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Abstract. We study the values of the zeta-function of the root system of type
G, at positive integer points. In our previous work we considered the case when all
integers are even, but in the present paper we prove several theorems which include the
situation when some of the integers are odd. The underlying reason why we may treat
such cases, including odd integers, is also discussed.
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1. Introduction. Let N be the set of positive integers, Ng = N U {0}, Z the ring
of rational integers, Q the rational number field, R the real number field and C the
complex number field.

The present paper is the continuation of our series of papers [7, 10, 11, 15] (and
also [5,6,8,9]), in which we have developed the theory of zeta-functions of root systems.
Motivated by the work of Witten [23] in quantum gauge theory, Zagier [24] defined the
Witten zeta-function as

tw(s, g) =y (dimg)™
4

associated with any complex semi-simple Lie algebra g, where the sum runs over all
finite-dimensional irreducible representations ¢ of g. The notion of zeta-functions of
root systems was introduced as a multi-variable generalisation of the Witten zeta-
functions. We will give the rigorous definition of the zeta-function of the root system A
in the next section, which we will denote by ¢,(s, y; A), where ris the rank of A. By Weyl’s
dimension formula, it is possible to obtain the explicit form of ¢,(s, y; A). For example,
when the root system is of type G, and y = 0, then r = 2, s = (s, 52, 53, 54, 55, 56) € C°
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and

02(8; G2) = 42(s, 0; G2)
1
- Z m s (m + n)%(m + 2n)%(m + 3n)%(2m + 3n)%s

m,n>1

(1.1)

In our former papers, besides the general theory, we studied some individual
cases of low rank. Zeta-functions of root systems of type 4, (r = 2, 3) were studied
in [5, 10, 15], and those of type B,, C, (r = 2, 3) were studied in [7,9, 10]. Then in [11],
the zeta-function of the root system of type G-, the simplest exceptional algebra, was
discussed.

The main topic in [11] is the situation when sy, ..., s¢ are positive even integers.
From our general result given in [10, Theorem 8], it is possible to show that

02(2a, 2b, 2b, 2b, 2a, 2a; G,) € @ - 7%4tD (4, b e N). (1.2)

Moreover, the rational coefficients can be determined explicitly. In [11], using the idea
developed in [9], we proved certain functional relations [11, Theorem 5.1] which include
(1.2) as special cases.

However, it is possible to treat the case when some of sy, ..., s¢ are odd integers.
Zhao [26] expressed the values ¢,(k; G,) fork € NS (under certain conditions) in terms
of double polylogarithms. Using his formula, Zhao calculated numerically some of
those special values, for example

02, 1,1,1, 1, 1; Go) = 0.0099527234 - - - . (1.3)

The parity result for ¢;(k; G,) in some extended sense has been shown by Okamoto [19].
We will discuss his result more closely in the last section of the present paper.

In the present paper, we also study the situation when some of s1, ..., s¢ are odd
integers. In Section 2, after preparing the basic notations and definitions, we will prove
a general theorem (Theorem 2.1), which gives the underlying reason why sometimes it
is possible to evaluate the values of multiple zeta-functions at odd integer points. In
Section 3, we will apply Theorem 2.1 to ¢»(s; G»). Sections 4 to 6 are devoted to the proof
of functional relations among ¢>(s; G), the Riemann zeta-function ¢(s) and a certain
Dirichlet L-function. Those functional relations especially imply explicit evaluations
of special values of ¢,(s; G»), such as

1 109

1296
(see Example 6.4), which we announced in [11]. Our result (1.4) agrees with Zhao’s [26]
numerical value (1.3).

2. A general formula. We use the same notation as in [5,7, 10, 11]. We first recall
several basic definitions and facts about root systems and Weyl groups (for details,
see [2-4]).

Let ¥ be an r-dimensional real vector space equipped with an inner product (-, -).
The norm ||-|| is defined by ||v|| = (v, v)!/?. The dual space V* is identified with V" via
the inner product of V. Let A be a finite reduced root system in V/, which may not be
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irreducible, and ¥ = {«a, ..., «,} its fundamental system. We fix A, and A_ as the set
of all positive roots and negative roots respectively. Then we have a decomposition of
the root system A = A [[ A_.Let O = Q(A) be the root lattice, Q" the coroot lattice,
P = P(A) the weight lattice, PV the coweight lattice, P, the set of integral dominant
weights and P, be the set of integral strongly dominant weights respectively defined
by

r r
Q:@zai, sz@zay, (2.1
i=1 i=1
P=Pzrn. P =Pz, (2.2)
i=1 i=1
P+=@NO)\1’1 P++=@N)»i, (2.3)
i=1 i=1

where the fundamental weights {Aj}; , and the fundamental coweights {)\jv };zl are the

dual bases of ¥ and W satisfying («;’, ;) = &; and (1), o) = §; respectively. Let

p=3 Y a=Y (2.4)
J=1

be the lowest strongly dominant weight. Then P, = P, + p.
Let o, be the reflection with respect to a root « € A defined as

oy V=V, 0y Vv — (oY, v)a. (2.5)

For a subset 4 C A, let W(A) be the group generated by reflections o, for all @ € A.
In particular, W = W(A) is the Weyl group, and {oj(= 0y,)| 1 <j < r} generates W.
For w € W, denote A, = A, Nw™'A_.

Let Aut(A) be the subgroup of all the automorphisms GL(}") which stabilises A.
Then the Weyl group W is a normal subgroup of Aut(A) and there exists a subgroup
Q C Aut(A) such that Aut(A) = Q x W. The subgroup 2 is isomorphic to the group
Aut(I") of automorphisms of the Dynkin diagram I" (see [3, Section 12.2]).

Now we can define the zeta-function of the root system A. Fors = (sg)aca, € C/4+!
andy € V, it is defined by

1
. _ 27 /= 1(y.A)
o(s,y; A) = Z 2TV =1y l_[ oL (2.6)
rePiy acA,
Let
S=1{s=(sq) € C* | N5y > 1 fora € A,}.

Then (s, y; A) is absolutely convergent in the region S and is holomorphic there
[10, Lemma 9].

Next, let 7 C {1,...,r} with I # @, and define a certain linear combination
S(s, y; I; A) of the zeta-function associated with I. Let W; = {o; | i € I} € W, and let V;
be the linear subspace of V' spanned by W;. Then A; = AN V; is a root system in V;
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whose fundamental system is ;. For the root system A;, we denote the corresponding

coroot lattice by QY = P,; Z«;’ . Let
P=@7 @7
iel
Pr. =P N (2.8)
iel

The natural embedding ¢ : Q) — O induces the projection * : P — P;. Namely
for A € P, t*(1) is defined as a unique element of P; satisfying (1(q), A) = (g, t*(1)) for
all ¢ € Qf. Let W; be the subgroup of W generated by all the reflections associated
with the elements in W;, and

Wh={weW|A) CcwAl}. (2.9)
Fors = (s4)aca, € C'*+!, we define an action of Aut(A) by
(WS)y = Syy14s (2.10)

where we have set s_, = s,. Now define

= 1
NCR N E S || FERATE (2.11)
rer =1 (P )\ Hav acA, ’

where Hav = {v € V' | {(@¥, v) = 0 for some o € A} is the set of all walls of the Weyl
chambers. By [10, Theorem 5], fors € S and y € V, we have

Sy 8) = 3 ([T 07 )a0 s vy ). (2.12)
veW! a€l

The following theorem implies that under certain conditions, the number of terms
on the right-hand side of (2.12) can be reduced.

THEOREM 2.1. Assume that there exist w; € Aut(A), s € S andy € V which satisfy
the conditions that s, € Z for a € Awl—l,

(IT ve)=-1 2.13)
a€Aw],1

and
—1

w; s=s, wfly:y. (2.14)

Then we have

sevin=3( Y (T en™)so'sv'ya)

veWh\w W acA i

+ > (T Ev)eesvlya). @19

ve W’\w;l Wil a€A i
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Furthermore, ifwf1 W = w, W, then

se.vizs)= Y ([T 0o svlya. @16

veWh\w W a€eA -1

Proof. We first prove that

( I1 (—1)““)S(w_ls, wly: I; A)

aEAufl

= > (T Ev™)ae s v'y:a) @.17)

vewWINW! aeA
(o) T (I et b

N %
Q€A i vewWI\W! aeA i,

for any w € Aut(A). Since *~!(Pr1) = U,y vP+ by [10, Lemma 2], we can write the
left-hand side of (2.17) as

S /=1 (w™! 1
( 1_[ (—1)”) Z Z 62 ﬁ( YoA) 1_[ W. (218)

1
aEA i ue Wl reuP aeA}

The inner sum of (2.18) is equal to

v 1 = 1
3 e T o e = S AT T T

reuP aeA, rewuPy acwA
and concerning the last product, since wA, N A_ = wA, = —A,-1, we have
1
Sa
[T — (]’[(1) )]‘[v—a. (2.19)
acwA, (O{ A)* A | aeA, (¥, A)

Using this expression when wu € W/, we see that (2.18) is equal to

1
Z Z o2V =1y.2) 1—[ W

ueW! rewuP.y, aeA
wue W'
1
( [T 1)3") DD DGR I @ (2.20)
aEA, ueWw! reuP,. aeA ®
wug W!
=X +< 1_[ (—1)3”)22,
D[EA"Y,1
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say. Putting wu = v, we have

- 1
DI | e

vewWINW! revP,y aEA

Ty 1
>y Ve I e

vewWINWI! rePyy aEAL

2

1

>y e T

vewWINW! reP,y aev AL

and, as in (2.19), the signature appears from the last product whena € v ' A, NA_ =
—A,, which is

[Teo™e =TT n

a€EAN, aeA

because vA, = —A 1. Therefore, we obtain

2:1 = Z ( 1_[ (_1)—&,) Z e2ﬂ\/j(v71)’»/\> l_[ (06\/ 1)\>sva

vewWINw! aeA i AEP, aeA

> (T ev™)aesvlya).

vewWINw! aeA i

2.21)

Similarly, we can show

D= ) ( [1 (—1)“‘"’“)§r(v‘1s,v—ly;A). (2.22)

vewWI\W! aeA i,

Substituting (2.21) and (2.22) into (2.20), we obtain (2.17).
Now consider the equation

286, v: 158 = S v ) = ([T (~D%)Si's wi'vi1; ), (2.23)

aEA _
]

which trivially follows from the assumptions (2.13) and (2.14). Substitute the
expansions (2.12) and (2.17) (with w = w;) to the right-hand side of (2.23). The
first sum on the right-hand side of (2.17) is cancelled with the part v € w; W/ n W of
(2.12), and hence

Sevia = Y (] ED™)ae s v yva)

veWh\wW! aeA

(T o) X (I Eo)ae s vy a).

€A, 1 vewWI\W! aeA 1,

(2.24)
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We see that the second term on the right-hand side of (2.24) is, after renaming w~'v

by v and using (2.13) and (2.14), equal to

< [1 (—I)S") > ( I1 (—1)75“”");,.(1)7111)’15, v 'wly; A)

aEA i veWh\w-1W! a€A

(2.25)
=— Y (Tl ev™)aesv'ya).
veWN\w- Wl a€A i
The desired results follow from (2.24) and (2.25). ]

REMARK 2.2. The above Theorem 2.1 is stated under the condition s € S. Treating
more carefully, however, we can generalise this theorem to the case when s, = 1 for
some of the «’s (cf. [10, Remark 2]).

REMARK 2.3. Since the right-hand sides of (2.15) and (2.16) include signature
factors, sometimes the right-hand side might be zero. If so, then Theorem 2.1 gives no
useful information. In the next section we will give examples when the right-hand side
does not vanish. This is the key point why we can sometimes treat the situation when
some of the variables are odd integers.

3. Application of Theorem 2.1 to the case G,. Hereafter in the present paper we
concentrate on the study of the zeta-function of the root system G,. The fundamental
system of Gy is ¥ = {a], an}, where || = V3| and the angle between o and «; is

57 /6. Denote the positive roots by a1, .. ., ag, Where
a3z = 3o + oo, oy =af +ay,
as = 3oy + 20, o) = + 205, G
s = oy + o, ol = +3ay, ’
o = 201 + an, aév =20li/+3(x;,

and we abbreviate 0; = 0,,. Applying Weyl’s dimension formula with the above data
to (2.6), we find that the form of the zeta-function of G is given by (1.1), with 5; = s,
(1=<j=0).

Now we show an application of Theorem 2.1 to the G, case. Assume that s; are all
positive integers (> 2). Let I = {2}, y = 0 and w; = wyo; with the longest element

W = 010201020102 = 020102010201 = —1.
Then we have w; = wfl = 07010720107 = —0], SO W{¥] = K], W) = —03, W3 =
-1
—0, W04 = —04, W05 = —Ug, Wg = —U5, and hence w S = (S], 853, 82, 54, S6, S5).

s =s. Since

Therefore, when s, = 53 and 55 = 56, We have w;
Aw;l = A+ N UJ]A_ = A+ mO’1A+ = A+ \ {0(1},
we have

< l_[ (-1)%) = (—1)srrstsatsstse

aEA
"1
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Therefore, we can apply Theorem 2.1 when s, = 53, 55 = 8¢, and 5o + 53 + 54 + 55 + S¢
is odd. It is easy to see that

Wr = {1, o2},
74
W' = {1, o1, 0102, 010201, 01020102, 0102010201},
I
w1 W' = {0201020102, 010201020102, 0102010201, 01020102, 010201, 0102},

and hence W/ \ w; W' = {1, 01}. Thus, by (2.16) we have

S(s, 0; {2}; G2) = 0a(s, 0; Go) + (—1)"" &a(07 s, 0; Go).
Since s, = s3 and s5 = 56, we have o Is = s. Therefore, if s; is even, then the right-hand
side of the above is 2¢5(s, 0; G»). The conclusion is as follows.

PROPOSITION 3.1. Let p, q, 1, u € Nsy with even p and odd r. Then

S((p, g q, v, u, 1), 0;{2}; Go) = 28(p, 4. q, 1, u, u; Ga). (3.2)

Similarly, we can treat the case / = {1}, y = 0. Then W; = {1, 01} and
W' = {1, 02, 0201, 020102, 02010201, 0201020102}. (3.3)

In this case we choose w; = wyo. Then W'\ w; W’ = {1, 0»}. We can apply Theorem
2.1 when s; = 55, 53 = 54, and 51 + 53 + 54 + 55 + 56 1s odd. We obtain the following.

PROPOSITION 3.2. Let p, q, 1, u € Ny with even q and odd u. Then

S((p, q, v, 1, p,u), 0;{1}; G2) = 28:(p, q, 1, 1, p, u; G). (3.4

4. A functional relation corresponding to / = {1}. The results in the previous
sections are valid only in the case s € S. Hereafter we study the situation which includes
the case when some of the variables take the value 1.

In this section we will show a functional relation which corresponds, in some sense,
to the case I = {1} in the preceding section. The discussion on the general situation
would require more pages, so here we restrict ourselves to the following one special
example.

EXAMPLE 4.1. The functional relation

0(5,2,1,1,1,1;G) + 862(s, 1,2, 1,1, 1;Go) + 6(1, 2, 1, 1, 5, 15 Ga)
- 0(1,1,2,1,1,5G) + (1,1,1,2,1,5;G2) — £2(1, 1, 1, 2, 5, 1; Ga)

651 5.3752
=C()(s+4) — (T -2l - )c(s+6)
7 sin(2rm/3) cos(2mm/3)

+ 7 1 ms+5 — 135 2 ms-‘ré

= e+ - (-2 k04 FLU LS @D
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holds for s € C except for singularities on both sides, where L(-, x3) denotes the
Dirichlet L-function attached to the primitive Dirichlet character x3 of conductor
3.

Proof. We calculate
S((s,2, 1,1, 1, 1),0,{1}; G2) (4.2)

in two ways. Using (2.12) and (3.3), we find that (4.2) is equal to the left-hand side of
(4.1). On the other hand, since Pjj;+ = NgA;, from (2.11) it follows that (4.2) is equal

to
1
> D . : (4.3)
L= = i (m+ n)(m + 2n)(m + 3n)(2m + 3n)
e
m-+3n£0
2m+3n£0

Therefore, the remaining task is to show that (4.3) is equal to the right-hand side of
(4.1). A direct way of the proof is to rewrite (4.3) as

1 1 1 1 1
Z Z / / / / eZJrixl(m+n—ll)eZJIixz(m+2n—lz)
= = mnhbbly Jo Jo Jo Jo

11#0
h#0
3#0
[4#0

% e271ix3(m+3n713)eZnix4(2m+3nfl4)dxldxzdx3dx4 (44)
and compute this by using

M 271 im6 ~k
: e (2mi) '
Jim Y e = B0 - [0) (kN e R) 4.5)

m=—M

[1, Theorem 12.19], where [#] is the integer part of 6, and {B,(x)} are the Bernoulli
polynomials defined by

te™!

el —

T = ;B,,(x)ﬁ. (4.6)

This method is based on an idea initiated by Zagier [25] and systematically used by
Nakamura [16-18] (and also in [13, 14]). However, if we follow this way, the necessary
computations are really enormous. Therefore, in order to reduce the total amount
of computations, we first modify (4.3) using partial fraction decompositions, before
applying the idea of Zagier-Nakamura.

First, using the partial fraction decomposition

1 1 1
(m+ 3n)2m + 3n)  m(m+ 3n)  mQm+ 3n)

we divide (4.3) into two sums

Z Z o n2(m 4 n)(m + 2n)(m + 3n) Z Z mtn2(m + n)(m + 2n)(2m + 3n)’
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where Y~ >"* denotes the same double sum as in (4.3). We then apply the same type of
partial fraction decompositions some more times to find that (4.3) is equal to

D) T I 222 i )

* EZ Z msHpt(m + 3n) + 42 Z msHnt(2m + 3n)

5 1
=281 — 3% + 5 B3 + 4%, 4.7)

say. We divide ¥ as

ZEDDIED D NEED D) D

m—+3n=0 2m+3n=0

where Y~ > denotes the sum over m > 1,n # 0, m +n # 0 and m + 2n # 0. Denote
the first term by X;;. Putting m = 3/ and n = —/ in the second sum, we see that the
second term is

! 1
B 121: GBI+ (=13(31 = D3l - 20) R

7¢(s+6).

Similarly, the third term is —375~1273¢ (s 4 6). Therefore, we have

1 1

X =2+ <2 S35t D335+l

)g(s+6) Bt g t6 0. @8)

As for ¥,, we divide it as
m+2n=0 m+3n=0 2m+3n=0

where Y > denotes the sum over m > 1, n # 0, m + n # 0. Denote the first term
by 2, and evaluate the remaining three sums as above to obtain

1 1
Similarly,
! ! ! 6 4.11

X3 =23+ §+F+W {(s+6) (4.11)

and
1 1

Y4=%24 + 1— 25t — m {‘(S—i— 6), (412)

where

=) ) m

m>1 n#0

Z Z mV+1n4(2m+3n)

m>1 n#0
m+3n#0 T 2m+3n#0
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Applying a partial fraction decomposition once more, we obtain

1 * 1
D) D e ey D) Dz e

On the right-hand side, we separate the part m + 2n = 0 from the first double sum and
separate the part m + n = 0 from the second double sum. We obtain

1
211 2221—211—<1+ )C(S+6), (413)

2s+1

where

1
Z= 0 X iy 2

m>1 n#0
m+2n#0

We evaluate X,;. Recall the definition of the zeta-function of the root system A,
(or the Mordell-Tornheim double sum)

1
| M (m + )

581, 82, 533 42) = Z

m,n=>

The part corresponding to positive n of the sum 3 is exactly ¢»(s + 1, 4, 1; 45). The
part corresponding to negative n is, putting m —n =/ when m >nand n—m==~k
when m < n, equal to

1 1
Z (n+ [y tntl o m;l mt (m + k)*k

nl>1

= 0@, s+ 1, 1;42) — &1, s+ 1,4; 42).
Therefore,

Sou=06+1,4,1;4)+ 0@ s+ 1,1;42) — &(l, s+ 1,45 42)
==5¢(+6)+20(Q¢(s+4)+2¢(4)¢(s + 2), (4.14)

where the second equality can be seen by [9, Theorem 3.1].
As for %, we apply the method of Zagier—Nakamura. Write X* as

1 b
g _ - 27 i(m+2n—1)0
z _Zmﬁ—lnq/(; € do

m=1
n#0
1£0

1 t o220 o2il(—0)
J— T Im
—Y o [ e e S . @15
m>1 n#0 1#£0
and apply (4.5). We obtain
Qni) 1
=) i), (4.16)

m>1
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where

172 ) 1 .
Ji = / 1m0 B (20)Bi(1 — 6)do, Jr = / ¥ B,(20 — 1)Bi(1 — 6)db.
0 1/2

Since Bi(x) = x — 1/2 and By(x) = x* — 2x3 4+ x> — 1/30, the factors B4(260)B,(1 — 6)
and B4(260 — 1)B;(1 — 6) are polynomials in 6 of degree 5. It is easy to see recursively

that
Zﬂim(?ekde - (_l)i—l+n1k! (_l)kk' 417
/0 ¢ B ; Qrimy2k+=itk + 1 —j)l  Qmim)k+! (4.17)
and
! k+l j—1 m
j -1y k! (1)
mkde = - A 418
/1/26 ,:21 Qrimy(k + 1 —))! k+1—j (4.18)

Using these formulas, we can evaluate J; and J,. Substituting the results into (4.16),
we find that £° can be written in terms of ¢(s) and ¢(s) = Y o | (=1)"m™* = 2!7% —
1)¢(s), more explicitly,

4 4 2 1
ot = %;(s+2)+%§(s+4)— (16+5> £(s+6). 4.19)

Substituting (4.14) and (4.19) into (4.13) we obtain

1
o= -—n(s+4)+ (10 + F) Z(s+6), (4.20)
and so
25 = Do = T+ - T 4 (B4 6. (421
= ¥n =l ) = — =L+ D+ | 5+ 55 )L +6). (4.21)

The evaluation of X3; and X4 is similar to that of X*. In these cases, instead of
(4.17) and (4.18), the integrals over the intervals [0, 1/3], [1/3,2/3] and [2/3, 1] appear,
and hence the 3rd root of unity appears. We obtain

1 a4 911 1 5
-3 434 = — 2 2 4 _ _
> 31 + 41 18§(S+ )+37T {(S—F )+< +2.3S+2)§'(S+6)

g s+l
O sin(2wrm/3) cos(2mm/3)
+72T—1352W. (4.22)
m>1 m>1
Moreover, it is easy to see that
cos2mm/3) 370 —1
Y =5 t+06), (4.23)

m>1

https://doi.org/10.1017/5S0017089514000160 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000160

WITTEN MULTIPLE ZETA-FUNCTIONS 119

3
= 5L+ 5. x0). (4.24)

sin2rm/3) /3 xs(m) V3
y e _ 5
m=>1

m>1

Consequently, we can conclude that (4.3) coincides with the right-hand side of
4.1). ]

In particular, setting s = 1 in (4.1), we obtain that the left-hand side is equal to
26(1,2,1,1, 1, 1; Gy) (see (3.2)). Hence, we have

L L6 ). (429)

1 109

REMARK 4.2. A little digression. Recall that the zeta-function of the root system

C, is defined by

1
| MO (m + 0y (m + 2

;2(‘919 52, 83, 84, Cz) = Z

m,n>

Divide X;; into two subsums accordingly as # > 1 and n < —1. Then the former part
is exactly ¢&o(s + 1, 3, 1, 1; C»). The latter is further divided accordingly as m —n > 0
and m —n < 0. The part corresponding to m —n < 0 is =& (s + 1, 1, 3, 1; C3), while
the remaining part is again divided into two subsums. The conclusion is that

X =006+1,31,1CG)-06+1,1,3,1;%)
+o(1,1L,3,s+1,G) - 01,3, 1,s + 1, ). (4.26)

On the other hand, we have shown that 3;; can be written in terms of ¢(s) (see
(4.20)). Combining these two formulas (4.26) and (4.20), we obtain a functional relation
between the zeta-function of C, and the Riemann zeta-function, which is different from
the previously known relations ( [9, Section 8], [18, Section 5]).

5. Some lemmas. In the next section, we will deduce a functional relation
corresponding to the case I = {2} by a method different from that described in the
preceding section. In this section, we prepare several lemmas which are necessary in
the next section. First, the following lemma is a slight modification of [11, Lemma 4.2],
which can be proved similarly.

LEMMA 5.1. Let {P,,}, {On}, {Rn} be sequences such that

[m/2] . N2 [m/2] - N\2j
P = 2 Ry ni—, — § R 7
m = m—2j (2])' Qm fr m—2j (2]+ 1)'
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Jfor any m € Ng. Then

[m/2]
Pm =-2 Z ;(2‘E)Ql71721'7 (51)
=0
o) h
O = = Z (27242 — 1) ¢(2h — 2T +2) Py, (5.2)
0

for any h € Ny.
Following is an important key to the argument in the next section.
LEMMA 5.2 [9, Lemma 6.3]. Leth e N, A; = (1 + (—1Y)/2 forj € Z and
¢:={CheClleZ I+0},
={D(N;m;n) e RIN,m,neZ, N#0, m>0, 1 <n<h},
={a, eN|l <n=<h}

be sets of numbers indexed by integers. Assume that the infinite series appearing in

h ay
D DY) =23 N play — k), (5.3)
" 7=l k=0
: (i0)°
X Y 3D (=D)VD(N; k — & m)e™’ >
=0 | 3% '

are absolutely convergent for 6 € [—n, ), and that (5.3) is a constant function for
0 € [—m, w]. Then, for d € N,

h ay

Z (- I)NC(N)e’N9 B 22 Z¢(an K

Nez n=1 k=l

)" D(m; k — & — w;n)e™ }(l’G)E

K wrd—1 e (=1 :
< Z (T e g g

=0 =0 meZ
£ @ m#0

: L (otk-g) L,
+22¢<d—k>xdkz{zz< Jen

k=0 £E=0 * n=1 =0

Dim;a, — 1 —w;n) (i)
X Z mk—&+to+l %-| =0 (54)
meZ
m#0

holds for 6 € [—m, 7], where the infinite series appearing on the left-hand side of (5.4)
are absolutely convergent for 0 € [—m, 7).

We prepare another lemma with the same feature, which is a slight generalisation
of [11, Lemma 4.4].
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LEMMA 5.3. Let h e N,

A={a()eCllez, 1+0},
={B(N;m;n) e RIN,m,neZ, N#0, m>0, 1 <n<h},
={e; eN|l =n=<h}

be sets of numbers indexed by integers, and

h ¢
Re(0) =) _(£)"a(m)e™> =23 "> " ¢lcy — k)he, &

meZ

m#0 n=1 k=0

: (i0)¢
X Y 4D (ED)" Bk — &)™ — (5.5)

|
£=0 meZ ‘i: :

m#0

Assume that both of the right-hand sides of R+(0) in (5.5) are absolutely convergent for
0 € [—m, 7], and that both R, (0) and R_(0) are constant functions on [—m, ). Then, for

delN,
a(m) h 1o/ w+d— e By — 2k — w3 )
P I IEY 2 () e
ne M n=1 k=0 ner
h [d/2]
d— 2k
233 ¢k Z <“’ + )(-2)(”
n=1 k=0
(=" + l)ﬂ(m,C —1—w;n)
x D md72k+wn+l
s
h [(d+1)/2] ¢,—1
+d—2k
—22 Z ¢(2k) (1 —-27%) Z (") " )(—2)’”
n= 1 k=0 w=0
(=" =1)B(m; c —w;n)
X Z - 2k+wr]+1 =0 (5.6)

Jor 0 € [—m, ], where the infinite series appearing on the left-hand side of (5.6) are
absolutely convergent for 0 € [—m, ].

Proof. We just indicate how to modify the proof of [11, Lemma 4.4] to obtain

the above lemma. Let gi(e) and €F be as in the proof of [11, Lemma 4.4]. Putting
N=d+1ford e Nand 0 = 7 in[l1, (4.11)], we obtain

d [d/2]

Yy i )2v
77 190 = Gy (-m)} = ;a;,zvzd : (2(:7T—+1)' (5.7
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Similarly, we have

d+1 [(d+1)/2]

l {gd+1(”)+gd+1( ”) Z Q:d-H 2v2d+1 2v((l;)), (5.8)

These are analogues of [11, (4.12)] and [11, (4.13)], with 2d replaced by d and d + 1

respectively. By Lemma 5.1, we have

{ T+ G5 (—m)}
1472 (5.9)
== Z tROD Gy 0 (1) = Gy o (1)}

Nl&_

and similarly,

(Gt - G ()

1 [(d-1)/2]
= Y@= 1)¢@o+ 217 {Gi o) + Gy, ()
p=0

/2

(d+1)/2]

L
=—— > (@ = 1)@ GG 5nm) + Gy o (-} (5.10)

=1

We evaluate each side of (5.9) in the same way as in the proof of [11, Lemma 4.4] with
obvious modifications. The result is almost the same as [11, (4.17)], just replacing 2d
by d, and the summation Zd by > : %y 4721 . Similarly, from (5.10) we obtain a formula
which is almost the same as [11 (4. 19)] just replacing 2d by d, and the summation
ZE —o by ZWH)/ 2] Combining those two formulas we obtain (5.6). ]

6. A functional relation corresponding to / = {2}. Using the lemmas in the
previous section, we now construct a functional relation among &(s; G2), ¢(s) and
¢(s) = (2'=* — 1)¢(s), which corresponds to the case I = {2} in Section 2.

THEOREM 6.1. For p, q,1r,u,v € N,

0p. s, q. 1, u,v;G2) + (= 1P 0a(p, g, 5,1, v, 143 Go) + (=1 00(v, g, 1, 5, p, u; Ga)
+ (=10, 1 g, 5, 1, py Go) + (=D 000 (u, 1, 5, ¢, v, p Ga)
+ (=PIt e (u, s, 1 g, p, v; Go)
+L+L+---+L=0

(6.1)

holds for all s € C except for singularities of functions on the left-hand side, where I,
(1 <j < 8), defined below, are linear combinations of ¢ (s) and ¢(s).

The definition of /; is given by

I; =A4;+ By + By (1=j=3),
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where 4;, Bij, By (1 <j < 8) are defined as follows:

[a2/2] a,—2k o+uv— as—ay +u_a
=2y Y s 3 ()

o=0 p=

=0
WU o+ r—a +g—1—w—a
" Z( 8)(P q 7)
=0 @ a9_1
x (_1)“102“113“12§(s+p+q+ r+u—+uv— 2k),

U/Z] ar)— 1 a37b4
By = 2(—1y*h Zz % (2k) Z (G e 2k> 3 (p e bs)

p=0 p

—b
XZ wrr=bs\(PHa=T=w=b1\ | aiypize
=0 @ “- :

x{{+p+g+r+ut+v-2k)+¢(s+p+q+r+u+v—2k)}

and

[(v+1)/2] ar—1 az—by
1 o+v—2k o+ u— bs
By = 2(—1yt? k}_O: (1 —=2"F¢(2k) § ( . ) § : ( )

p=0 P
(l(,*b7
—b —l—w-5
x Z <w +:0 8) <p e ag — lw 7)(—1)““’2b"3b'2
w=0

x{s+p+tqgtr+utv—2k)—¢(s+p+q+r+u+v—2k)}

where a; = a;(j), b; = b)(j) are as follows: According toj=1,...,8, @ (1 <1<12)
take the values

a=Lv+1,1,v,v+1,v,v,v+1,

a =p,u,q,u,ruru,

a=p,p,q,q, L1t
ag=2k+o0,1,2k+o0,1,2k+0,1,2k+ 0,1,
as=1,2k+o0,1,2k+0,1,2k+0,1,2k + 0,

as =p,P.4-49,P-P>4, 9
a;=2k+o+p,14+p,2k+0+p,1+p,1,1,1,1,
ag=1,1,1,1,2k+0 +p,1+p,2k+0+p,1+p,
a9 =4q,4,p,P-94,9,D: D>
a=0,0,0+p+w,p+w,p,p,0+w,p+w,

agz=0-r—w,0—r—w,0—u—p,—u+22k+2c—p-—1,
—r+2k4+2c0+p—-—w—-1,—-r+o0+p—w,0,0
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and
ap=-u—v—o—p,—-u—v+2k—p-10,-v-0,0,—v—0,0,—v —o0.
Next, define b; (I =1,4,5,7,8, 11, 12). First,
by=1v+1,0,v,v+1,v,v,v+ 1.

The definitions of by, bs, b7, bg are similar to au, as, az, ag, but all 2k + o are
replaced by 1 + o. Finally,

bh=0—-r—w,o—r—w,0—u—p,—u+2o—p,

—r4+2c+p—w,—r+o0+p—w,o0,0,
and
bp=—-u—v+2k—0c—-p—-1,-u—v+2k—p—-10,—v+2k—0 —1,

0, v+2k—0-1,0,—v+2k—0 —1.

REMARK 6.2. When p, ¢, 1, u, v are even, Formula (6.1) coincides with our previous
result given in [11, Theorem 5.1]. On this occasion we correct some misprints in the
statement of [11, Theorem 5.1]. On [11, line 8, p. 202], we should replace (2” +24-2-p )

2g—1
by (2”“‘21;_21_"_‘“). On [11, lines 12 and 16, p. 203], we should replace 372V~ by
3—2v—a—1+2k.

Proof of Theorem 6.1. The technique to prove this theorem is essentially the same
as in our previous papers (see [11, Section 5]; also [9, Section 7], [12, Section 5]). Hence,
it is enough to give a sketch of the proof here.

From [12, Lemma 5.3], we have

(_ 1)1+mxmei(1+m)9

2

Byt Pms(l + m)4
I+m#0
I+2m#0
/4 J m im6 3
. —1+j—§ e (ST (i)
- 22 & —)ep JZ( _1 >( 1y Z mstati—§ g|
j=0 §=0
5 1 . / —14j—¢ . X" (19)S
+ 2 ¢g— e /Z 1 =1 Z msri—E gl
=0 £=0 m=1
L e
T Z ms+p+a (62)

m=1
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forp,q e N, 0 € [-m, ], s € Rwiths > 1 and x € C with |x| = 1. By Lemma 5.2 with
d =r € N, we have

(_ l)lxmei(1+2m)9
2 P (1 + myd(l + 2my’

1€Z, 10
m=1
I+m#0
[42m#£0

J JE _
—2Z¢(p Y (‘”” 1)(—1)‘”

= £=0 0=0

(1 l+j-§-o (—1y 5@ i X (i)t
bh—1 o+ ‘ mstati—E+r é:l
m=

q JoJ-§ w+r—
+23 " plg—Dhgs Y ( )(—1)‘“
Jj=0

£=0 w=0

p—l4+j-—&—-w (—=1)"x™e™ (i0)¢
><< _1 )( - Z

p mstr+r+i—§ &l

r J
+23 o=, ,Z (“’ I a5)(—1>w
Jj=0 0

£=0 w=
P+qg—-2—w ew X" (i6)¢
X ( q— 1 )( 1)P 2j—E+o+1 Z mstr+a+i—§ g!

r J g1
—22 o -y (‘”” E)( e

£=0 w=
p+qg—-2—-—w x™" (i@)g _
( p—1 >( D Z mstprati—§ gv -

for6 € [-m, 7], p,q,r € N, s € Rwith s > 1 and x € C with |x| < 1. Here we replace
x by —xe® and move the terms corresponding to / 4+ 3m = 0 of the first member on
the left-hand side of the above equation to the right-hand side. Then we have

(_ 1)1+1nxmei(l+3m)6

sl + m)4(I + 2m)”

leZ, 130
m=1
14+m#£0
1+2m##0
14+3m#0

J J-§ w—+r—
—22 @ =) hpy ) ( )(—l)w

=0 =0 w=0

q—l—‘rj—f—w o ( 1)mxme3xim<9 (19)5
o A )

mstatr+i—§ £l

q J o5 w+r—
+23 " pg— gy ( )(—1)‘”
Jj=0

£=0 w=0

e
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X(P—1+];—1€— >( 1y~ Z X"t (i9)

p mstp+r+i—§ sv

J p-1
w +
+zZ¢(r—m,]ZZ< e
£=0 w=0
p+q_2_ Y 1 ( 1)m m z'mO (i9)5
X < g—1 )( 1y~ - 2j—E+w+1 Z mstprati—§  g|

J
+22¢<r—1>x_,22(‘°“ S)( D

£=0 w=0

(p+j) _21 w)( 1)[) Z( l)mxmezma (19)5

mstPrati—§ gl

(_1)p+q+r o XM
== 32r22q X; mstotatr’
m=

We again apply Lemma 5.2 with d = u € N to the above equation. Then we have

( 1)l+mx el(/+3m)0
Z Pms(+ m)a(l + 2my (I + 3m)*

leZ, 10

m=1

Lm0 (6.3)
I4+2m£0
I4+3m£0

+ J1(0; X) + J2(0; x) + J3(0; x) + J4(0;x) = 0,

where
J1(0; x)
p J J=5—p
) p+u— w+r—1 ©
—2Y s0-na X (T e )
Jj=0 £=0 p=0 =0 @
up (0= 14T = = p— @) (CI/ P70 S (e (ig)f
X q-— 1 ot ‘ s tatrtutj—§ ;;:!
m=
u J p-1 p—1-p
) o+j— w+r—1 »
#2) st o (7 e Jen
=0 £=0 p=0 =0 @
3t (PHa=2—p @)\ (YT & X" ()
g—1 orto 1 mstPratrtyi—¢ gl
m=

We can similarly write J,(0; x), J3(6; x) and J4(0; x), but these are omitted for the
purpose of saving space.
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Next, setting x = +ie~3%/2 in (6.3) and moving the terms corresponding to 2/ +

3m = 0 of the first member on the left-hand side to the right-hand side, we have

(_ 1)l+m(:|:l~)m 6‘1‘(214—3/11)0/2
Z Pms(I + m)a(1 + 2m) (I + 3m)+

leZ, 10
m=>1
I4+m#0
14+2m#£0
1+4+3m#0
2[4-3m#0 ( )

+ J1(0; £ie ™32 4 J5(0; £ie /%)  J3(0; £ie30/%) 4 J4(0; £ie /?)
oo
- _ Z 1
B (=D (=1 + m)yi(—1 + 2my (—1 + 3my*”

Lm=1
2/=3m

Note that (—1)/*"(iy" = (4i)*+*". Hence, we can apply Lemma 5.3 withd = v € N
to (6.4) because we can see that the left-hand side of (6.4) is of the same form as the
right-hand side of (5.5). Consequently, we obtain the equation given from (5.6). The
first term on the left-hand side of the obtained equation is

1
Z (L + m)a(l 4 2m)y (I + 3m)y* (21 + 3m)*’

lez, 1#0
m=1
I-+m#£0
14+2m#0
[+3m#0
2043m#0

(6.5)

while the remaining terms on the left-hand side of the obtained equation can be
expressed explicitly in terms of the Riemann zeta-function, which are I} + - - - + I3 in
the statement of the theorem. On the other hand, we see that (6.5) is equal to

0P, s, q. 1 u,v;Go) + (=1 0(p. 4. 5, ¢, v, 1, Go) + (=1 5(v, g, 1,5, p, s Gy)
+ (=P (v, 1, q, 8, u, p; Go) + (=D 0 (u, s, g, v, a; Gr)
+ (= 1YPH e (u, 5,1, g, p, v Go). (6.6)
This can be shown by decomposing (6.5) by the same argument as in [9, Section 7]; or,

since (6.5) coincides with S(p, s, ¢, 1, u, v), 0;{2}; G3) (see (2.11)), (6.6) simply follows
from (2.12). Thus we obtain the assertion of the theorem. ]

Setting (p, ¢, 1, u, v) = (2a,b,2c — 1,d, d) for a, b, ¢, d € N in (6.1), we see that

5QRa,s,b,2c—1,d,d;Gy) + 62(2a, b, s,2c — 1,d, d; G)
+(=DPea(d, b, 2¢ — 1,5, 2a, d; Go) + (—=1)""¢y(d, 2¢ — 1, b, 5, d, 2a; G2)
—(=D*ey(d, 2¢ — 1,8, b,d, 2a; G>) — (=1)°ta(d, 5, 2¢ — 1, b, 2a,d; G2)  (6.7)

is expressed in terms of ¢(s) and ¢(s). As we noted above (see (6.6)), (6.7) coincides
with

S((2a, s, b, 2¢ —1,d, d), 0; {2}; Gy).

In particular when s = b, it is equal to 2¢,(2a, b, b, 2¢ — 1, d, d); G) (see (3.2)).
Therefore, we have the following.
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COROLLARY 6.3. Fora,b,c,d € N,

£2(2a,b,b,2¢ — 1, d,d; G2) € Q¢() |7 € N2}l (6.8)

EXAMPLE 6.4. Putting (p, ¢, r,u,v) = (2, 1,1, 1, 1) in (6.1), we have

02,51,1,1,1;G) + 6(2,1,5,1,1,1;Gy) — £(1, 1, 1, 5,2, 1; Go)
+§2(1, 1,1,51,2; Gz)— o1, 1,5, 1,1,2:Gr) + 0(1, 5,1, 1,2, 1, Go)

——§(2)§(S+4)+@§( s+6)=

Setting s = 1, we obtain a special case of (6.8), that is,

109
42(27 1’ 13 1’ 1’ 19G2) - —§(2)§(5) - W§(7)’ (69)

which is (1.4) noted in Section 1. Similarly, we can compute

B 111116 = L @E6) + ot QD) — 2 5(9) (6.10)
0(2,1,1,1,2,2;Gy) = ——((2){(7) + Hégi(@) (6.11)
£2.2, 11,16y = ot @)+ 2 e )0) — Todee(i), (6.12)
B2 1,153,356 = Je@in + o a3 - S as), 6.13)
£(4,2,2,1,4,4Gy) = 260194952;( (13) + et e 2)515) ~ T £(17),
(6.14)
(2,4,4,3,3,3;Gy) = %{(4){(15) + 228313228 c(2)¢(17) — %{(19) (6.15)

7. The parity result for the zeta-function of the root system G,. We conclude this
paper with a discussion on the parity result for the zeta-function of G,.
It is well known that the double zeta values satisfy that

[e.¢]

1 ' |
mgzzl mr(m+ ny < Qg+ D1jeNj]

for p, ¢ € N with ¢ > 2 and 2 1 (p + ¢), which was proved by Euler. The same situation
holds for the zeta values of type A, (see [21]) and of type B, (see [22]):

0(p, g, 13 A2), oot u, v, w; By) € QUG+ 1) ] € N}

for p,q,r, t,u,v,w e N with 21 (p+¢g+7r) and 24 (t+u+ v+ w). These may be
regarded as examples of ‘parity results’. (In general, a ‘parity result’ means a property
that some multiple zeta value whose weight and depth are of different parity can be
written in terms of multiple zeta values of lower depth.) Does the same type of assertion
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hold for & (p, ¢, 1, u, v, w; G3)? It seems that the answer is negative; in view of Example
4.1 (especially (4.25)), we find that the following modified statement is more plausible:

(. g 11, v, w3 Gy) € QUEG + 1), LG, x3) |/ € NJ] (7.1)

forp,q.r,u,v,w e Nwith24(p+g+r+u+v+ w).

In this direction, an interesting result was given in Okamoto’s paper [19]. Inspired
by the work of Nakamura [18] and Onodera [20], Okamoto proved (his Theorems 2.3
and 4.5) that the values of certain generalised double zeta-functions, including the case
oW, g, ru, v, w; Gy) with 24 (p+ g+ r + u+ v + w), can be expressed in terms of the
Riemann zeta values and the values of Clausen-type functions, that is,

sin(2w mx cos(2mrmx
Six)=>" % or G(x)=)_ % (r e N)
m>1 m>1

with x =j/l € Q (/ € N, 0 <j < ). Moreover in his formula, in the case of G, only
the cases / = 1,2, 3,4, 6 and 12 of Clausen-type functions appear. For / = 1, 2, 3 and
6, the values S,(j//) and C.(j//) can be written in terms of the values of ¢(s) and
L(s, x3), similar to (4.23) and (4.24). Therefore, Okamoto’s result implies that if" 2 ¢
(P+qg+r+u+v+ w),then the value & (p, q, 1, u, v, w; Gy) can be written in terms of
z(s), L(s, x3), S:(j/ D) and C,(j/I) for | = 4,12 and 0 < j < [ with (j,[) = 1. This may
be regarded as a kind of ‘generalised parity result’.

If we apply Okamoto’s theorem [19] directly, we obtain a rather long expression
of special values in terms of Clausen-type functions. But we have checked, using
PARI/GP, that his expression actually agrees with our expression for (4.25), (6.9),
(6.10), (6.11) and (6.12). To check other examples ((6.13), (6.14), (6.15)) we would
require much more running time, so we did not check them.

Although only the values of ¢(s), L(s, x3) appear in all of our examples, we are
not sure whether S,(j/[) or C,(j/I) (I =4,12; 0 <j < [, (j,[) = 1) will appear or not
(in other words, (7.1) would hold or not) in some other examples.

It seems that for the zeta-function of the root system G», the parity result is valid
only in this generalised form. On the other hand, our Example 6.4 shows that sometimes
the value & (p, ¢, 1, u, v, w; Go), with 2 4 (p + g + r + u + v + w), can be expressed only
by the values of £(s). It is an interesting problem to determine when such a restricted
form of the parity result holds.
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