg(A) : A — po,io” 0 igopo®(A) is
the zero object. But the object Resq(Cg(A)) is isomorphic to the cone C(A) of the adjunction
morphism of e(Resg(A)) : Resg(A) = pooio’ 0 inepo®(Resg(A)) of the adjoint pair of functors
between D*¢(Zy/Z) and D*¢(1}). Since we have the following commutative diagram

100P0°

Dcosg(zﬂ/z)

i

D°Qcoh(Z, W) — 7

Dcosg(vo)

* N

D°Qcoh(V(E), W + Qs)

where the vertical arrows are equivalences by Theorem 3.6, the functor ig,pg° is fully faithful by
Lemma 4.5. This implies that the object C'(A) is the zero object. Hence, C(A) is also the zero
object since the restriction functor Res is faithful by Lemma 3.4. Hence, igopo°® : Dy ©(Z0/Z) —
D¢ (Vp) is fully faithful. This implies that igopo° : DF(Z0/Z) — D& (V) is also fully faithful,
since the natural inclusions D (Zy/Z) — D8 (Zy/Z) and DF(Vy) — D8 (Vp) are fully faithful
by Theorem 3.6 and Proposition2.25(1).

It only remains to show that the functor igopo® : DF(Zo/Z) — DE (Vo) is essentially
surjective. Consider the following commutative diagram.

iOoITOO

D& (Zo) D& (Po)

wi l(,oo

D (Zo/Z) — 2P D (V)

By a similar argument as in the proof of [Orl04, Lemma 1.11], we see that every object in Dg5(V))
is isomorphic to an object F[k] for some G-equivariant coherent sheaf F' and for some integer k €
7Z. Hence the vertical arrow on the right-hand side in the above diagram is essentially surjective,
since for every object E in cohgVj there exists an object E in cohg Py such that [y* (E) = F. Thus,
we only need to prove that i9,po° : D (Zo) — D& (P) is essentially surjective. To prove that, it
is enough to show that the right adjoint functor pT)O%b : DE(Py) — D (Zy) is fully faithful. Since
the restriction functor Resg : DSGg(PO) — D®8(Fy) is faithful by Lemma 3.4 and [PV11, Proposition
3.8], it follows from [Orl06, Theorem 2.1] that the adjunction ig,pg° © Pooio — idpsg(py) 1s
an isomorphism of functors by a similar argument as in the proof of the fully faithfulness of
i0op0° : DG (Zo/Z) — D8 (Vp) in the previous paragraph. O

4.3 Cases when W =0

In the previous section, we prove the main result assuming that W|z : Z — A is flat. In this
section, we consider the cases when W = 0. In these cases, using results in [Shil2], we can show
the following.

With notation as above, consider G, x G-action on X induced by the projection G,, xG — G.
Let 6 : G,,, x G — (G, be the character defined as the projection. Since the first factor of G,, x G
trivially acts on X, the G-equivariant locally free sheaf £ has a natural G,, x G-equivariant
structure.

1000

https://doi.org/10.1112/50010437X16008344 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008344

DERIVED KNORRER PERIODICITY AND ORLOV’S THEOREM

ProrosiTION 4.8. We have an equivalence
D"(cohgZ) = Dceohg,, xc(V(£(9)), 0, Qs).
Proof. By a similar argument as in § 2.2, we obtain an equivalence
DP(cohgZ) = Dcohg,, xa(Z,6,0).
Hence, it is enough to show the functor
ixp* : Dcohg,, «q(Z,0,0) — Dcohg,, xc(V(E(9)),0,Qs)

is an equivalence.
By Lemma 4.5, it follows that

ixp” : D®Qeohg,, (7, x1,0) = D*Qcohg,, (V(E(x1)), X1, Qs)

is fully faithful since the forgetful functor D*°Qcohg (Z,x1,0) — D®Qcoh(Z,0) is faithful.
Furthermore, the above functor i,p* is an equivalence since the right orthogonal of the image of
the restricted functor i.p* : Deohg,, (Z, x1,0) — D*°Qcohg, (V(E(x1)), X1, @s) vanishes by the
argument in [Shil2, Theorem 3.4]. In particular, the right adjoint functor

P : D®Qcohg,_ (V(E(x1)), x1,Qs) — D“Qcohg, (Z,x1,0)

of i,p* is also fully faithful.
Next we will show that the functor

ixp* : D°Qcohg, (Z,0,0) — D“Qcohg, «o(V(E(F)),0,Qs)

is an equivalence. Let
. d L %
EGmxG - 1chchthmxc(Z797o) —> Pyl O 1D

be the adjunction morphism. To show that the functor i,p* : D“Qcohg .s(Z,0,0) —
D®Qcohg, +c(V(£(H)),0,Qs) is fully faithful, we will prove that the adjunction morphism
€G,,xG 1s an isomorphism of functors. For this, it suffices to show that for any object F' €
D®°Qcohg, «c(Z,0,0) the cone Cg,, xc(F) of the morphism eg,, xc(F) : F — pii' 0 ip*(F) is
the zero object. Recall that the categories Qcohg Z and Qcohg o2 are equivalent to the
categories Qcoh[Z/G,,| and Qcohy,[Z/G,,], respectively, where [Z/G,,] denotes the quotient
stack, and we can consider the restriction and the induction functors for algebraic stacks as
in §2.6. Let mg : Qcohg Z — Qcohg Z be the functor corresponding to the restriction
functor Resg : Qcohg[Z/Gyn] — Qcoh[Z/Gy,] via the equivalences Qcohg, Z = Qcoh[Z/G,]
and Qcohg, «cZ = Qcohg[Z/Gyy,]. Then 7 naturally induces the following exact functor

mg : DQcohg, «q(Z,0,0) = D°°Qcohg, (Z,x1,0),

and 7g has the right adjoint functor o : D*°Qcohg (Z, x1,0) = D“°Qcohg, «(Z,6,0) induced
by the induction functor. Since the argument in the proof of Lemma 2.33 works for algebraic
stacks, the adjunction morphism id — og o 7w is a split mono. Hence, m¢ is faithful. The object
76(Cg,,xc(F)) is isomorphic to the cone Cg,, (F) of the adjunction morphism eg,, (7q(F)) :
T6(F) — pyitoiyp*(na(F)), and Cg,, (F) is the zero object since the functor i,p* : D°Qcohg, (Z,
x1,0) = D®Qcohg (V(E(x1)), x1, Qs) is fully faithful. Hence we see that the object Cg,, xq(F)
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is also the zero object since g is faithful. By an identical argument, we see that the right adjoint
functor

psi' : DPQeohg o(V(£(F)),0,Qs) — D®°Qeohg, (Z.0,0)
is also fully faithful. Hence, the functor
ixp* : DQcohg ,c(Z,0,0) = D°°Qcohg, c(V(E(F)),0,Qs)

is an equivalence.
By Proposition 2.25(1), we see that the equivalence i.p* : D*°Qcohg, «(Z,6,0) —
D®Qcohg,  c(V(E(9)),0,Qs) induces an equivalence of the compact objects

ixp* : Dcohg, xq(Z,0,0) — Dcohg,, xc(V(E(0)),0,Qs),

where (—) denotes the idempotent completion of (—). But Dcohg,,xa(Z,6,0) on the left-hand
side is already idempotent complete since it is equivalent to Db(coth ). Hence, the functor

i*p* : DCOthX(;(Z,Q,O) g DCOthXG(V(‘C/‘(Q))veaQs)

is an equivalence. O

5. Orlov’s theorem for gauged LG models

In this section, we obtain a gauged LG version of the following theorem of Orlov.

THEOREM 5.1 [Orl09, Theorem 40]. Let X C ]P’iv ~1 be the hypersurface defined by a section
fe F(P]kvfl, O(d)). Denote by F' the corresponding homogeneous polynomial.

< N, there is a semi-orthogonal decomposition
(1) Ifd < N, th i i-orthogonal d positi
DP(cohX) = (Ox(d — N +1),...,0x,Dcohg,, (AY, xa, F)).
(2) If d = N, there is an equivalence
DP(cohX) 2 Deohg,, (AY, xa, F).

> N, there is a semi-orthogonal decomposition

3) Ifd > N, th i i-orth l1d iti
Dcohg,, (AY, x4, F) = (k, ..., k(N — d+ 1), D"(cohX)).

We combine the main result with the theory of variations of GIT quotients to obtain a gauged
LG version of the above theorem. For the theory of variations of GIT quotients, see [BFK12]
or [BDFIK14, §2]. This kind of approach to Orlov’s theorem appeared in [Shil2, BFK12], and
[BDFIK14], and our argument is similar to that in [BDFIK14, § 3].

Let S be a smooth quasi-projective variety with G,,-action, and set

Q:=5x AN x AL,

For ¢« = 1,2, set G; := G, and let G := G1 X Ga. For a positive integer d > 1, we define a
G-action on Q) as follows:

G x Q3 (91,92) X (5,01,...,0n,u) = (g2 8, G101, - .., g1VN, g1 “g2u) € Q,
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where the action - is the original G,,-action on S. Let X : G,, — G be the character defined
by A(a) := (a,1). Denote by Z, the fixed locus of A-action on @. Then Z) coincides with
the zero section S x 0 x 0 C Q. Furthermore, set Sy := {¢ € @ | lim,—oA(a)g € Z)} and
S_:={q € Q|limyoX(a)"tq € Z\}. Then

S, =85xAYx0 and S_=5x0xA.

Denote by @+ (respectively Q_) be the complement of Sy (respectively S_) in Q. Then the
stratifications

Q=0Q.US, and Q=Q_US_

are elementary wall crossings in the sense of [BFK12].

Let W : S — Al be a yj-semi-invariant function which is flat. Let f € D(P§ !, O(d))®™ be a
non-zero G,,-invariant section, and denote by F': Ag — A the corresponding regular function.
Since @ is the trivial line bundle over Ag , the function F induces a regular function F: Q— Al
Then the function

W+F:Q— Al

is a xo,1-semi-invariant regular function, where W is the pull-back of W : S — Al by the
projection @ — S, and xo,1 : G — Gy, is the character defined by x0.1(g1, 92) := g2. By [BFK12,
Lemma 3.4.4] and [BFK12, Theorem 3.5.2], we have the following proposition.

PROPOSITION 5.2. Let ty be the A\-weight of the restriction of relative canonical bundle wg, ;q
to Zy, and set p:= —t4 +t_. Let x : G — Gy, be the character defined by x(g1,92) := g192.

(1) If p < 0, there exist fully faithful functors

T_: DCOhG/)\(Z)\aXIaW +ﬁ) - DCOhG(Q*vXU,bW_{_ﬁ)v
o DCOhG(Q.{.,XOJ,W +ﬁ) - DCOhG(Q—vXO,bW +ﬁ)v

and we have the following semi-orthogonal decomposition
DCOhG(Q*>X0,17 W+ ﬁ) = <T,(/.L + 1)7 s 7T*7 (I)*(DCOhG(QwLaXO,b W+ ﬁ)»v

where we denote by YT _(n) the essential image of the composition (—) ® O(x™) o T_.

(2) If p =0, we have an equivalence
DCOhg(Q_, Xo0,1, W + ﬁ) = DCOhg<Q+, X0,1, W + ﬁ)
(3) If > 0, there exist fully faithful functors

T : Deohgya(Za, x1, W + F) = Deoha(Q, xo,1, W + F),
q)—‘r : DCOhG(Q—:XO,hW +ﬁ) - DCOhG(Q—HXO,l?W +ﬁ)v

and we have the following semi-orthogonal decomposition
DCOhG(QJrv X0,1, W+ ﬁ) = <T+’ SRR TJr(_# + 1)7 q)Jr(DCOhG(Q*a X0,1, W+ ﬁ)»a

where we denote by Y1 (n) the essential image of the composition (—) ® O(x"™) o T,.
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Since Z) = 5 x 0 x 0, the function F vanishes on Zy C Q. Hence, we have
DCOhG/)\(Z)\, X1, W 4+ ﬁ) = DCOth(S7 X1, W)

Next, we have
Q- =S5 xAN\0 x AL,

Since Flgyanyg € I'(S x ANN0,O(x—-a0)")¢ and Q— = V(O(x—d4.1)), Theorem 4.2 implies the
following equivalence;

DCOhG(Q*a X0,1, W+ ﬁ) = DCOhG(Za X0,15 W)7

where Z C S x AN\0 is the zero scheme of F. Moreover, the quotient stack [Z/G1] is isomorphic
to the hypersurface X in the projective space bundle Pg L over S defined by the invariant section
f € T(PY 1, 0(d))%. Hence, we have an equivalence

Dcohg(Z, x0,1, W) = Dcohg, (X, x1, W).

On the other hand, we have
Qs =S x AN x AN0.

We consider another action of G on ()4 as follows:
G x Q1 3 (g1,92) % (s,v,u) = (g7 - 5,10, 97 “g2u) € Q.
We denote by @1 the new G-variety. Then we have a G-equivariant isomorphism
P @: - Q+,

given by (s, v,u) := (u-s,v,u), where u € A'\0 is considered as a point in G,,. Since Gy trivially
acts on the first two components S x AN of Q. we have

[Q+/Ga] = S x AN x [AT\0/Go] = AY.
Hence, we have the following equivalence
Dcohg(Q+, x0,1, W + ﬁ’) = Dcohg, (Ag, Xd, W + F),
where, on the right-hand side, the G-action is given by the following
G1 x S x AN 5 g; x (s,0) = (g8 - 5, 910).

Finally, note that 4 = d — N and that the twisting by the G-equivariant invertible sheaf
O(x) corresponds to the twisting, in Dcohg, (X, x1, W), by the Ga-equivariant invertible sheaf
O(1) on X which is the pull-back of the tautological Ga-equivariant invertible sheaf on Pg -1
Combining Proposition 5.2 and the above argument, we obtain the following gauged LG version

of Orlov’s theorem.
Let S be a smooth quasi-projective variety with a G,,-action, and let W : S — A! be a
x1-semi-invariant regular function which is flat. Consider G,,-actions on Afgv and on ]P’g ~1 given

by
Gm x AY 3t x (s,v1,...,05) — (t%-s,tvr,... toy) € AY,
Gmx]P’gfl StX(s,01: - 0N) > (t-s,vlz---:vN)Gngl.
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THEOREM 5.3. For d > 1, let f € F(ngl,O(d))Gm be a non-zero invariant section, and let
F: Ag — Al be the corresponding y4-semi-invariant regular function. Let X C Pg ~1 be the
hypersurface defined by f, and assume that the morphism W |x is flat.

(1) If d < N, there are fully faithful functors

P : Dcthm(Ag, Xd, W + F) — Dcohg,, (X, x1, W),
T: DCOth (S, X1, W) — DCOth (Xv X1, W)a

and there is a semi-orthogonal decomposition
Dcohg,, (X, x1, W) = (Ya_n41, .- -, To, ®(Dcohg,, (AY, xa, W + F))),

where Y; denotes the essential image of the composition (—) ® O(i) o Y.

(2) If d = N, we have an equivalence
Dcohg, (X, x1, W) = Dcohg,, (AY, x4, W + F).
(3) If d > N, there are fully faithful functors

¥ : Dcohg,, (X, x1, W) — Dcohg,, (AY, x4, W + F),
Y : Deohg,, (S, x1, W) — Deohg,, (A§, xa, W + F),

and there is a semi-orthogonal decomposition
Dcohg,, (AY, Xa, W + F) = (Yo, ..., Yn_a+1, ¥(Dcohg,, (X, x1, W))),
where Y; denotes the essential image of the composition (—) ® O(x;) o Y.

Remark 5.4. (1) We can view Orlov’s theorem (Theorem 5.1) as the case when S = Speck and
W =0 in the above theorem.

(2) If N > 1, the assumption that W|y is flat is satisfied whenever W : § — Al is flat.

(3) For positive integers ay,...,ay, applying the similar argument to the G-action on @
defined by

G X Q > (91792) X (S)Ulw "7UN7U) — (92 . 579?17)17"‘79(11NUN7gl_d.92u) S QJ

we can obtain the similar result for the hypersurface X in weighted projective stack bundle
PY " ay,...,an) := [SxAN\0/G1] over S defined by the section corresponding to a G-invariant
section F' € I'(AY, O(xq))“".

(4) Of course, Orlov’s theorem in [Orl09] is much more general. It covers non-commutative
situations unlike our setting.
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