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Abstract

In this paper we quantify the efficiency of parallelism in systems that are prone to
failures and exhibit power law processing delays. We characterize the performance of
two prototype schemes of parallelism, redundant and split, in terms of both the power
law exponent and exact asymptotics of the delay distribution tail. We also develop the
optimal splitting scheme which ensures that split always outperforms redundant.
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1. Introduction and model description

Parallelism is a common approach to improve reliability and efficiency in practice. Of all
the diverse forms of parallelism, two prototype schemes stand out: redundant and split. In
the redundant scheme a task is processed in its entirety by each agent, and is considered as
completed when any one of the agents finishes. In the split scheme a task is split into multiple
subtasks, each processed independently by a different agent, and the original task is completed
when all subtasks are. In both cases, we expect better efficiency from using parallelism either
because the processing time is the minimum of all the agents or because a smaller task needs
to be completed by each agent.

In this paper we quantify the efficiency of parallelism in mitigating power law tails, which
have been shown to be present when a job needs to be restarted after a failure occurs [3], [9],
[10], [11], [14]. For the sake of definiteness, let us consider the notion of parallelism in the
context of communication networks, where a data unit can be transmitted using multiple paths.
A data unit can be a file or a packet (which are henceforth used interchangeably), and the
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FIGURE 1: Multipath transmission over K channels with failures.

transmission needs to restart after a failure (i.e. there is no check point in the transmission).
In Figure 1 we show a sketch of the multipath model considered in this paper, which is a
generalization of the single-path model introduced in [10]. There are K independent paths
between the source and the destination. The channel dynamics of path j, 1 < j < K, are
modeled as an on—off process {(A{ ,U l.j )}i>1 that alternates between available periods Aij and
unavailable periods Ul.j . We assume that {A{ }i>1 are independent and identically distributed

(i.i.d.) with common distribution A/, and {U/};>; are i.i.d. with common distribution U/.
Moreover, the sequences {Ui] }i>1 and {A{ }i=1, 1 < j < K, are mutually independent.

Let L be the random variable denoting the length of a packet, which is assumed to be
independent of the channel dynamics, i.e. {(A{ , Uij )}i=1. A fragment of length L; = y;L,
0 < y; < 1, of the packet is sent over path j. Packet transmissions can start only at the
beginnings of available periods. A transmission over path j that starts at the beginning of
A{ is considered successful if A{ > Lj; otherwise, the transmission aborts and waits for the
beginning of the next available period A{ 41 to restart.

We study two multipath transmission schemes, namely, redundant transmission and split
transmission, corresponding to the two aforementioned prototypes of parallelism. Under
redundant transmission, the same packet is transmitted in its entirety over all K paths, so
yj = 1forall j, and the transmission is successful as soon as one of the K replicas arrives at
the destination. Under split transmission, the packet is split into K nonoverlapping fragments,
each sent over a different path, so >, <j<k Vi = 1, and the transmission is complete only when
the last fragment arrives at the destination. The quantity of interest is the overall transmission
delay, of which the precise definition is given below.

Definition 1.1. The number of (re)transmissions of a packet of length L; over path j,
1 < j < K, is defined as '
Nj :=min{i: A] > L;},
and the corresponding transmission delay over this path is defined as
Nj—1
Tj:= Y (Al +U)+1L;.
i=1
e Redundant transmission (L; = L): the transmission is complete when the packet is
successfully transmitted over any one of the K paths. Therefore, the overall transmission
delay TR is

TR := min T;.
1<j<K
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e Split transmission (Z i—1 Lj = L): the transmission is complete when all K fragments
of the packet are successfully transmitted. Therefore, the overall transmission delay 7'
is

TS := max T,
1<j<K

and the total number of retransmissions over the K paths is

Our main contributions in this paper can be summarized as follows.

e We characterize the asymptotic behaviors of P[TR > x]and P[TS > x], in terms of both
the power law exponent (Theorems 3.2 and 4.2) and exact asymptotics (Theorems 3.3
and 4.3). Compared to the single-path transmission on the best path, redundant transmis-
sion does not change the power law tail exponent of the delay distribution (Theorem 3.2),
but only decreases the distribution tail by a constant factor (Theorem 3.3). On the
other hand, depending on the packet size distribution and the manner of splitting, split
transmission could either increase or decrease the power law tail exponent (Theorem 4.2).

e We develop the optimal split transmission scheme that minimizes the power law tail
exponent of the transmission delay, which is guaranteed to be no larger than that of
redundant transmission and the best single-path transmission (Theorem 4.4). The optimal
split transmission scheme is effective in mitigating power law delays if the absolute value
of the logarithm of the packet size probability tail is regularly varying with positive index,
and becomes ineffective if the above quantity is slowly varying.

Multipath transmissions have also been studied in [1] using extreme value theory, with the
number of paths going to infinity. In the present work we focus on the context of multipath
transmissions in communication networks with a fixed (typically small) number of paths, where
the multipath transmission has long been used to improve reliability and efficiency (see, e.g. [5],
[6], and [12]). Here we want to emphasize that the packet size distribution has been assumed to
have an infinite support in this study, which contradicts the reality that all packet networks (from
the Internet to wireless LANs) impose maximum packet sizes at different layers of the protocol
stack. It can be proved that eventually the transmission delay distribution will be light tailed
under this condition. However, as has been shown in [15], this light-tailed behavior occurs
with a power law main body of the delay distribution, and this power law behavior may have
dominating effects on the system performance since it spans over a time interval that increases
very fast with respect to the length of the longest packet. Thus, our assumption on the infinite
support of the packet size distribution allows us to study the main body of the transmission
delay distribution. While, similar to [15], we can extend our results to the case with packets
having finite support, we feel that this would distract from the main insights gained from the
paper.

Note also that while we have chosen to cast the mathematical model in the context of data
transmission for wireless networks, especially for low-power sensor networks where simple
operations are preferred to recover failed data (for the performance with complicated coding
schemes, see [16]), the model is applicable to many other scenarios that involve parallelism
and job failures, such as computing jobs in grid computing, file downloading in peer-to-peer
networks, parallel experiment planning, and parallel scheduling.
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The rest of the paper is organized as follows. In Section 2 we summarize the known results
on single-path transmission. Redundant transmission is investigated in Section 3, and split
transmission in Section 4.

2. Summary of known results on single-path transmission

In this section we establish some notation that will be used throughout the paper, and also
summarize the results on single-path transmission that will be used later.

Throughout the paper, we will use the following notation to denote the complementary
cumulative distribution functions of A7, 1 < j < K, and L:

G,(x) :=PlA] > x]

and B
F(x) :=P[L > x]

with F (x) being continuous eventually. The K paths are said to be homogeneous if
{A, U/ }15]51(. are jdentically distributed as {A, U}, in which case we use G(x) := P[A > x].
In general, {A/, U/} <j<k are not identically distributed, and the K paths are said to be
heterogeneous.
We will use the limit B
. log F(x)
o = lim _—,
x—00 Jog G (x)

when it exists, as a coarse quality measure of channel j relative to the packet size distribution,
with a larger value corresponding to a better channel.

We will also assume some moment conditions on {U/} 5.(:1, (AT} 5.(:1, and L. Specifically,
we will say that the moment conditions hold with parameter « if there exists some 6 > 0 such
that

(C1) maxi<j<g E[(U/)*VDH] < o0;
(C2) maxi<;<k E[(A))'*?] < o0;
(C3) E[LYt?] < 0.
Before we proceed, recall the following definition of the regularly varying function [4].

Definition 2.1. A positive measurable function f is called regularly varying (at infinity) with
index p if
A
tim LAY _ 5
x—o00 f(x)
for all A > 0. It is called slowly varying if p = 0.

2.1

Also, recall the standard definition of an inverse function f < (x) := inf{y: f(y) > x} for
a nondecreasing function f(x); note that the notation f(x)~! represents 1/f (x). We will use
‘v’ to denote max, i.e. x V y := max{x, y}. For any two real functions f(x) and g(x), the
following standard notation will also be used:

e f(x)~ g(x)ifandonlyiflim,_, f(x)/g(x) =1;
e f(x) =o0(g(x)) if and only if limy_, o, f(x)/g(x) = 0;
e f(x) = O(g(x)) if and only if lim,_, oo f(x)/g(x) < 00.
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2.1. Single-path transmission

For the case K = 1, i.e. there is only a single path in the system, the total number of
transmissions N = Np and transmission delay 7 = TR = TS have been studied in [3], [10],
and [11]. Below we quote Propositions 2.1 and 2.2 from [10] and [11], which show that both
N and T can follow power law distributions regardless of how heavy or light the tails of A and
L might be.

Proposition 2.1. Suppose that
log F(x)
m — =
x—o0 log G(x)

Then
logP[N > n] B

n—00 logn

If, in addition, the moment conditions hold with parameter o then

1
lim og P[T > ¢] _
t—00 log[

Proposition 2.2. Suppose that
Fo)™' ~ (G,
where ®(-) is regularly varying with index a > 0. Then, as n — 00,

C(a+1)

P[N > n] ~
@ (n)
If, in addition, the moment conditions hold with parameter o then, ast — 00,

I + D(E[U + AD*
(1)

P[T > t] ~

Note that F(x)™' ~ ®(G(x)~") implies that lim,_, o log F(x)/logG(x) = a by
Theorem 1.4.1 and Proposition 1.3.6 of [4]. Thus, Proposition 2.2 provides more refined results
than Proposition 2.1 under more restrictive conditions. As mentioned in the introduction, the
results in the preceding two propositions as well as those in the rest of the paper can be readily
extended to the case where packet sizes are bounded, using similar techniques as in [15].

3. Redundant transmission

In this section we study the redundant transmission scheme. We investigate whether
redundant transmission over K paths can mitigate the power-law-distributed transmission delay
suffered by single-path transmissions. We begin with the special case of homogeneous paths,
followed by the general case of heterogeneous paths.

3.1. Homogeneous paths

In this section we present the results for homogeneous paths. We first consider the case
where all packets are of the same size, and then the more realistic case where packet sizes are
variable.
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Proposition 3.1. Suppose that all packets are of the same size l, and that U = 0. Then

_ logP[TR > 1]
lim ———

t—00 t

:—K}/,

where y > 0 is the solution to the equation fé e’ dP[A <x]=1.

This result can be derived using Corollary 3.2 of [3]. It shows that redundant transmission
greatly improves the performance when all packets are equally sized. As K increases, we obtain
order gains in the decay rate of the delay distribution tail.

In reality, however, packets are not equally sized due to many other considerations,
e.g. reducing communication costs and extra overhead induced from encapsulation. We now
present a theorem for the case where the packet size is a random variable.

Theorem 3.1. Suppose that B
log F(x)
im ———— =a >0,
x—0 log G(x)

and that the moment conditions hold with parameter a. Then

. log P[TR > 1]
lim ——— =
t—00 logt

Comparing the above theorem with Proposition 2.1, we observe that the power law tail
exponent of the delay distribution under redundant transmission is the same as that under
single-path transmission. This is because the packets sent over these paths are replicas of each
other and, hence, T1, ..., Tk are not independent. This theorem is a direct consequence of
Theorem 3.2 below, which investigates a more general scenario.

3.2. Heterogeneous paths

For heterogeneous paths, we have the following result for redundant transmission.

Theorem 3.2. Suppose that

log F (x) .
im ———— =a; >0, j=12,...,K.
x—>00 Jog G (x)
Let o* := maxj<j<g o > 0and Q% = {j € {1,2,...,K}: a; = a*}. If the moment
conditions hold with parameter a* and with (C1) replaced by

(Cl) minjeg: E[(U/)@ VD] < oo,

then R
log P[T t
im P8P > G.1)
t—00 logt
Theorem 3.2 shows that the tail behavior of the delay distribution under redundant

transmission is determined by the best paths (i.e. the paths with the largest o).

Proof of Theorem 3.2. We first establish an upper bound. Suppose that path k achieves the
minimum in (C1’). Note that 7} > TR = minj<;<k 1. By Proposition 2.1,

- logIP’[TR > t] . logP[T; > t]
lim ——— < lim ————

= — = — *. 3-2
1—00 log ¢ T 1> log ¢ Yk « (3-2)
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Next, we establish a lower bound by constructing a new system with longer available periods
than all of the K paths. The new system has an on-off channel characterized by alternating
i.i.d. sequences {A;} and {U;}, where

A; = max Alj and U; =0.
I<j<K

Denote by N the number of transmissions for a packet of length L over this newly constructed
channel. Note that N < minj<;j<g N;.
Note that

K
{A{ >x} C{A; > x} = U{Alj > x}.
j=1

The monotonicity of the probability measure and the union bound yield

K
max (_;j(x) = max P[A] > x] <P[A; > x] < ZIP’[A{ > x] < K max C_;j(x).
1<j<K I<j<k ! — 1<j<K
]:

Thus, for x large enough so that K max|<j<k Gj(x) < 1, we have

max log F(x) - log F(x) < max log F(x)
1<j<K log K +1ong(x) ~ logP[A; > x] T 1=j<kK long(x)'

Letting x — oo, we obtain
log F(x)
im ————~*% =
x—>00 logP[A; > x]

Since E[(A;)!1?] < Z;{:l ]E[(A{)H'@] < 00, Proposition 2.1 yields

*

log P[N > n]
m —— =

n— 00 logn

—a’. (3.3)

Now define A; = min;<j<g AlJ Note that TR > Zlﬂ:_ll A

i» SO

N—1

PITR > 1] > P[Z A > z]

i=1

|tlogt]
zIP’|: Z A; >, ﬁ>t10gt]
i=1

|tlogt]
> P[N > rlogt]—P[ >4 fr], (3:4)
i=1

where the first two inequalities follow from the monotonicity of the probability measure and
the factthat N — 1 > [t logt| for N > tlog¢, and the last inequality follows from P[A N B] >
P[A] — P[B].
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Using the Markov inequality and the fact that the A;s are i.i.d.,

Lt logz] L71og1]
ED|: Z A < f:| = IEI)|:¢XP<_ Z Ai> > et]
i=1

i=1
Eexp( ZttlogtJ A)
e*l
— et(Ee_él)UlOg”.

Since A; > O and P[A; > 0] > 0, we have 0 < Ee™ A < 1,s0P Zmog” A; < t] drops
off exponentially in #log¢. On the other hand, (3.3) shows that P[N > tlogt] drops off
algebraically in 7 log ¢, so (3.4) yields
PITR > 1] > (1 + 0(1))P[N > tlog?].
Noting that log(f log #) ~ logt and invoking (3.3) again, we obtain
. logP[TR >+ . logP[N > tlogt] .
lim —— > lim = —a,
(S0 log ¢t 500 log(t logt)
which, together with (3.2), establishes (3.1). This completes the proof of Theorem 3.2.

Theorem 3.2 characterizes the performance in terms of the logarithmic asymptotics.
Basically, it only contains information about the power law tail exponent, but yields no
information beyond. As a consequence, this result cannot distinguish between redundant
transmission and single-path transmission over the best path(s). In order to investigate the
performance gain for redundant transmission, we need a more refined asymptotic result. For
a set of regularly varying functions ®;(-), 1 < j < K, we can compute the exact asymptotic
tail of the distribution of TR,

Theorem 3.3. Suppose that F(x)™! ~ ;i®; (Gj(x)_l), where £; > 0, and ®;(-) is regularly
varying with index o; > 0 such that ®;(x) ~ ®;(x) ifo; = . Let «* = maxi<j<k «; and

={jel{l,2,...,K}: a; = o*}. If the moment conditions hold with parameter o* and
with (C1) replaced by

(C1”) maxcgr E[(U/)@ VD] < o0
then, ast — 00,

L™+ 1) |
(X jear BIAT + Ui])—l;jl/a*)a* >+ (1)’
where ®*(1) ~ ®;(t) for j € Q.

P[TR > t] ~

This result shows that, when there are multiple channels with the best quality measure o*,
redundant transmission improves the system performance by reducing the delay distribution
tail by a constant factor, relative to the single-path transmission over any such path. Moreover,
this constant factor does not depend on the nonbest paths. When the K channels are i.i.d., it is
equal to K*.

In order to prove the theorem, we need the following lemmas, which are stated for the general
case where L; = y; L for some y; > 0, so that the results will be apphcable later to the split
transmission scheme. Recall that y; = 1 for redundant transmission and Z _1 vj = 1forsplit
transmission.
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Lemma 3.1. Suppose that Fx)~! ~ g“jCDj((_?j(ij)_l), where {; > 0, and ®;(-) is a
regularly varying function with index oj > 0 such that ®;(x) ~ ®;(x) if o; = «aj. Then,
foryrj >0, j=1,2,..., K, and a nonempty subset J C {1,2,..., K},

T@* + 1) |
P[ﬂ{Nj > I/fjt}} ~ J Ve B (3.5)
jel (ngj* %‘C,- e =g

where @y = maxjeyaj, J* ={j € J: aj =}, and % (t) ~ @ ;(1) for j € J*.

Proof. See Appendix A.

Lemma 3.2. Suppose that E[(A7)'*9] < oo. Then, for ¥ > 1/E[AT), there exists some
n > 0and C > 0 such that

P[T; <t, Nj > ¢;t] < Ce™ ™.
If. in addition, E[(U/)'*] < oo for some & > O then the claim is true for Y > 1/E[A/ +U/].
Proof. Note that N; > ;¢ implies that N; — 1 > [v;¢]. Thus, for N; > v ;t,
Nz L I L7 T
Ti= Y (Al +UH+L;= Y Al +uH= Y Al

i=1 i=1 i=1
from which it follows that
el it
P[T; <t, Nj > ;1] < P[Z(A-{ +U}) < r} SIF’[Z Al < t:|.
i=1 i=1
By letting X = A+ U/, X, = A{ + Uij, or X = AJ, X; = Alj, we prove both cases at once.
Given y > 0, the Markov inequality implies that
Ly;z] Lyt]

P[ > Xi< t} = P[exp(—y > Xi) > e—W] < e’ (E[e7* 1,
i=1

i=1

Choose 6 > 0 small enough so that (1 — 28)y;EX > 1. Since e™* = 1 — x + o(x), there
exists xo > Osuchthate™ <1 — (1 —8)x forO <x < xg. Let D = (1 — S)xo_a > 0. Then,
for x > xo,

0
1—(1=8)x+Dx'" =1+ —a)x[(ﬁ) — 1} >1>e".
X0
Thus,e™ < 1 — (1 — 8)x + Dx'*? forall x > 0. Setting x = yX and taking the expectation
then yield, for small enough y > 0,
Ele™*]1<1— (1 =8)yEX + Dy PEX'" <1 — (1 —28)yEX < e~ I 7200EX

Therefore,

[yjt]
P[T; <t, Nj > y;t] < P[Z X; < f] < e Im2NEXWI — et

i=1

where 7 = y[(1 — 28)y;EX — 1] > 0 and C = eI 720EX,

https://doi.org/10.1239/jap/1363784429 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1363784429

136 B. JIANG ET AL.

Lemma 3.3. I]‘IE[(Uj)(OfVI)+9] < 00, E[(A))*9] < oo, E[L*t?] < oo for some a > 0 and
0 > 0, and yj < 1/E[A/ + U/], then there exists v > a such that

]P)[Tj >, Nj < le] = O(I_v).

Proof. See Appendix B.
Now we prove Theorem 3.3.
Proof of Theorem 3.3. Let yj < 1/E[A/ 4+ U’], j € Q%. Note that {TR > 1} C
mjeﬂ*,‘({Tj > t}. Thus,
P[TR > 1] < ]P’[ RUE r}} < ]P’[ e 1///'!}} + Y PITj >t Nj < tl.
JEQ JEQ ey
The last term is o(1/®*(¢)) by Lemma 3.3 and Proposition 1.5.1 of [4]. Lemma 3.1 then yields

C@*+1)
Tja* o
(ZjeQ*K Wjé'j/a )
Let Jj > 1/E[A} + U/ for j € Q% and 1;/ > 1/E[A/]for j ¢ Q7% . Using union bounds,
we obtain

Jlim O*(H)P[TR > 1] < (3.6)

K K
P[TR > 1] > P[ﬂ{Nj > {/7,1}} — > PIT; <t, Nj > ¥;t].

j=1 j=1
The last term is o(1/®*(¢)) by Lemma 3.2 and Proposition 1.5.1 of [4]. Lemma 3.1 then yields
F@*+1)
~ lja* "
(X jeqy V56"

We complete the proof by combining (3.6) and (3.7) and letting ¥, J ;=1 JE[A + U] for
J € Q.

Jlim O*(P[TR > 1] > 3.7)

4. Split transmission

In this section we study the split transmission scheme, where a packet is split into
nonoverlapping fragments, each sent over a different path. Recall that a fraction y; of the
packet L is sent over path j, where Zle yj=1land0 < y; < 1forl < j < K. We
will assume that y; > 0 except in Theorem 4.4. We begin with the case of homogeneous
paths, followed by the heterogeneous case. We also investigate which of the two schemes,
split transmission or redundant transmission, results in a lighter tail for the transmission delay
distribution. We develop the optimal splitting scheme that minimizes the tail exponent of the
delay distribution, in which case split transmission outperforms redundant transmission.

4.1. Homogeneous paths

We have the following theorem for split transmission over homogeneous paths, where each
packet is evenly split into K fragments. It is a special case of Theorem 4.2, so the proof is
omitted.
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Theorem 4.1. Suppose that B
log F(x)
lm —_— =
x—00 Jog G(x)

and _
log F(Kx) _

im =
x—>00 log F(x)
If the moment conditions hold with parameter Ba then

4.1)

~ logP[TS > 1]
lim —— =
t—00 logt

Note that § > 1. By comparing Proposition 2.1 and Theorems 3.1 and 4.1, we observe
that split transmission is no worse than redundant transmission for homogeneous paths, when
packets are split evenly. Split transmission is not beneficial when 8 = 1, e.g. when log F (x) ™!
is a slowly varying function.

Theorem 4.1 shows that the effectiveness of split transmission is closely dependent on the
packet size distribution, as characterized by (4.1). We illustrate this point further using several
common distributions. For each distribution, we calculate @ and S, and the power law tail
exponent is — .

Example 4.1. (Weibull distribution.) Suppose that both the packet size L and the available
period A follow Weibull distributions, i.e.

Foy=PIL>x]=¢" ™" G()=PlA>x]=e" ¢
where A > 0, © > 0,and b > 0. Then
. log F(x) . loge= @0’ A\
a=lim ——=1lm ———=|(—),
1= logG(x) x> Joge™ (o) w
log F(K log (e—AKx)?
x—o0 log F(x) x=00 Jog (e~(*+0)")

Example 4.2. (Pareto distribution.) Suppose that both the packet size L and the available
period A follow Pareto distributions, i.e.

bo\* -
F(X)Z]P)[L>x]= (;)’ X = Do,

1, x < by,
b 13
p _1 k] X zblv
G(x)=P[A > x] = X
1, x < by,
where A > 0, u > 0, and by, b; > 0. Then
log F (x) .. A(oghbp—logx) A

o=1lm ——=1lm ———— = —
x—>o0 JlogG(x) x—oo u(loghy —logx)

. log F(Kx) . A(logbg —log K — logx)
= lim ————= = lim =1
x—00 log F(x) xX—>00 A(logbg — logx)

El
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Observe that 8 = 1 when L follows a Pareto distribution. In general, 8 = 1 if log F(x)~!
is slowly varying. In that case, split transmission is not beneficial compared to single-path
transmission and redundant transmission in terms of tail performance.

4.2. Heterogeneous paths

For heterogeneous paths, we have the following result for the transmission time.
Theorem 4.2. Suppose that, for j =1,2,..., K,
log F(x) _

lim =a; >0, “4.2)
x¥—>00 log G (x) ’
log F
m Og_—(x) = Bj. 4.3)
*—>00 log F(y;jx)
Then

. logP[N® > n] o
lim —— = —7

)

n—»00 log n
where T° = mini<j<k Bja;. If, in addition, the moment conditions hold with parameter t°
then

. log P[TS > 1]
lim —— =
t—00 log?

When paths are heterogeneous, the delay distribution tail is determined by the best path(s)
under redundant transmission and by the worst path(s) under split transmission. On the
other hand, split transmission only sends a fraction of the packet over each path. Comparing
Theorems 3.2 and 4.2, we observe that, if min;<;<x Bjo; > maxj<;<k «;, split transmission
is more effective than redundant transmission in minimizing the power law tail exponent;
otherwise, redundant transmission is more effective. We will show later that, by carefully
choosing the way to split packets, the tail performance of split transmission is never worse than
that of redundant transmission.

o

Proof of Theorem 4.2. We first prove the result for N°. Since log|n/K | ~ lognasn — oo,
Proposition 2.1 then implies that

. logP[N; > n] . logP[N; > n/K]

lim —— = lim ———

Jim == Tim_ oen = —Bja;. (4.4)

Since NS = Zle N, we have

K
max PIN; > nl < PIN® > n] < Z]P’[Nj > %] < K max P[Nj > %]

which yields
. logP[N; > n]
—7° = max lim ———
I<j<K n—oo logn
. loglP’[NS > n|
lim ——
n—00 logn
log P[N; K
< max lim ko eV LN} > n/K1
1<j<K n—>0o0 logn

= —1°, asrequired.
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Next we prove the result for 75. Let Qe =1{jef{l,2,...,K}: Bjaj = t°}. Combining
(4.2) and (4.3) we obtain

log P[y,;L > x] . Bjlog F(x)
—_— — = lim ———

im : = = =Bia; =1°, € Q%,
x—oo logP[A/ > x]  x—>% logG;(x) Pies /
which, by Proposition 2.1, yields
loglP[T; >t
M = —‘[o’ ] € Q?(.

t—00 log ¢
Since 75 = max;<;<k T}, we have
IP’[TS > t] > max P[T; > 1],
JEQY

and, hence,

. logP[TS > 1] _ logP[TS > 1]
lim ——— > max lim ——— =

t—00 logt T jeQg t—oo log ¢

On the other hand, for 0 < y; < 1/E[A/ + U],

—z°. (4.5)

K K
PITS > 1] <) PIT; > 1] <K max PIN; > g1l + > PITj >t Nj < yjt].

j=1 j=1
Using (4.4),
. log(K maxi<j<g PIN; > ¥jt]) . loglP[N; > v;t] o
lim : : = max lim ————— = —1°,
1—00 logt I<j<Kt—>00 logt

somaxj<j<g P[N; > ¢;t] = t77 ). By Lemma 3.3, for some v > 7°, we have P[T; > 1,
N;j <¢t] = 0(@™") = o(max<j<g P[N; > ¥;t]). Therefore,

o logP[TS > 1] . log(K maxj<j<kx P[N; > vt]) _

t—00 logt T 1o logt

_-L—O

which, combined with (4.5), completes the proof.

Theorem 4.2 characterizes the tail performance of the split transmission scheme in terms of
the logarithmic asymptotics. Next, we present a theorem on the more refined asymptotic result.

Theorem 4.3. Suppose that B B
F) ™~ @i (Gi0™h (4.6)

and B B
F(x)™' ~§0;(Fyjx)™, (4.7)

where £, &; > 0, and ®;(-), ©;(-) are regularly varying with indices aj > 0, 8; > 0,
respectively, such that ©;(®(x)) ~ ©;(®(x)) if Bia; = Bjoj. Let T° = min|<;<k Bja;. If
the moment conditions hold with parameter t° then, ast — 00,

3 (=D (e + 1)
: oAICs) (ZjeJ(E[Aj + Uj])—l&-}/t"g;/aj)ro

where Q% = {j € {1,...,K}: Bja; = 1°}and TI°(¢) ~ O ;(P; (1)) for j € Q%.

e (HPITS > 1] —

, 4.8)
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Note that (4.6) and (4.7) are strengthened versions of (4.2) and (4.3), respectively. If the
limit in (4.8) is not 0, e.g. when |Q%| = 1, then we obtain an asymptotic representation of
P[TS > ¢].

Proof of Theorem 4.3. By (4.6) and (4.7),
F) ™ ~ 80, (Frin ™) ~ &8 TG (v,

where I1; := ®; o ®; is regularly varying with index t; := Bja; > 0. By Lemma 3.1,

o] T

S (49)
jel e %ﬁjé;/ ’C;/ Hy 150

where 17 = maxje; 1, J* = {j € J: t; = 1}, and IT}(¢) ~ I1;(¢) for j € J*. By the
inclusion—exclusion principle,

K

P[U{N,->wjz}]= > (—U"“P[H{Njwjt}],

j=1 @#IC(1,2,...K} jeJ

which, together with (4.9), yields, for any ¥; > 0, as t — oo,

(4.10)

Z (=DM (e 4+ 1)

1/z° 1 j o.
/T g_j/C“/)r

K
no(;)p[U{Nj > I/Ij;}} -
j=1 [J: @£ICQ) X jes Vik;

Now let §/; < 1/E[A/ 4+ U7] < ;. By union bounds,

K K
PI:U{NJ > th}i| — ZP[T] <t, Nj > th]
Jj=1 Jj=1
<P[TS > 1]
K
= P[U{Tj > t}]
Jj=1
K K
< P[U{Nj > ;ﬁ\jt}] + ZP[T]' > f, Nj < ;ﬂ\jt].
Jj=1 Jj=l1

By Lemma 3.2, Lemma 3.3, (4.10), and Proposition 1.5.1 of [4],

DY@+ i TP = 1]

/T°§.?/0‘j)fo t—00
J

7ol

U oricay) e Vik;
o
) (~DYHIP@E 4 1)

< e
:ozicay) Xjes ‘/fj’é?j/r g;r

Now letting 1///\j, Jj — 1/E[A/ 4 U/] completes the proof.
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4.3. Optimal split transmission

According to Theorem 4.2, in order to minimize the power law tail exponent of the delay
distribution, the y;s should be chosen in such a way thatmin; < j<x B« is maximized. We may
speculate that we need to choose the y;s so that Bja; = Bray = --- = Bxag. The following
theorem confirms that this is indeed the case when log(F (x)™!) is not slowly varying. A related
work on optimal file split under a different problem setting can be found in [7].

Theorem 4.4. Suppose that we use split transmission over K heterogeneous paths, each
satisfying (4.2). If the limit

. log F(x)
= 1 _—
Bly) = lim log F(yx)

exists for all 0 < y < 1 then there exists a unique constant p > 0 such B(y) = y~". Let

K 2
(£ o
i=1

max «o;, p=0.
1<i<k

ap =

If, in addition, the moment conditions hold with parameter o, then the minimum power law

tail exponent achievable is —a,. The optimal splitting scheme that achieves the minimum is as
follows.

(@) If p > O then

1/p
P R i=1,2,....K (4.11)
)/] = X 1 5 = 9y Ly eeny . .
2im1 /p
(b) If p = O then y; = 0 for aj # maxi<;<k ; and the other y; can be any partition of

one.

In the preceding result, our objective is to minimize the power law tail exponent. When
p =0, wehave 8(y) = 1, and log F(x)"lisa slowly varying function. In this case, we should
only use the best paths (i.e. paths with the largest «; value), and the scheme in (4.11) is to
split the packet arbitrarily among the best paths. This provides us with some unused degrees of
freedom that may potentially be used to optimize some additional objectives, but we will not
pursue this here. When p > 0, all the channels are utilized, and the optimal fraction over each
path is specified by (4.11). In this case, one can easily check that the optimal tail exponent is
indeed achieved when B = Bray = - - - = Bgoak.

Note that a, = (ZiK:l ozil/p)p > o* with equality if and only if p = 0, where o* =
max|<;<k «; > 0, as defined in Theorem 3.2. Thus, under the assumption of Theorem 4.4,
split transmission achieves a better exponent than redundant transmission if p > 0.

Proof of Theorem 4.4. (a) Note that 8(y) > 1on (0, 1). If B(y) = 1 forall y € (0, 1) then
B(y) = y~P for p = 0. Now assume that 8y = B(yp) > 1 for some yy € (0, 1). Observe that
B(y1y2) = B(y1)B(y2) for any y1, 2 € (0, 1). Thus, for any positive integers m and n,

1/n 1/n

BOR™ = By )M = By = B

Since B is monotonically decreasing and the positive rationals are dense in R,

B = Bo. reRT,
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or, equivalently,
B(y) = ylosbollogrs — =0 e (0, 1),

where p = —log By/log yp > 0. It is clear that p is unique.
(b) Let {y;} be any splitting scheme. Let

°= min a;y;". 4.12
Giyyeop tiYi “.12)

If p = 0 then

T°= min o; < max o; =a,
(it ri>0) I<j=K

with equality if and only if y; = O whenever «; # a,. If p > 0 then (4.12) gives

" e’ =12 K.
Summing over j and noting that 3 ; y; = 1, we have (VP < Zle ajl./p, or t° < «,, with
equality if y; = y;‘ as given by (4.11). In both cases, Theorem 4.2 shows that the minimum
power law tail exponent achievable is — max t° = —a,,.

To illustrate the result of Theorem 4.4, we compute the optimal splitting scheme for some
typical distributions.

Example 4.3. (Weibull distribution.) Consider the heterogeneous counterpart of Example 4.1.
Suppose that the packet length L and all the available periods A/ (1 < j < K) follow Weibull
distributions, i.e.

Fa)=PIL>xl=e ™ G;jx)=PlA] > x]=e 0",

where A > 0, u; > 0,and b > 0. Then o = (k/uj)b, B(y) = y~%, and p = b. Therefore,
the optimal splitting scheme is

—1/b
(/)" "

K = ~1/b’
Yl K K /

Vi =

j=1,....K.

Example 4.4. (Pareto distribution.) Suppose that the packet size L and all the available periods
A/ follow Pareto distributions, i.e.

bo\*
F(x)=P[L > x] = <;>’ x = bo,
1, x<b0,
— N (b_J>M x>bA
Gi(x)=PA) >x]={\x /) =7
1, x <b;.

As noted in Example 4.2, we have 8(y) = 1 and p = 0. Thus, the optimal splitting scheme
is to use the best paths only, i.e. y; is nonzero only if o; = max;<;<k «;, and the split among
these paths is arbitrary as long as the tail exponent is concerned.
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Appendix A. Proof of Lemma 3.1
The proof itself is divided into several lemmas. We first recall the following result.

Lemma A.1. (Proposition 1.5.8 of [4].) Let ®(x) be regularly varying with index a > 0. For
large enough x, the function defined by

U(x) = /x au ' dw)du, x> xo, (A.1)

0
satisfies W (x) ~ @ (x).
The key step is the following lemma.

Lemma A.2. Let ®(x) be regularly varying with index o > 0 and continuous on [xg, 00) for
some xo > 0. Let W(x) be given by (A.1), and let W~ (x) be its inverse. Then, for all small
enough ¢ > 0, as x — oo,

Hoie, 0= [ exp(= gy Yoo~ HOTD (a2
x;e,C) = A exp = 1) v o om) )

Proof. Note that W(x) is a monotonically increasing diffeomorphism from [x(, co) onto
[0, 00). Changing variable according to u = x/ W< (v™1),ie. v = 1/W(x/u),

c(e)x 1 —cu q)(x/u)
H(x; e, C)=/0 au"le € Wdu, (A.3)

where c(e) = 1/¥ (¢! > 0.

Note that ®*(x) = x*/2/®(x) is regularly varying with index —a/2 < 0. An application

of Theorem 1.5.2 of [4] to ®*(x) implies that there exists My such that, for x > My and
O<u<l,

u_a/z D (x) _ @*(x/u) <

D (x/u) O*(x) —

u*? +1 <2,

and, hence,
—QJ(x) < 2u%/?,
D(x/u) —
By Theorem 1.5.6 of [4], there exists M1 > My such that, forx > Mjand 1 <u < x/Mj,
)
oW < 2u*tl, (A.5)
D (x/u)
Since W (x) ~ ®(x), there exists M > M such that, for all x/u > M,
(/) _
W(x/u) —

(A4)

(A.6)

Since c(g) = 1/\-11‘_(8_1) — 0 as ¢ — 0, there exists g9 > 0 such that c(¢) < 1/M for all
e < &9. Combining (A.4), (A.5), and (A.6) yields

PO O/u) _ D) <<b<x/u>>2<8ua+1 4 syl
W2(x/u) D/ u)\W(x/u))

(A7)

forx > M, e <¢gg,and 0 < u < c(e)x.
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Note that, as x — o0,

fu,x):= aulecu%(;;/)u)l(o <u <c(e)x] = au® e ",
Moreover, for x > M and & < &g, (A.7) yields
0< f(u,x) < gu) :=8a(u® +u*?""e ",
where g(u) € L' (0, co) with integral
o0 Bal(w+1) 8al(x/2)
/ gw)du = Catl ceiz =
Therefore, by the dominated convergence theorem and (A.3), for ¢ < &9,
Od(x)H(x;¢e,C) = /000 fu, x)du — /(;Ooaecuual du = %

as x — OQ.

Lemma A.3. Let ®(x) be regularly varying with index « > 0 and continuous on [xg, 00)
for some xo > 0. Let W(x) be given by (A.1), and let V< (x) be its inverse. If h(x) ~
C/ W< (F(x)~") then, for all large enough z,

r 1
Ee 1L > )]~ ————— ast — oo.

Proof. Given § € (0, 1), for all large enough x,

1-94)C 1+96)C
W (F(x)™h W (F(x)™h
Thus, for all large enough z, after integrating and changing variables according to v = F (x),
we obtain
H(t: F(2), (1+8)C) <E[e" ML > )] < H@: F(2). (1 -8)0),

where H(¢t; ¢, C) is as defined in (A.2). When z is large enough, F () is small enough, so, by
(A.2),
Fla+1)

MNa+1) . —th(L) — 7
< t1—1>ngo O()E[e 1I(L > 2)] < - S)QCQ’.

(1+8ece —
Now letting § — 0 yields the desired result (A.8).

Lemma A.4. Let ®(x) be regularly varying with index o > 0. Let f(x) and g(x) tend to oo
asx — oo. If f(x) ~ g(x) then (f(x)) ~ P(g(x)).

Proof. Let W (x) be given by (A.1). Given any ¢ € (0, 1), for all large enough x,

(I —e)glx) = f(x) = (I +e)gx),

and, hence, the mononicity of W (x) yields

V(1 -e)gx) = W(f(x) =¥ +e)gx)).
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Since W (x) is regularly varying with index o, by (2.1),

(1— &) = lim V(1 —e)gx))
x—oo  W(g(x))
< lim V()
i—oo W(g(x))
< Tm V()
x=00 W(g(x))
W(( +e)gx))
m —
r—oo W(g(x))
= (1+¢)“.

IA

Letting ¢ — 0 yields W(f(x)) ~ W(g(x)). Since ®(x) ~ W(x), it follows that ®(f(x)) ~
D (g(x)).

Proof of Lemma 3.1. Replacing ®;(x) by W;(x) as given in (A.1) if necessary, we can
assume that @ ; (x) is continuous on [xo, 00) for some large enough xo. Now let W (x) be given
by (A.1), and let \Il‘;_ (x) be its inverse. By Theorem 1.5.12 of [4], \IJA;_ (x) is regularly varying
with index 1/a;. Using @ ;(x) ~ W¥;(x), we obtain

Wi(Gilyjx)™ ) ~ @Gy ~ ¢ F T
which, by Lemma A .4, yields

Gy ~ W (T Fe) T ~ g e (R,

and, hence,
1/a; 1/a
- s Vg
VG~ ) emE Y ) T A T
; jZ,kIJ, (F(o~) ]X,: Vit (F()™)

where o] = maxjeyaj, J* ={j € J: aj = af}, and ¥, (x) is the inverse of W7 (x), which
corresponds to ®% (x) as in (A.1). Thus, by Lemma A.3, for all large enough z,

_ 't +1
0(t,2) = E[exp<—f21/ijj(L)>1(L > z)] ~ et D L as

1/ % * :
jeJ (Zjej* 1/f]§j aj)aj (D‘I(t)

Denote the left-hand side of (3.5) by R(¢). Since the N;s are independent conditioned on L,

R(1) = E[]‘[ PIN; > ¢t | L]:| = E[H(l — c';,-(ij))Wf”}. (A.9)

jeld jelJ

Note that, given any ¢ > 0, there exists M > 0 such that, for all x > M,

[0 =GP =T]a=Gxn"" =1 -e exp(—t > ;G ,~(y,-x>).

jedJ jelJ jeJ
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Thus, for all large enough z,

R(1) = E[]‘[(l -GV (L > z)} > (1-#)0(,2),

jeJ

which together with (A.8) yields

It +1
lim ®%(VR() = (1 - ) 1/1* .
t—00 (Zje]* w/;] J)oz]
Letting ¢ — O,
C(ah +1
lim ®5()R(1) > @ 1 /l* —. (A.10)
t—00 (Zjej* W/'Q- J)a]
On the other hand, the inequalities [x| > x — 1 and 1 — x < e™ yield
[]a -6t < exp(z G,-(ij)) exp(—t > ijj(ij)>’
jeJ jeJ jeJ
whence, by splitting (A.9) into two parts according to L > z and L < z,
R() < exp(Z G./(yjz)) o, z2)+ exp(—t Z wj(_;j(yjz) + |J|>. (A.11)

jelJ jeJ

By Proposition 1.5.1 of [4], the last term of (A.11) is ot~ = o(1/®%(t)) ast — oo.
Using (A.8), we obtain, for all large enough z,

L _ 't +1
lim % ()R (1) SeXP<ZGj(Z)> @ 1)* '
—00 /aj o]
jeJ (Zjej* Ipjé‘j )
Now letting z — oo,
o Ca% +1
tl_i)rro10<l>(t)R(t) = @ 1/?1* h
Qjes Wit %

which together with (A.10) yields (3.5).

Appendix B. Proof of Lemma 3.3

The proof is divided into several steps. We first recall the following two results from [13].

Lemma B.1. (Corollary 1.6 of [13].) Let X1, X2, ..., X, be i.i.d. random variables ~ X such
that EX =0 and a}f :=E[(X vV 0)'] < oo for | <s < 2. Then, forx > y > (4na;H)'/s,

2+
e“a;

n n x/(2y)
]P’[ZX,- Zx:| §n]P[X>y]+<xys‘ > :

i=1
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Lemma B.2. (Corollary 1.8 of [13].) Let X1, X», ..., X, bei.i.d. random variables ~ X such
that EX = 0, 02 = var[X] < o0, anda;Ir =E[X*1(X > 0)] < ocofors >2. Then

n + 2
csan dgx
IP’[ E X; > X} < x—i +exp<— 2, >
i=1

where cg = (1 +2/s)* and dy = 2(s + 2)"2e .

We will use the two lemmas in the following combined form.

Corollary B.1. Let Xy, X3, ..., X, be i.i.d. random variables ~ X such that EX = 0 and
E[X*] < oo for some s > 1. If n = O(x7) for some g < s A2 then

n
P[in > x:| = O(%) as x — o0.
by
i=1

Proof. If 1 < s < 2 then (4na)'/s = O(x9/%) = o(x), so x/2 > (4na])!/* for large
enough x. Setting y = x/2inLemma B.1 and then applying Markov’s inequality to P[X > x /2]
yields

n
x 25~ le2qf 4 2 4
1=
If s > 2 then x2/n = Q(x2~9) and the result follows from Lemma B.2.

The next two lemmas are the key ingredients for the proof of Lemma 3.3.

Lemma B.3. IfE[(U/)*] < oo for some s > a \/ 1 then there exists an v > « such that, as
t = o0,

N; '
]P’[;(Ui’ —E[U]) > 6t, N; < w,;} = 0(%).

Proof. Let Ul.j = Uij — E[U/]. Since N; and {Uij} are independent,

Njo M oo,
]P’[Z Ul >st, Nj < W} = PIN; = n]P[Z Ul > 5t:|,
i=1 n=1 i=1

where M = | ;t]. By Corollary B.1, the right-hand side is

M M
ZIP’[Nj =nlO(nt™) = 0(:‘5 ZnIP[Nj = n]).

n=l1 n=1

Using summation by parts,

M M—1 M
Y nP[Nj=nl=1+ Y PIN;>n]— MP[N; > M] <2+ ) P[N; > n].
n=1 n=1 n=2
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If o > 1 thenlet6 € (1, «); otherwise, let & € (1 + o — s, «). By Lemma 3.1, there exists a
constant Dy such that ]P’[Nj > n] < Dgn~?. Thus,

ZIP’[N >n] < Z Do / —dx — [Ml -0 _ 1= O(t(l—e)vo)
and

N;

P[Z Ul > 61, Nj < W] =0tV = 0™,
i=1

wherev =sA(s+60 —1) > «.

Lemma B.4. Let X and Y be positive random variables such that E[X'1?] < oo for some
0 > 0, and E[Y*] < oo for some s > 0. Let {X;} bei.i.d. ~ X. Then, for any ¥ < 1/EX

and§ <1 —yEX,
L] 1
P[Z X;AY > (- 8)t] - 0(?)'

i=1
Proof. Choose B suchthatEX < B < (1 —-6)/¢¥.Letn=1—-68— By > 0. Let {Z;} be
i.i.d. exponential random variables ~ Z that are independent of {X;}, suchthat EX < EZ < B.
By Proposition X.1.1 of [2], sup, Y 7_,(Z; — B) is equal in distribution to the steady-state
waiting time of a D/M/1 queue with interarrival time D and service time Z. Theorem VIII.5.8
of [2] then yields

n
1
P Zi—B)> —nt| =0@"").
[sgp;( i—B) > 277} o(t™)
By Proposition X.1.1 and Theorem VIIL5.7 of [2], sup, Y/, (X; A (¢t) — Z;) is equal in
distribution to the steady-state workload of an M/G/1 queue with interarrival time Z and
truncated service time X A (ef). By Lemma 3.2 of [8], there exists ¢ > 0 such that

n

1 _

P[sgp X;(X,- A(et) — Z;) > Er’t} —o(t™).
1=

Therefore,

a
P[Z X; A (et) > (1 — 8)t:|

i=1

Lyt)
< P[Z(x,» A (et) — B) > m}

i=1

L] : Ly1) .
<]P’[Z(X A (t) — Zi) > m}HP[Z(z B,-)>§nt]

i=1
=o(t™").
By Markov’s inequality, P[Y > et] < E[Y®]/(et)* = O(1/¢*). Thus,
Y] Y]
P[Z X;AY > (1— 5):} < P[Z Xi A(et) > (1 — 5)ti| +PlY > et] = 0@ %).

i=1 i=1
This completes the proof.
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Proof of Lemma 3.3. Note that, for N; < v;t,

Nj—1
Tj= Y (Al +U)+L;
i=1

N

IA

i .
(Al ALj+U])
i=1
=Y (A} AL +E[U/ D + > (U] —E[U'])
i=1 i=1
ljtl _ N .
< > (A AL +E[WU/D+ ) (U] —EU)).
i=1 i=l

Thus,

i)
PIT; > 1, N; < ;1] < P[ > (A AL;+E[WU] > (1 - S)I]
i=1
N
+ P[Z(U,:’ —E[U7]) > 81, Nj < wjt]

i=1

For0 < 8 < 1 —v,E[A/ + U], the right-hand side is O (") for some v > a by Lemma B.3
and Lemma B.4. Note that the identity A} A L; + E[U/] = (A] + E[U/]) A (L; + E[U/])
has been used in the application of Lemma B.4.
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