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The onset of vortex breakdown in supersonic flows remains an unsolved problem in
physics. In this study, a sufficient condition for spiral vortex breakdown to occur in
supersonic flows was derived from the conserved total enthalpy at the vortex axis under
complete supersonic inflow conditions. The theoretical threshold was simply determined
by the relationship between the magnitudes of the kinetic and internal energies (i.e. axial
velocity squared and static temperature, respectively) downstream. In addition, it was
found that the squared velocity and static temperature in the sufficient condition were
closely related to a rapid reduction in the helicity, which indicated that vortex breakdown
occurred. Numerical simulations confirmed that the theoretical threshold corresponds to
the onset of spiral vortex breakdowns in supersonic flows.
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1. Introduction

Spaceplanes use delta wings to take advantage of the characteristics of supersonic flows.
Several decades ago, the vortex breakdown phenomenon was discovered, wherein vortices
flowing over delta wings (Peckham & Atkinson 1957; Lambourne & Bryer 1961) and in
pipes (Sarpkaya 1971) suddenly burst. It has been reported that the transition point of
vortex breakdown over a delta wing moves upstream as the Reynolds number increases
(Van Dyke 1982). Vortex breakdowns can be defined as an abrupt change in the vortex
structure of an axial flow and has strongly nonlinear characteristics, which can include
a sudden increase in the size of the vortex core, a large adverse pressure gradient, the
appearance of a free stagnation point near the axis, the formation of a reversed flow
and a highly unstable structure (Hall 1972; Leibovich 1978; Escudier 1988; Delery 1994;
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Figure 1. Photograph of a spiral-type (top side) and bubble-type (bottom side) vortex breakdown observed
over a delta wing (photo taken from Lambourne & Bryer (1961)).

Lucca-Negro & O’Doherty 2001). Although some studies considered a stagnation point
to be necessary for vortex breakdown to occur (Leibovich 1978), other studies showed
that the stagnation point disappears at high Reynolds numbers (Novak & Sarpkaya
2000). Therefore, no clear consensus on the presence of a stagnation point has yet been
established.

Vortex breakdowns have two principal configurations (figure 1): the bubble-type
breakdown is almost axisymmetric in shape while the spiral-type breakdown is highly
asymmetric in shape. Bubble vortex breakdowns have been observed to transition to spiral
vortex breakdowns (Althaus et al. 1995; Ruith et al. 2003). A spiral vortex breakdown is
regarded as a nonlinear global mode that is caused by the appearance of a locally absolute
unstable region in the wake of a bubble vortex breakdown (Gallaire et al. 2006).

At present, there is no generally accepted theory on vortex breakdowns. However, for
incompressible flows, the onset of vortex breakdown was found to be governed by the swirl
strength (i.e. critical swirl number) (Spall, Gatski & Grosch 1987). A vortex breakdown
in an incompressible flow is characterised by a change in the sign of the azimuthal
vorticity near the axis, which is obtained from the momentum equation (Brown & Lopez
1990). The abrupt change in structure means that a vortex breakdown cannot be explained
by hydrodynamic instability and instead suggests the existence of a critical state (i.e.
transition from a supercritical flow state to a subcritical flow state) like that observed
for hydraulic jumps and shock waves (Benjamin 1962). Ultimately, a vortex breakdown
appears to comprise a transition between two conjugate flow states (Escudier 1988; Hall
1972; Leibovich 1978; Keller 1994).

While many studies have investigated vortex breakdowns in incompressible flows, only a
few have investigated vortex breakdowns in shock-free compressible flows (Mahesh 1996;
Rusak & Lee 2002; Hiejima 2017). For supersonic flows, some studies have investigated
vortex breakdown due to the interaction between streamwise vortices and shock waves
(Kalkhoran & Smart 2000), which produces a structure similar to the structure of the
bubble-type vortex breakdown in incompressible flows (Delery 1994; Kalkhoran & Smart
2000; Hiejima 2014, 2023; Iwabayashi et al. 2024). In shock-free supersonic flows, only
spiral vortex breakdowns have been reported with axial acceleration (Hiejima 2018).
The vortex breakdown structure is very similar to the structure of the spiral-type vortex
breakdown without stagnation points for incompressible flows at high Reynolds numbers
(Novak & Sarpkaya 2000). (A stagnation point may not be required for spiral vortex
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breakdown, except for low Reynolds numbers.) An onset condition for vortex breakdown
derived from the axial momentum variation was proposed in a previous study (Hiejima
2018). Supersonic vortex breakdown occurs when the swirl number and Mach number are
small. Furthermore, bubble-type vortex breakdowns with a stagnation point occurring in
subsonic flow regions cannot occur at supersonic flow conditions. Note that the derivation
of the onset condition is based on the incompressible critical swirl number. Therefore, the
onset mechanism for a vortex breakdown to occur in a compressible flow still needs to be
identified, especially for shock-free flows. Understanding vortex breakdown in supersonic
flows remains an unsolved problem in physics.

Since there are many elements associated with the onset of vortex breakdown (Lucca-
Negro & O’Doherty 2001), theoretically determining a dominant condition necessary for
a vortex breakdown to occur is difficult. In contrast, the concept of two conjugate flow
states can be used to describe a sufficient condition for a vortex breakdown to feasibly
occur regardless of the difference between incompressible and compressible flows, which
can be defined as a subcritical state after the transition. In this study, a sufficient condition
is described for spiral vortex breakdown to occur in a shock-free supersonic flow based
on the energy conserved along the vortex axis. The theoretical threshold was verified in
three-dimensional (3-D) direct numerical simulations.

2. Conditions for vortex breakdown in supersonic flows

This study used the dimensionless physical variables described in a previous study
(Hiejima 2017), where u; is the velocity vector, p is the density, p is the pressure and T
is the temperature. The nondimensionalised state equation is p = p T. Let us assume that
at high Reynolds numbers in shock-free supersonic flows with a steady and axisymmetric
vortex, the field exhibits an adiabatic flow. Then, the total enthalpy .7 is expressed as the
sum of the kinetic and internal energies (Anderson 2003):

1 d 1 1

%’?:—Mkuk+f L g+ L = S+ Y, (2.1)

2 p 2 y—1p 2 y —1
where y is the ratio of specific heats and a constant. Differentiating (2.1) with respect to x
gives

97 1 9(ukuy) 4 y oT
ax 2 ox y—1dx"

Note that u; = (4, v, w) in Cartesian coordinates.

To better understand the vortex breakdown conditions, the distinctive physical variables
at the vortex axis (i.e. x-axis) should be considered. Suppose that v and w regarding radial
transport are negligible near the axis. The occurrence of vortex breakdown is characterised
by a notable change in the axial momentum J (Benjamin 1962; Mager 1972; Brown &
Lopez 1990), which is defined as

2.2)

J:pu2+p:pQﬂ+T) 2.3)

For bubble vortex breakdown in a supersonic flow caused by interactions with shock
waves, the deceleration of the flow due to the vortex breakdown (du/dx < 0) and the
appearance of a stagnation point result in the following expressions (Delery 1994; Wei
et al. 2022; Hiejima 2023):

du? aJ
<0, — <0. 2.4)

E 0x
1032 A10-3
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For spiral vortex breakdown in a supersonic flow, the acceleration of the flow due to the
vortex breakdown (u > 0 and du/dx > 0) results in the following expressions (Hiejima
2017, 2018):

du? aJ
—>0, —=>0. 2.5
ax ox
The derivative of J/p with respect to x is given by
d (J\ dur oT
—N\- )=+ (2.6)
ax \ p 0x 0x

As ] is conserved in an adiabatic flow under the inviscid condition, 8.4 /0x = 0. Then,
(2.2) and (2.6) can be used to obtain

9 (J 19T
DLy rriot 2.7)
ax \ p y —10dx

For bubble vortex breakdown, (2.4) and (2.7) indicate that the condition for its onset is
given by

aT ap
250 or —--<0. (2.8)

ox ax
Note that this ensures a subsonic state regarded as incompressible flow near the stagnation
point. It follows that an adverse pressure gradient is essential for bubble vortex breakdown.
For spiral vortex breakdown, (2.6) is transformed into

aJ a (J Jo
()42 (2.9)
0x dx \ p p 0x

It is reasonable to suppose that the flow field is in a stationary state. Based on the mass
conservation equation, the following relation can be obtained:

9 _pou (2.10)

Substituting (2.7) and (2.10) into (2.9) gives

aJ 1 oT Jo
of __y+ o8 _Jou @.11)
ox y—1 0dx udx

Then, applying du/dx > 0 and dJ/dx > 0 in (2.5) to (2.11) gives the following condition:

— < 0. (2.12)

Based on the above-mentioned relations, figure 2 shows the schematics of the
temperature and squared velocity profiles of vortex breakdown at the centreline of a
supersonic flow. For bubble vortex breakdown, the condition for its onset is obtained
from the stagnation point u; =0 (strong constraint) (Hiejima 2023). The condition for
the onset of spiral vortex breakdown can be obtained by combining the conservation of
total enthalpy in (2.1) and the inequality in (2.12):

1, y

§M2>y_1

Ty, (2.13)
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Figure 2. Schematics of temperature T and squared velocity u? profiles at the centreline of a supersonic flow
for (a) bubble and (b) spiral vortex breakdown.

where subscripts 1 and 2 denote upstream and downstream, respectively, of the point at
which the breakdown occurred. This expression is equivalent to

2
My, > | ——, (2.14)
y—1
where M, denotes the local Mach number. From a momentum perspective, the following
expression can be obtained from (2.3) and (2.13):

J. 3y —1
22+, (2.15)
P2 y—1
From p; = pp T3, (2.15) can be rewritten as
J: 3y —1
2.V (2.16)
2 y—1
Based on (2.14) and (2.16), the two thresholds o™ and B* can be defined as follows:
z:)
M
= o, pr=_—P27 2.17)
y—1 y—1

Therefore, the sufficient condition for a spiral vortex breakdown can be estimated by using
the inequalities in (2.17).

3. Helicity density equation

The helicity density # is related to vortex breakdowns in that qualitative changes in the
flow topology arising from a vortex breakdown are linked to large changes in helicity
(Moffatt & Tsinober 1992). Many studies have demonstrated that the change in helicity is
an important indicator that a vortex breakdown occurred (Spall & Gatski 1990; Hiejima
2018, 2020; Sharma & Sameen 2020). According to Darmofal (1994), a vortex breakdown
can be regarded as an inviscid transition in incompressible flows at Reynolds numbers
above 300. The inviscid helicity density equation (Boutros & Gibbon 2025) is given by

ah 9 p 1
— + —|hui o[ = — = =0, 3.1
5 +-8xi[ u,%-w,(p 2ukuk>} (3.D
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where h(= ujy wy) is the helicity density and w; is the vorticity vector. Equation (3.1)
indicates that T(= p/p) and u?/2 contribute to the development of 4, which represents
the vortex core.

4. Velocity profiles in vortex flows

Flows with a vortex structure are assumed to be steady and axisymmetric upstream. To
study vortex breakdown in supersonic flows, the vortex flow was assumed to be a Batchelor
vortex (Batchelor 1964) because the velocity profile is compatible with experimental
measurements of supersonic flows at high Reynolds numbers (Cattafesta & Settles 1992;
Hiejima 2019). In cylindrical coordinates, the nondimensionalised velocities of a Batchelor
vortex are given by

U, (r) =0, ug(r)=M1%(l—e_r2>, ux(r)=M1<1—ue_r2), 4.1)

where ¢ is the swirl intensity (circulation), w is the axial velocity deficit and M is the
upstream Mach number. Because the flow does not appreciably depend on the viscosity
at high Reynolds numbers, the density and pressure required for compressible flows are
determined by assuming that the total enthalpy is uniform (Hiejima 2017).

5. Results and discussion

In this study, spiral vortex breakdown is investigated because bubble vortex breakdown
does not occur in shock-free supersonic flows. To verify that (2.17) represents the sufficient
condition for spiral vortex breakdown, numerical simulations were conducted using the
3-D unsteady compressible Navier—Stokes equations. Supersonic vortex flows expressed in
(4.1) were used with four cases of g and u = 0.5 at M| = 2.5, 3.5 and 5.0, and Re = 9000.
Further details on the methodology and conditions are stated in a previous study (Hiejima
2017) except for 0 < x < 400.

Figure 3 shows the vortex structures of a shock-free supersonic flow using the isosurface
of the second invariant of the velocity gradient tensor for visualisation (Jeong & Hussain
1995) at M| = 2.5 and 3.5. The results show that g clearly affects the evolution of a vortex.
When g < 0.08, vortex breakdown with large spiral structures is observed. When g = 0.24,
weak spiral structures appear after the transition, exhibiting a small outward extension
in the radial direction. However, when g = 0.16, the structure of the observed vortex
is intermediate of the two previous structures. Therefore, it is difficult to discriminate
between structures with and without vortex breakdown.

Figures 4 and 5 show the different physical values at the centreline with and without
vortex breakdown, respectively. When vortex breakdown occurs, the squared velocity u?
increases rapidly and the static temperature 7 decreases significantly (figures 4a and
Sa). It is important for these profiles to satisfy (2.13) that the kinetic energy exceeds
the internal energy at the centreline. The plots indicate that the jump condition in the
vortex breakdown (Benjamin 1962; Escudier 1988; Keller 1994) is intrinsically correct.
The results can also be explained as follows. With vortex breakdown, u# and p increase
downstream (Hiejima 2017), so that u2/2 >y T/(y —1)=[y /(y —1](p/p) is also
necessarily satisfied; this means an increase in a component of the momentum pu?. The
occurrence of vortex breakdown is characterised by a notable change in the momentum
flux J = pu? + p. In supersonic vortex breakdown, an increase in pu’ causes a rapid
increase in the momentum, instead of an increase in pressure p, which is the main
cause of incompressible vortex breakdown and is also caused by downstream obstacles.
Without vortex breakdown, u?/2 <y T/(y — 1) is satisfied downstream (figures 4b and
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(d) (h)

Figure 3. Vortex structures in a supersonic flow (i1 =0.5) visualised using the isosurface of the second
invariant of the velocity gradient tensor Q and colour-rendered according to the axial vorticity w, at: (a)
M =2.5,4g=0.04; (b) M1 =2.5, ¢ =0.08; (c) M1 =2.5, g =0.16; (d) M1 =2.5, g =0.24; (e) M1 =3.5,
q=0.04; (f) M1 =3.5,4 =0.08; (g) M1 =3.5,¢ =0.16; and (h) M1 =3.5, ¢ =0.24.

5b), which supports the concept shown in figure 2(b). The velocity components v and
w present important information regarding velocity fluctuations at the centreline of the
supersonic flow. The magnitude of the fluctuations is related to the intensity of the
flow instability downstream. Although the occurrence of vortex breakdown cannot be
explained by flow instability, the local flow structure after the breakdown is dominated
by low azimuthal wavenumbers according to a stability analysis (Garg & Leibovich
1979; Delery 1994; Meliga, Gallaire & Chomaz 2012; Qadri, Mistry & Juniper 2013;
Hiejima 2017). For the cases with vortex breakdown for g =0.08 (figures 4c¢ and 5c¢),
the fluctuation amplitudes are large around the position where the breakdown occurred
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Figure 4. Streamwise variations in (a, b) normalised u? and T for the total enthalpy in (2.1), (¢, d) normalised
v and w, and (e, f) normalised vorticity w; at the centreline for M| = 2.5; panels (a, c, e) correspond to vortex
breakdown (¢ = 0.08), whereas panels (b, d, f) correspond to no vortex breakdown (¢ = 0.24).

and convective instability appears at low wavenumbers. For the cases without vortex
breakdown for g = 0.24 (figures 4d and 5d), the fluctuation amplitudes are small near the
position where the transition occurred and only weak fluctuations occur downstream. A
correlation between the absolute/convection transition and vortex breakdown is suggested
(Loiseleux, Chomaz & Huerre 1998). For a Batchelor vortex in an incompressible flow,
the axisymmetric mode never becomes absolutely unstable, which implies that a bubble
vortex breakdown never occurs (Delbende, Chomaz & Huerre 1998). This result agrees
with previous results for vortex breakdowns in supersonic flows (Hiejima 2018). An
absolute instability may be specific to bubble vortex breakdown events. In addition, the
axial vorticity w, disappears and other vorticities w, and w, occur at the centreline with a
vortex breakdown (figures 4e and 5e) while w, is maintained downstream without a vortex
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Figure 5. Streamwise variations in (a, b) normalised u? and T for the total enthalpy in (2.1), (¢, d) normalised
v and w, and (e, f) normalised vorticity w; at the centreline for M = 3.5; panels (a, ¢, €) correspond to vortex
breakdown (¢ = 0.08), whereas panels (b, d, f) correspond to no vortex breakdown (g = 0.24).

breakdown (figures 4f and 5f). The appearance of vorticities wy and w;, is attributed to the
spiral structures around the onset of vortex breakdown; then, the spiral vortex axis deviates
from the centreline, and the two vorticities lead to zero at the centreline. Incidentally,
judging from figure 4(a), if M1 became smaller, (2.13) would not be satisfied. Considering
that the upstream Mach number at the centreline is 1.25 for M| = 2.5, if a subsonic region
exists in the flow, the condition for vortex breakdown might be close to an incompressible
onset condition.

Figures 6(a) and 6(c) demonstrate that the normalised total enthalpy 77/ M 12 of a
supersonic flow is conserved with or without vortex breakdown. Thus, the simulation
results confirm a major premise of (2.13). As mentioned in § 3, the helicity density is useful
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Figure 6. (a, ¢) Normalised total enthalpy 5%,/ M 12 and (b, d) helicity density i/ h,—¢ distributions for
g =0.08 and 0.24 at (a, b)) M} =2.5 and (¢, d) M| =3.5.

for evaluating the onset of vortex breakdown. In a bubble-type vortex breakdown, the
streamwise velocity u is key because du/dx < 0 can lead to the formation of a stagnation
point. In a spiral-type vortex breakdown, w, disappears at the centreline; this is crucial
for vortex breakdown. Hence, / includes both u and w,, even when v and w are not
small compared with u. Figures 6(b) and 6(d) show the relationship between the helicity
and vortex breakdown, where % is normalised to /,—¢. With vortex breakdown, the local
helicity decreases substantially and converges to zero at the centreline. Without vortex
breakdown, the helicity increases at the centreline; hence, the vortex is strengthened by
circulation.

The helicity with vortex breakdown is expressed by the helicity density (3.1). By
considering dwy /dx; = 0, (3.1) is rewritten as follows:

Dh ou dv Jdw

— = —h— —h — 4+ —

Dt ox ay 0z
——

I I

0 (p 1 0 (p_ ] 0 (p 1 5
—wx—\ T — zuguy | —woy—\ T — zugug | —w,— | T — zugur | . .
*ox KK ) 0y o KTk ‘9z o KUk

I W%

Figure 7 plots the terms I-IV and the right-hand side of (5.1). When g = 0.08, the right-
hand side shown in figure 7(a) exhibits Dh/Dt < 0 in most of the region. Then, term
Il is the most effective for Dh/Dt <0, and wy, T and u?/2 contribute significantly to
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Figure 8. Comparison of the theoretical thresholds (@) o™ and (b) 8* given in (2.17) for spiral vortex breakdown
and the values obtained from 3-D numerical simulations at M| = 2.5 (circle), 3.5 (triangle) and 5.0 (diamond).
The filled and open symbols represent vortex breakdown and no vortex breakdown, respectively.

changes in the helicity. This is an important characteristic when vortex breakdown occurs.
When g = 0.24, the right-hand side shown in figure 7(b) exhibits Dh/Dt > O after the
transition.

Figure 8 shows the numerical simulation results for various g values using (2.17). These
results were obtained from the physical properties after the transition, which were averaged
at the centreline using the time-averaged numerical results. The filled and open symbols
represent vortex breakdown and no vortex breakdown, respectively. Note that when M| =
5.0 and g = 0.04, the simulation was conducted in 0 < x < 600 because the transition was
inadequate in x < 400. According to (2.14), 8* coincides with a*, which results in

J 3y —1
—2=yM22+1>y—,
P2 y—1
2 2
M5y > ——. (5.2)
y —1

The results in the figure are distinctly divided by the threshold in (2.17). When the
longitudinal axis is more than unity, spiral vortex breakdown occurs, which is consistent
with the visualisation in figure 3. Notably, the breakdown for the cases with ¢ = 0.16 can
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be determined by the threshold. A spiral vortex breakdown also occurs when ¢ is small,
which suggests that such a vortex breakdown can occur on a delta wing at a high Reynolds
number (Nelson & Pelletier 2003). Therefore, the inequality in (2.17) is a sufficient
condition for determining the occurrence of spiral vortex breakdown. For mechanisms
that may inhibit vortex breakdown, swirl intensity emerges as a key control parameter,
as illustrated in figure 8. At sufficiently high swirl numbers, higher wavenumber modes
are found to be the most unstable in the present vortex flow, whereas lower wavenumber
modes commonly associated with vortex breakdown are less likely to be excited. From this
perspective, local stability properties may be closely linked to the necessary conditions for
the onset of vortex breakdown.

6. Conclusions

Little is known about vortex breakdowns in supersonic flows. In general, a vortex
breakdown is considered as a transition between two conjugate flow states (Benjamin 1962;
Mager 1972; Escudier 1988), which implies that the variation in physical variables at the
centreline can be used to identify vortex breakdowns. In this study, a simple threshold
(2.17) for the occurrence of spiral vortex breakdowns in supersonic flows was derived
from the difference between the kinetic and internal energies based on the conservation
of total enthalpy at the centreline under complete supersonic inflow conditions. (Hence,
the conservation of the total enthalpy is essential for the threshold.) The numerical
simulation results indicated that the occurrence of vortex breakdown reasonably satisfies
the theoretical threshold. In addition, a rapid reduction in helicity was shown to be clearly
related to u% and T in the event of a spiral vortex breakdown. This reduction in helicity
provides strong evidence of the existence of a spiral vortex breakdown. This study is
the first to discover this relationship and thus contributes to the understanding of vortex
breakdowns in supersonic flows.

Note that this threshold is satisfied in the entire supersonic inflow region, including an
axial-velocity-deficit region. In transonic and weak compressible flows near a sonic flow, a
sufficient condition for the breakdown to occur would become more closely related to that
of incompressible vortex breakdown. Since this problem should not be fully investigated
in such regions with subsonic flow, it remains a fascinating future challenge.
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