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In this paper we give new information about the conjugacy vector of the group &,
the Sylow p-subgroup of GL(n, g) consisting of the upper unitriangular matrices. The first
two components of this vector are given in [4]. Here, we obtain the third component, that
is, the number of conjugacy classes whose centralizer has ¢”*' elements. Besides, we give
the whole set of numbers which compose this vector:

(Co,(B) | B®,} = {q" | n~1=u=n(n—1)/2).

We keep the definitions and notations of [2-4]. We recall that an element a;; of a
matrix A € @, is a pivot if it is the first nonzero element in its row, out of the main
diagonal, thatis a;, =0 for k=i+1,...,j—1 and g;; #0. In addition we introduce the
following sets of indices;

Y={(u,v)|[1su<v=n} D;={(r,s)eI|s—r=i}, i=1,...,n-1,
§i={G,s)|s=i+1,...,n}, i=1,...,n-1,
@i={(r’j)|r=13'-"j_1}’ j=2""’n'

If Ae®, is a canonical matrix, we shall use the letters T =T(A) and R =R(A) to
denote the sets of inert and ramification points of A, respectively.

THEOREM 1. Let r and s be positive integers such that 1=r=n-2,1ss=n-—-r-1.
Then the matrices:

s—1 n—r

Ar.s = In + Z ai.i+r+lEi,i+r+l + 2 ai'i+rEi‘i+r,

i=1 i=s+1
G F0 0f 1=i=ss—1, a; ;4,70 if s+l=isn-r,

are canonical in &, and each one has exactly rn — r(r + 1)/2 + s — 1 ramification points, so
that, |Cg (A, ;)| = q™ "2+ Consequently, for any u with n—1=u<n(n—1)/2
there exists a canonical matrix A in &, such that |Cy (A)| =q" and for any v with
0=sv=(n—1)(n—2)/2 there exists a conjugacy class in &, with q" elements.

Proof. We note, using Lemma 3.9 of [3], that the entries of the matrix A, which are
not placed over pivots are ramification points. This also proves that the matrix is
canonical, since all the non-zero values correspond to ramification points. Moreover,
according to Lemma 3.7 of [3], the points which are over pivots are inert, so the character
of all the entries of the matrix is determined and, consequently, the order of the
centralizer of this matrix is the one given in the statement. The second part of this
Theorem follows immediately, considering the matrices A, together with the identity
matrix.

+This work has been supported by the DGICYT grant PB91-0446 and by the University of the Basque
Country.
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THEOREM 2. Let A be a canonical matrix of &,. Then |C (A)l = q"*" if and only if A
is one of the following matrices.

(1)
A=+ 2 B ta Bt anEa tas B it a aEis i,
le[2.a—1]—{i—1,i}
i=3,...,n—1,
where
(@i |lel2,n—1]-{i-1,i})eF}"*
and
(@15 Q14415 Bimr i, Bicy i) € X,
with
X;=(F, x{0} x {0} xF)U ({0} x F, x F} x F,),
X;=(F, x {0} x {0} X F7) U ({0} x F, X F; X [F}), ifd=i=n-3,

X,_o=(F, x {0} x {0} xF})U ({0} x F, xF} xF,),

X,-1=(F, x {0} x {0} xF,) - {(0,0,0,0)}.
()

A=1,+ Z Bt ai B it aio By e+ a0 ,E
le[1,n=2]={i—1,i}
i=2,...,n—-2,

where

(@444 l le[l,n-2]-{i-1,i})e ﬂ::n—4 and (a;—y;, @141, 8i0) €Y,
with

Y,=F;—{(0,0,0)},
Y,=F,xF} xF,, if3<i<n-4,
Y, o3=({0} xF; X F)U(F; x F, xF,),

Y,_o={0} xF; xF,.
€)

(i) Ifn=7,
A=+ 2 AimErptaic B it a0 Ei 00, i=3,...,n-2,
le[l,n=1]={i—1.i}
where
(@41 | le[l,n—-1]-{i—1,i})e ":;"_3 and (a;-yi—2;+1) € Z;,
with
Z3= [F‘ZI,
Z,=F,xF;, ifd=<isn-—4,
Zn—3 = [FZ - {(07 0)}’
Z, ,=1{0} % Ty
@ii) Ifn=6,

A=I+aE ;+ta,sE,s+asgEsg+ay3E,3+a,4E 4,
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with
(@12, ass, asge) € ﬂ:::’, (a2, 01‘4) € lFf,,
or
A=ltaE ,+a,3E 3+t ascEsqtaysEss,
with

(@17, 823,a56) € [Ff, a,sel,.
So the number of conjugacy classes of &, of cardinality g’ ~>~27? equals
() (@-1)"Bn-15)g*—(n—15)g +1), ifn =1,
(i) (g— D" (4q*+8q +2),ifn=06.
The proof of this Theorem is based on the following Lemmas.

LemMa 1. Let A be a canonical matrix of &,, and suppose that a,, ,,, =0, a1 412 %0
for some2<u=n-—2. Then (u—1,u+ 1) e R(A).

LEMMA 2. Let A be a canonical matrix of &, suppose thata, ., =0, a,,,.,=0, and
i ¥0, forw=u+1,... ,v—1. Then, (u, v + 1) € R(A).

LEMMA 3. Let A be a canonical matrix of &, and suppose that there exist two indices i
and r such that2=<i=n—2, r=min{i — 1, n — (i — 1)} satisfying the following conditions:
(i) a,,=0,ifu<v,i-r=u=<i-2,i-r+2=sv=i, (i) a,,, #F0ifi+lsu=<i+r,
(i) a, ;. =0,ifi~r+1=u=i Then, (i—r,i+1)eh.

LemMMA 4. Let A be a canonical matrix of &, and u and i two indices such that
u<i=n-1,and ay 4., #0fork=i+1,...,n Then:
@) Ifus2i—-nand a; ;. #0 foruslsu+n—i-1, then (u,i +1)eZ.
(b) If there exists v, with u <v <i, such that a;;,,#0 for usl<v, a,;,,#0 and
@i =0forv<i<i,then (k,i+1)el forusk=v-1
The proofs of these Lemmas are based on the fact that a point (i, j) is an inert or a
ramification point depending on whether the linear form L, is linearly independent or
dependent on the forms which precede it. As an example, we give in detail the proof of
Lemma 3.
Proof of Lemma 3. The hypotheses imply that the entries (u,u +1),i+1=u=<i+r
are pivots, soa,, =0, fori+2=v=i+r, u=v -2, and we obtain the linear forms:
Licrin)y = QimpimrarXizpr1ivts
Liikivtok = Gimpakimra1kXimrr 14 kit 14k — Qikk it 144K i—r vk itks k=1,...,r-1,
Liji14r=—Oisrivi+Xijsr
Let X be the set of these r + 1 linear forms in the unknowns x;_, 44, K =1,...,r, and
Z, the set obtained from Z by eliminating the form L,_, ;,,.
If we arrange the variables in the order

Xictitr—15Xi=2i+r=25 - « > Xi—r+Li+1s Xiitrs
the matrix defined by the coefficients of the forms in 2, is

TAiv1i+2 Qiorvli-re2 0 ce. 0 0
0 ~Giv2,i+3  Qimre2i-r+3 " 0 0
D=
0 0 0 e s
0 0 O T 0 “Qivrivr+1
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All the elements in the main diagonal of this matrix are non-zero, so its rank is r and it
follows that L;_, ;. is a linear combination of the forms in Z,.

Proof of Theorem 2. We study the different possibilities for the configuration of the
matrix A depending on the number of zeroes in the first diagonal.

Apart from the n —1 entries of the first diagonal, there must be exactly two
additional ramification points, so the Lemma of [4] and Lemmas 1 and 2 yield the
following conditions:

(a) There are at most three zeroes in D,.

(b) If ©, has exactly three zeroes, then one of them is one of the extremes of ®, and

the other two occupy consecutive positions.

(c) If ©, has exactly two zeroes and they are not consecutive, then each one

occupies one of the extremes of D,.

On the other hand, if the number of additional ramification points is less than two,
we apply Theorem 1.3 of [4] to conclude the following conditions:

(d) If there are exactly two zeroes in ®, and they are consecutive, then they are not

in the extremes of D,.

(e) If ©, has exactly one zero which is in the entry (i,i + 1), then 2=<i=<n -2 and
a;i_y,i+1=0.

Indeed, if a,,=0 or a,_,,=0, it would follow from Theorem 1.2 of [4] that the
centralizer of the matrix has cardinality g"~', which is impossible.

The equality a;_, ;4 =0 follows from the Theorem 1.3 of [4], since, otherwise the
order of the centralizer of A would be g".

(f) There is at least one zero in D,.

So the proof is finally reduced to the following three mutually exclusive cases:

(C)) a,,=0 and there are one or two more zeroes in 9®,. In the latter case, these
zeroes are contiguous (the case a, = a,3 = a3, = 0 is included).

(Cy) a,_,,=0 and there are one or two more zeroes in ®,. In the latter case, these
zeroes are contiguous (the case a,_3,_,=a,_,,-, =a,_,,, =0 is included).

(C,) The first diagonal has two contiguous zeroes or a single zero, which are not in
the extremes of ©, and the rest of the entries are non-zero.

(C,) In this case there exists an integer i with 3<i=n — 1, such that

a|‘2=0, ai‘,'+|=0, a1‘1+1¢0 for lE[2,n—1]_{l_1,l}.
We note that a;_,;, may have any possible value since there can be one or
two contiguous zeroes in D,. In these conditions, the elements a,,,,#0, [€[2,n — 1] —
{i =1, i} are pivots and so:
@IH—@.gif, le[z,n-ll—{l—l,l}

From this and the fact that a;;,, =0 it follows that all elements in the ith row are
zero (except for the entry in this row which lies in the main diagonal) and so, according to
Lemma 1.1 of [4], the entries of the ith column which are preceded by pivots are inert
points, that is:

Besides,
(i-1,i+1)eR.

https://doi.org/10.1017/50017089500030597 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030597

CONJUGACY CLASSES IN SYLOW SUBGROUPS 95

This follows from Lemma 1 if i <n — 1, since a; ;,, =0, a,,; ;42 %0, and from Lemma 3.9
of [4] if i =n —1, since, in this case a,_,,,_, =0 by (c).

We set i, =i or i + 1 according to a;_,; = 0 or a;_, ; # 0 respectively. Then we have
from Lemma 2 that (1, i,) € R. Thus, we have proved that:

DU, i), (- 1,i+1)}cReDU{A,i),1,i+1),(—-1,i+1)}UC,,,. (1)

So, the equality |R| =n + 1 holds if and only if the first inclusion in (1) is an equality. In
any case, a necessary condition is that €, , — 9, - D, - F, c L.

We consider the following four cases according to the value of i:

i=3. In this case we have a,,=0=a;,. If a,;=0, then a,,#0, since, otherwise
arguing as in bl) we would have the contradiction (1, 4) € R. So (2, 4) is a pivot and (1, 4)
is an inert point. Now it follows from (1) that R =D, U{(1,3),(2,4)} and thus the
canonical matrices corresponding to the subset [, X {0} x {0} x [} of X; have centralizers
of order q"*'. If a,;+#0, then (1,3) is an inert point because it is over a pivot and so
R=D,U{{,4),(2,4)}, for any value of a,,. The canonical matrices obtained in this
way are considered in the subset {0} X F, X F} X [, of X;.

4=<i=n-3. As we have pointed out before, (i —1,i+1)eR. We note that
a;_ i+ #0. Indeed, if a,_,,,, =0, then Lemma 3 (with i=i, r=2) implies that
(i—2,i+1)eN and |Cx(A)| =g"*?, which is impossible. So a;_,;,; #0. If a;_,;=0,
then a,_, ;,, #0 is a pivot and ¢, — D, — D, c ¥ so that:

R=DU{L,i),i—-1,i+1)}, |CsA)=q"""

This justifies the subset F, X {0} X {0} X [} which is contained in X;. If a;,_,; #0, then
(i—1,i) is a pivot and Lemma 4(b) (with u=2,v=1i—1) yields (k,{+1) e % for any
2=k=i-2,s0

MN=DU{A,i+1),(E-1,i+1)}, |Co(A) =g,

and this completes the set X;.

i=n—2. Suppose that a,,_5,.>,=0. Then a,_;,_,#0, since otherwise the linear
form L,_4,-,=a,-4,-3%,—3,-1 Would be linearly dependent on the form L, ;,=
—@,_) Xn_3.-1 (nOte that a,_, , #0) and consequently, (n —4,n —1) e R and |Cs(A)| =

g"*?, which is impossible. So we have:

R=DUu{(1,n-2),(n-3,n-1)}, |Co(A)| =q""!

and we obtain the first subset of X,_,. Suppose now that a,_;,_, ¥ 0. Then it follows
from Lemma 4(a) (with 2=u =2(n —2) — n=n — 4) that (u,i + 1) € T and for any value
of a,_3,-;, we have that:

nglu{(l’n_l)’(n_3"1_1)}7 |CG(A)|=CI"H,

which completes the set X,,_,.

i=n—1. The case a,_,,_, #0 is ruled out by (c). We have from the Lemma given
in [4] that the points (u,n), 2<u <n — 3 are inert.

Ifa,,_,=0=a,_,,, then (1,n) e R and |C;(A)| =¢"** and we obtain a contradic-
tion. If a,,_,#0, then (1,n)eX (since it is preceded by the pivot of its row). If
a,.,,7#0, (1,n)eT because it is over the pivot of its column. So we have
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(@101, Bu2) € F2 = {(0, 0)}, and
R=D,u{(l,n—-1),(n-2,n)}, |Cs(A)=qg""".

This defines the set X,,_,.
The discussion of the cases (C,) and (Cs) is analogous.
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