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ABSTRACT. A theory advanced by Budd (1970) for ice-flow variation due to bed effects is improved and
applied to the flow of the ice sheet leading to Byrd Station, Antarctica. Linear viscous rheology is used and a
biharmonic equation for stress and strain-rate variation is solved. Basal boundary conditions include an
undulating bottom topography and longitudinal variations in basal sliding and shear stress. Near Byrd Station it is
found that variations in basal sliding and shear stress have more important direct effects than does the bed
topography. This result is important to considerations on the stability of glacial flow. Distortions of internal layers
are calculated and these closely match the distortions observed in the internal layers detected by the NSF-SPRI-
TUD radar. The phase relationship between internal layer distortion and surface topography provides a positive
test for the theory. The theory does not predict a spectral power maximum in surface topographic relief at a
wavelength of three ice thicknesses. Such wavelengths however dominate and we speculate that this may be due to
the dynamics of glacial erosion and deposition or with subglacial water motion.

RESUME. Variations longitudinales dans I'écoulement glaciaire: Theorie et expérience utilisant les données
du réseau de mesure de déformation a la station Byrd en Antarctigue. Une théorie avancée par Budd (1970) pour
les variations de I'écoulement de la glace dues aux effets du lit est développée et appliquée a I’écoulement de la
calotte de glace conduisant a la station Byrd, Antarctique. On utilise une rhéologie visqueuse linéaire et on résoud
une équation biharmonique pour les variations des efforts et des vitesses de déformation. Les conditions aux
limites de base comportent une topographie du fond avec ondulations et des variations longitudinales du
glissement a la base et du cisaillement. Prés de la station Byrd on a trouve que les variations dans le glissement au
fond et le cisaillement ont des effets directs plus importants que la topographie du lit. Ce résultat est important
pour des considérations sur la stabilité de 'écoulement glaciaire. On calcule les distorsions des couches internes et
elles coincident trés bien les distorsions observées dans les niveaux internes détectées par le radar NSF-SPRI-
TUD. La concordance de phase entre la distorsion des couches internes et la topographie de surface constitue un
test positif pour la théorie. La théorie ne prévoit pas que la meilleure analyse spectrale du relief topographique
superficiel doive faire appel a une longueur d’onde de trois fois I’épaisseur de la glace. C’est cependant cette
longueur d'onde qui prédomine et nous pensons que ce fait peut étre di a la dynamique de 1’érosion et du déepot
glaciaire, ou a un mouvement de I'eau sous glaciaire.

ZUSAMMENFASSUNG. Schwankungen des Gletscherflusses in Langsrichtung: Theorie und Priifung mit Hilfe
von Daten aus dem Deformationsfeld an der Byrd Station, Antarktika. Eine von Budd (1970) vorgetragene
Theorie der Schwankungen des Eisflusses infolge der Einwirkung der Untergrundes wird verbessert und auf den
Fluss des zur Byrd Station, Antarktika, fiihrenden Eisschildes angewandt. Benutzt wir die linear-viskose
Rheologie und die Losung einer biharmonischen Gleichung fiir die Anderung der Deformationsraten. Die
Randbedingungen am Untergrund erfassen eine gewellte Topographie des Felsbettes und Schwankungen der
Gleit- und Scherspannung. In der Nahe der Byrd Station ergibt sich, dass die Schwankungen des Gleitens und der
Scherspannung am Untergrund stirker wirken als die Gestalt des Bettes. Dieses Ergebnis ist fir Betrachtungen
zur Stabilitidt des Eisflusses von Bedeutung. Verbiegungen innerer Schichten werden berechnet; sie stimmen sehr
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gut mit den Verbiegungen jener innerer Schichten iiberein, die mit dem NSF-SPRI-TUD-Radar entdeckt wurde.
Die Phasenbeziehung zwischen der Verbiegung innerer Schichten und dem Oberflichenrelief liefert eine
Bestatigung der Theorie. Die Theorie ergibt kein Maximum der spektralen Leistungsdichte im Relief der
Oberfliche bei einer Wellenlédnge von drei Eisdicken. Doch iiberwiegen solche Wellenlingen: wir vermuten, dass
dies auf der Dynamik der glazialen Erosion und Ablagerung oder auf der Bewegung subglazialen Wassers beruht,

1. INTRODUCTION

The size, velocity, and probably stability of glaciers are determined in large part by how the
glacier interacts with its bed. The bed may be rugged so that ice must flow over and perhaps
around the obstacles. There may be variations in the amount of subglacial drag or water such
that in some places the glacier can slide easily and in others hardly at all. These processes are
difficult to study at any scale because of the inaccessibility of the bed and because large-scale
processes cannot be reproduced properly in the laboratory.

Here we develop a theory and a technique for investigating how glaciers negotiate variations
in their beds. The theory relates stress applied at the bottom surface to the resulting effects, such
as internal strains and surface topographic variations. The effects can be measured and data
from near Byrd Station are used to indicate the sort of basal variation that most influences the
ice flow.

The theory is an improvement on the work of Budd (1970) and has strong similarities to that
of Hutter and others (1981). Flow variations are superimposed on an average flow. One of the
strengths of this approach is that it is not necessary to obtain a solution for the average flow if
data or estimates of average flow velocities are available. Thus flow variations can be studied
even if there is some uncertainty in the dynamics of the overall glacial flow.

Data used to test the theory and apply the technique come from the Byrd Station Strain
Network (BSSN), in Antarctica. This array of movement poles is approximately aligned along
an ice flowline from the ice flow divide to Byrd Station, 162 km distant. At Byrd Station a core
hole penetrated to the bed of the glacier, where water was encountered (Gow, 1970).
Characteristics of ice flow along the BSSN are reported by Whillans (1976, 1977, 1979, 1981,
1983).

2. THEORY

Strain-rates and stresses are separated into averaged and variational components and linear
viscous rheology is used. This means that variational components can be studied largely
independently from the averaged values. In addition the solution involves the equations for stress
equilibrium and the equation of compatibility for strain-rates.

Inertial forces may be neglected in glacial flow and so stress equilibrium is described by:

0y, +pg =0 (1)

in which o;; is the stress tensor, p is the density, and g; is acceleration due to gravity. Subscripts
after a comma denote differentiation and repeated subscripts signify summed tensor
components.

A rectilinear coordinate system is defined that lies along the mean surface of the glacier
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Fig. 1. Longitudinal section to illustrate coordinate system.

(Fig. 1) and stresses are the sum of longitudinally averaged stresses oj; and local variations oy, :

0y =0y + 0y,
o 1 x + L2 (2)
U=—‘J‘ Ur d-x.
L x—L/2 .

For use later the averaging length L. must be sufficiently long that gradients of averaged
values of o,, and o,, are equal to gradients calculated using spot values separated by the
distance L, that is:

00},
— 0@t x + L/2) oy (at x— L/2)}/L. (3)

If L is sufficiently long and the “noise” due to local variations sufficiently small, Equation (3) is
valid. For the BSSN a value of L on the order of 100 km would be appropriate, although it is not
necessary to specify L only to note that Equation (3) could be satisfied by some L.

This discussion of averaging lengths would not be needed if the ¢" could be considered as
perturbations to the ¢®. In practice however the variation of stresses are of the same order of
magnitude as the averaged values and they can not be studied as small-order perturbations.

Equation (1) is now averaged:

1 px+Lf2 1 px+L2
I x—LJ2 e dx+z J;L/Z o ey
or
1 x+L2 1 (x+Lj2
T J;_m O, dx + i J;_m O, . dx +pg; =0
or
1 & 1 rx+Li
% o (at x + L/2)—o0, (at x — L/2)] + B o o, dx + pg; =0
and using Equation (3):
o}, +pg=0. 4

Thus gravitational body forces are associated with the average stresses. Unlike Hutter and others
(1981) we have included all average stress components in this equation. Y
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Combining these Equations (4) with Equations (1) and (2) provides:

G&JZO. (5)

Gravitational forces do not enter the solution for stress variation except at the boundaries
(included later). Equations (5) are the first set of equations that are used in the present model.

The flow of the glacier is taken to be two-dimensional. This is a fair approximation for the
flow near Byrd Station, Antarctica, where there is a small but uniform divergence of flowlines.
Transverse strain-rates (Fig. 2b) are smaller and change less than longitudinal strain-rates
(Fig. 2c) and the flowline is nearly parallel with the strain network (Fig. 2a). We suppose
that variations in strain-rate and stress deviators that involve transverse components may
be neglected.

For two-dimensional deformation, the equation of compatibility for strain-rates & is:

Exxzz T by e = zsxt. xz

and, as with the stresses, the strain-rates are separated into averaged values and variations:

by =& + &y

(6)
1 ~+LA2
A .
&y =— &y dx
x—L/2
and so
1 A =8 .y .~ Ly
SXX.H zc Exx. zz + El.!..\'.t + s::.xx = zg.rz.xz 2= 28,\';, Xz -+ (7)
(0) Map view of BSSN and one flowiine
¥
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The strain-rates & describe longitudinally averaged flow and so, necessarily, longitudinal
gradients in & are very small and the terms &, . and &, ,, are set to zero. The assumption is
now made that the averaged, longitudinal strain-rate &%, is constant or a linear function of depth
so that &, ,, is zero. Later &), ,, is calculated and found to approach zero for long wavelength
features, so the model is internally consistent. Setting these terms to zero, Equation (7) reduces

to:
é;x, z + é:z, o Zé;z. xz (8)

which is the form used in the present model.
Strain-rates are taken to be isotropically related to stress according to:

ﬂ'b = 2néu

in which # is effective viscosity. The prime (') indicates deviatoric stress. For two-dimensional
flow the full transverse stress is equal to 4(a,, + g,,) and deviatoric stresses are:

GE,:GU*iauUkk (isja k=x’ Z)
0, i#]
1, i=j
and
ol =af — 10,0k
oif =y —49,04.
Budd (1970), in effect, assumed that o}/ =0}; and hence that the spherical stress does not vary,
but that assumption is not in line with usual concepts of ice deformation.

Separating the stresses and strain-rates into averaged and variational values (Equations (2)
and (6)) and substituting: : ‘

aj + oy — 48 (obe + ol ) =2n(E}; + &)
or
oy + oy =2n(E] + &)).
It is now necessary to define separate viscosities, #* and 7", so that
oy = 21" &j)
oy =21"g). 9)

Equation (9) is used in this analysis.

If ice were Newtonian viscous, #* =7 =", and the maneuver leading to Equation (9) would
be strictly correct. Ice however is usually considered to have a stress-dependent viscosity, and in
the present theory some of this dependency can be viewed as being included in 7*. Stress and
strain-rate variations from the average flow are however modelled as being linearly related. This
is not a severe limitation for small variations but the results for large stress variations must be
viewed as being only approximately correct.
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A depth variation in effective viscosity can be included:
n'=m e " (10)

for 7, and r constant. This depth variation would be related to variations with depth of
octahedral stress, temperature, and perhaps the effects of changing ice structure. This feature is
included in the mathematical solution but for simplicity a constant viscosity #" is used in the
application of the theory to ice flow along the BSSN.

The model is formulated in Equations (5), (9), (10), and (8). The next section develops the
mathematical solution to these equations.

3. MATHEMATICAL SOLUTION
It is convenient to define a function ¢ such that:

A
Gxx— w2z
1
axz—_q).x:v
v
Uzz—¢,xx‘

and this ensures that Equation (5) is satisfied.

The strain-rates are, by Equations (9) and (10):
;s ST TR

= (0}, — 30,0

Y Zmexp(—rz) ¥ TUOH

and substituting this into the equation of compatibility (8):

&’ [exprz & |exprz & exp rz
[4170 (¢.21‘¢,xx)] +'§[_—_(¢,xx*¢‘zz) =2 ——Q‘ﬁ‘x?_

oz 4n Ox 9z 21
or
D xee + 20,0522 + B, z0zz + 200,10z + D, 22) — 1D — 0,1,) =0, (11)
Seeking a function that is periodic in x, try
6=/(z) e

in which i=\/—1 and real roots are to be used. We note that solutions for different @ can be
added. Equation (11) becomes:

SO=21f9 + (12 —20°)fP — 2raof™ 4 (w* + rrw?)f =0. (12)

The superscript numbers in parentheses denote the level of differentiation.
Next try an exponential depth variation in I

J@)=fp e

and so

ﬁ‘+2ﬁ’+(1-2?—;)ﬁz—2?—;ﬁ+(w4 .ﬁ):O

—
o2
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or
2 4 2
BB+ l)[ﬁ(ﬁ+ 1)—2%] +(“’7+%) —0

which is quadratic in S(S + 1), the roots of which are:

2
B(ﬁ+1)=%i%i.

ﬂ=&(—1 :l:( 1 +4w72i43:—i)m),

These four independent solutions fully satisfy Equation (12).
Substituting back, the solution to Equation (11) is obtained:

This is quadratic in # and

o= fy exp (iwx) exp [ —% +(b fcic)]z
in which
b=[{[(? + 4w?)? + 16r7w?]"* + (r* + 4w?)}/8]"/2
c=[{[(* + 4w?)? + 16r2?]'2 —(r? + 4a?)}/8]'2
or writing just the real part of ¢:
é=1{(a, cos cz +a, sin cz) e + (ay cos cz + a, sin cz) e~} e~ cos wx +
+{(as cos ez + ag sin cz) € + (@, cos ¢z +ag sin cz) e~} e~ sin wx.
For the case of constant viscosity, =0, the solution is more simple:
d={(a, +a,z)e” +(ay +a;z) e~ “*} cos wx + {(as +agz) e +(a; +ag z) e~ %} sin wx.
In the following analysis this latter, simple form for the case of constant viscosity is used. The
fuller equation could be carried through but we have not done this.
The constants a; are obtained from appropriate boundary conditions, and to help in that
topic the following is a list of useful quantities:
Ol =0,

2a2 2(.74
=w2[(a1+azz+—-— e”+|ay +asz———| e | coswx +
w w

2(15 203 i
+w2[(as +agz+—) e +| oy g e | sin wx.
w
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v
axz=*¢,xz
a; ay — :
=o?||a; +arz+—] e —| a3 + asz——) e~ | sin wx—
o) )
Qs ag _
—o* | as +asz +—| e —| a7 + agz——| e~**| cos wx.
) )
v
Gusz,xx

=—w?[(ay +a;z) e™ +(a; + asz) e~**] cos wx — w?[(as + asz) € + (a7 + ag z) e~ sin wx.

0% =30k — i)

az ag =
=0l ey +arz+—)e™ +| as +a,2——| e~ | cos wx +
) )

Qg Qg . ;
+@*|as +agz+—) e +| a; +agz——| e=**| sin wx.
A a)
|
L v
E“_Zn" atl.

The horizontal velocity variation is

u’ =J- &y, dx

— & —wr
= 2nv

DG\ oz a :
a +az+— e +|lay+az——| e sin wx —
w w

—wz

COoSs wx

——
[e]

s\ o ag
=B F-agZ +—— | & 187 FAQZ——
w w

The vertical velocity variation is
w"=J Y, dz

1
2y

f — Yo% —o%) dz

w ’
=— oy {[(ay +ayz) e —(ay +a4) e=“*] cos wx + [(as + agz) €** —(a; + agz) e~ “*] sin wx},
and the spherical stress (sometimes called hydrostatic stress) variation is

Yoy, +a%)=wlay e” —a; e~“%) cos wx + wag e** —ag e~“*) sin wx.

4. BOUNDARY CONDITIONS

The physical model envisioned has prescribed variations in bottom topography and in basal
sliding. Other quantities including the surface topography are determined by these basal
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variations and by ice-flow characteristics. Mathematically however, basal characteristics are
linearly related to surface effects and it is mathematically equivalent to prescribe surface and
bottom topographies (or surface topography and bottom sliding) and calculate other basal
variations. This method also leads to simpler equations and it is used here.

Four boundary conditions are needed because there are eight unknowns, the a;, and each
boundary condition results in two equations, one including sin wx and the other cos wx. Two of
the boundary conditions require the ice-flow variations to follow the top and bottom
topographies and two further conditions relate to stress variations at the top surface (z=0).

Budd (1970) used the two boundary conditions requiring the ice flow to follow the upper and
lower surfaces and harmonic loading of the surface as used here. He supposed that the spherical
stress variation, (g%, + a},), is everywhere zero so that a;, as, as, and ag are zero. The physical
model behind this last constraint is not clear, and it is mainly because of this that the results of
the present theory are different from Budd’s.

In this work the boundary conditions are used to express the a; in terms of the surface and
bottom topographic reliefs, for which there are data along the BSSN. Then, in the next sections,
a number of other quantities are calculated. First, the surface strain-rate variation is derived and
compared with data, and this leads to a value for the effective viscosity of the ice. Then in section
6 the basal variations that cause the observed ice-flow variations are calculated and discussed.

One of the merits of this approach is that it is not necessary to first discuss the physics of
basal action: rather data are used to indicate the nature of basal variations, from which we later
infer some features of the dominant physical processes.

The coordinate system is defined with z=0 at the mean top surface and z=H at the mean
bottom. In general there are variations in both surfaces. Let the top surface elevation vary
according to:

h=h, cos wx
and the bottom surface elevation according to
B =B, sin wx+ B, cos wx.
The values of B and B, determine the magnitude and phase of the bottom surface with respect

to the top surface.

First boundary condition

The vertical velocity variation at the upper surface is upward or downward according to ice
motion through the surface topography. That is:

w =@ +u')h atz=0

for horizontally uniform accumulation rate. If desired, it is possible to include harmonic
accumulation-rate variations.
Except near ice divides u' <u* at the top surface and so, approximately:

w'=ugh . atz=0

using the subscript O to denote a top-surface value. Substituting:
2

o {(a, —a3) cos wx +(as —ayp) sin wx} =—wu hy sin wx,
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and separating the terms in sin wx and cos wx gives

a, =ay, (13)

_V(ajfa]'):(l)llahg. (14)
2n

Second boundary condition
Similarly the vertical velocity at the bed must conform to that topography:
w' =+ u")B atz=H.
For small variations in bottom sliding " < u* at z=H, and:
w'=u B . atz—H

using the subscript H to denote a basal value. Substituting:

w
~3n {[(a; +a, H)e® —(a; +as H)e %] cos wx +
+[(as + ag H) e —(a; + ag H) e~ “¥] sin wx} = wufy B, cos wx — wufy B, sin wx
and
w
_2—W[(a] +a; H) e —(a; +a,H) e " = wiy B,, (15)
L wH —wH a
*%I(Gs +agH) e —(a; +azgH) e | =—wiukB:. (16)

Third boundary condition

At the mean upper surface (z=0) the surface topographic variation results in periodic
gravitational loading:

a;, =pgh atz=0

(noting that because z is positive downward, compressive loads occur when A is negative).
Substituting:

—w*(a; + ay) cos wx —w(as + a;) sin wx = pghy cos wx
or
—w*(ay + az)=pghy, (17)

s =—a,. (]8)

Fourth boundary condition

The shear stress parallel to the upper surface is zero. In our coordinate system at z =0 the shear
stress is oy, (at z=0)h , which is very small and may be fairly approximated by zero. That is:

g =10 atz=0
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or
@*[(a; + ay/w —az + as/w) sin wx —(as + ag/w — a;, + ag /w) cos wx| =0
and
ay +ay/w—ay +a,/w=0, (19)
as +ag /w—a; +ag/w=0. (20)
The solution to the eight simultaneous linear equations (13)—(20) is easily obtained and it is:
a; =—pgho /(2w)?,
ay =—(ays + n'uig By)/(Ho),
a; =a,
ag =—ay,
as =n'"ugho,
as =[—as(c + wH e™*") + 7' uy B |/(He),
a; =—as,
Qg =—ag — 2Wds
in which

c=%(e®H 4 e~ vH),

s=35(e?H —e~%H),

5. THE VISCOSITY

The solution can be tested against data from the Byrd Station Strain Network (Fig. 2). First,
however, it is necessary to select appropriate values for the frequency w of stress and strain-rate
variation, for the amplitude A, of surface topographic variation, and for effective viscosity 7".

Common variations in strain-rate. surface topography. and internal layers occur at scales
of 10 to 40 km (Fig. 2c, d) but for convenience we discuss mainly variations of 10 km
(cw=2m/10 km) and discuss briefly how results for variations on the 40 km scale differ.

From Figure (2d) the amplitude of topographic variation is about 2 m.

The longitudinal strain-rate variations at the top surface are described by:

2 2

w 5
(a; +az/w+ay —ay/w) cos cux+T;(aj +ag /W + a; —ag /w) sin wx
]

- pghy s witsy By
_[_ o (l—ch) e Cos WX +

1 1 wuy B
+[w2u3h0( 1 ——e“"”) + f;c °} sin wx.

é.:x =
2

wH ¢

From Figure 2g the surface velocity is about 5ma~' (4 ~5 m a~'). Basal velocities are slower
and u% =2 ma~' seems reasonable. Substituting in addition A=3 000 m, hy =—2m, for a
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10 km wavelength variation:
Ex(at z=0)=(4 000/n" — 1.2 x 107"B,) cos wx +(—1.4 x 107 % + 1.2 x 10~ 7B, ) sin wx a~!

for B, and B, in meters. The basal relief (Fig. 2e) is less than 40 m and the observed amplitude of
longitudinal strain-rate variation (Fig. 2c) is about 5 x 10~% a—!, so the first term must dominate
and the appropriate value for the viscosity, #", is about 108 N m~2 a or 1 000 bar a. This value is
about that expected from flow laws commonly used to describe glacial flow at temperatures of
—30°C, and stress 0.1 to 1 bar, as are applicable here.

Neglecting the smaller terms. the strain-rate variation at the top surface is. to a first
approximation:

_ in'é%""lo(1 s

o wHc

&Y 2 ) CoS wx,

The factor pghy/2n" describes the sinking of the surface undulation into the rest of the glacier
due to its own weight. For features long compared to the ice thickness the bottom inteferes with
this process according to the second term. For wavelengths of 10 km (3H) that term is about 0.5
and is 0.9 for wavelengths of 40 km, and we note that for surface undulations of equal amplitude.
the shorter wavelength features are associated with larger strain-rate variations. This is
important in mass-balance studies where regionally representative strain-rates need to be
measured.

This last equation also demonstrates that, at least near Byrd Station. the phase or even the
amplitude of bottom topographic variation is not important to the relative magnitudes of i, and
surface strain-rate variation. Of course both the surface strain-rates and the surface topography
are caused by basal variations, but it woud be difficult to obtain information on basal mechanics
from the relative amplitudes and phases of surface topographic and surface strain-rate
variations.

The procedure of comparing Ay to é),.(z=0) has led to a value for the efTective viscosity.
which has been taken to be constant with depth. In reality the effective viscosity is expected to
decrease with depth due to the effects of increasing temperature. octahedral stress. and other
factors. Such a depth variation in effective viscosity has been treated by Rasmussen
(unpublished) and Johnsen and others (1979) by using a three-layer model, each layer of which is
treated in a manner similar to that in the present work, but with each layer having a different
viscosity. Hutter and others (1981) also show how these effects can be included in a numerical
solution. Our viscosity is derived largely from surface data so the calculated value applies mainly
to the cold. viscous upper portion. A value less than 1 000 bar a could be used but we choose to
retain this value because it leads to conservative results later.

In the development of the theory it was assumed that the longitudinal strain-rate &, was
constant or varied linearly with depth. The predictions of the theory do not contradict this.
Calculated longitudinal strain-rate variations &%, on a 100 km scale are very small (two orders of
magnitude less than those associated with variations on a 10 km scale). This is not a test of the
validity of the theory, but at least the model is internally consistent.

6. DERIVED QUANTITIES

Our approach is to calculate basal properties using surface data and radar sounding results,
In this section we derive the variations in basal shear stress, basal sliding, and basal pressure.
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The basal shear stress is

| 1
”;,(Z—H):wz{ [al +az(H+—)J e"’”—[a3 +a4(H—)] e""”} sin wx —
w w
—w | as +as| H+— ay +ag| H——
) w

} COS WX
= {pghys* (wHe) — 2w n 1y B, [ 1 + s/(wHc)]} sin wx +

+ P ug ho [1/c + s/(wH)] — 20’ 7' 1y B[ 1 + s/(wHe)]} cos wx
and., substituting values as before,

ewH -

0Y.(z=H)=(—0.29 x 10° —2408,) sin wx + (—0.01 x 10° —2408,) cos wx N m~>

for B, and B in meters. The basal amplitude is usually 40 m or less along the BSSN and the
terms involving that can be as large as 0.10 x 10° N m~2, Thus the amplitude of basal shear
stress variation is 0.3 to 0.4 bar and is about 90° out of phase with the surface topography. The
first and dominant term is independent of the value for effective viscosity and the bottom
topography influences the basal shear stress only secondarily.

These conclusions also apply for features of wavelength 40 km except that surface features
of amplitude 2 m can be generated by basal drag variations of amplitude only 0.08 bar.

The mean shear stress along the Byrd Station Strain Network, at z=H, is about 0.4 bar, so
local basal shear stresses vary between near zero and about 0.8 bar.

Basal pressure variations are described by:

—d(0Y, +al )at z=H)=—w(a, e"! —a, e~ ) cos wx — wlas e —az e~ “F) sin wx

pghys  2cn" uy Bs
= — + COSs wx +
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for B, and B, in meters. Once again the first term dominates and its value is independent of #".
Basal sliding variations are:

v & 1 wH 1 —wH 1 i
up=——17|a+@m|H+— || e +|as +a| H-—] | e SRS
2n w w 2y

1 H 1 —wH
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=(—0.20—0.001 9B;) sin wx + (—0.01 + 0.001 9B,) cos wx ma™'
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for B; and B, in meters. For B, or B. equal to 40 m the second terms in each parenthesis are
+0.07m a~'. The dominant term is very sensitive to the value of effective viscosity #', and our
value of 1 000 bar a may be too large, in which these calculated basal sliding variations are too
small.

Thus near Byrd Station, at least, ice-flow variations are caused mainly by variations in
bottom sliding (basal drag and perhaps pressure) and only to a lesser extent by flow into and out
of the basal topography.

To simplify the discussion, examples are shown in Figure 3 of the quantities calculated
above. In each case basal conditions have been selected so that the surface topographic relief and
surface strain-rate variations match the data. In the example at one extreme, Figure 3a, the
bottom is taken to be flat but there can be sliding variations. At the other extreme. Figure 3c, the
basal topography has been selected so that there is no variation in bottom sliding (Equation
(21)). This topographic amplitude is about 100 m: much larger than is common along the BSSN.,
although there are examples. If a lower-valued viscosity were used an even larger basal
topography would be needed. The intermediate model, Figure 3b, uses B, =—40, B, =0 as is
often observed. The examples of Figure 3a and b seem to best describe conditions along most of
the BSSN.

A possible shortcoming of the theory may be supposed from Figure 3a and b. Basal velocity
variations are about 2ma~! which is comparable to expected values of uf;. This violates a
simplification made in deriving the second boundary condition. However, in the model of Figure
3a, |[B|=0, and so w'=0, and the boundary conditions expressed by Equations (15) and (16)
can be obtained without making an assumption about the magnitude of basal sliding variation.
This problem applies to the model of Figure 3b. but that calculation could more correctly be
done by adding solutions like those of Figures 3a and c.

Vertical and horizontal velocity variations for two of the models in Figure 3 are displayed in
Figures 4 and 5. Vectors directed to the left indicate slower than average flow. As would seem

Dvc fongnudinal
stran taie
~
]l\.._,tf_ surface
' opagriphy

Fig. 3. Ice flow characteristics for three models of basal
variation (a) flat bed with sliding variation, (b)
intermediate, and (c) undulating bed with no sliding
variation,
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Fig. 4. Flow variations for a flat bed with sliding Fig. 5. Flow variations for an undulating bed and
variations. The vectors are to be added to the sliding variations, and corresponding to Figure 3b.
average flow. Slow, fast and slow sliding regions
alternate. The model corresponds to Figure 3a.

reasonable, slower basal sliding is found to be associated with larger basal shear stresses. Where
basal sliding is slow (and basal drag large) and the ice ‘rides up over’ the difficult flow section
(note the faster velocities in the upper part of the ice sheet) and conversely, over regions of faster
basal slip, the ice is drawn down and there is faster flow in the lower portion of the glacier.

These velocity variations may be integrated to show how lines in the glacier are distorted
(Fig. 3). The vertical displacement of a particle is:

A2=J w' dt,

in which ¢ represents time. The integration is changed to horizontal distance by using

dx a v
—=f 4
dr

and noting that except perhaps near the base of the glacier u" < u?:

AZ ‘:——a J w dx.
u

The wavy lines at several depths in Figure 3 demonstrate how an isochrone or a particle path is

distorted by flow over a varying bottom. Internal radar-reflecting layers near Byrd Station are

believed to be associated with isochrones (Whillans, 1976) and so these lines should also model

distortions in radar layering.

7. DISTORTIONS OF RADAR-REFLECTING LAYERS

The observed distortion of radar layering (Figs 2f and 6) is in close agreement with theory
(Fig. 3). The phase relation between layer distortion and surface topographic and strain rate
variations is exactly that predicted, thus providing a strong positive test of the theory. The
amplitudes of the 10 km scale distortions are mainly within a factor of two of the amplitudes
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predicted by the models of Figure 3a and b. Some of the distortions are larger than predicted and
some smaller. The distortions are often associated with bed topographic variations but
sometimes there is no corresponding topographic feature (for example, at 130 to 140 km in
Figure 6). Other radio echo-sounding flights across and parallel to the Byrd Station Strain
Network indicate that transverse topographic variations cannot explain this anomaly.

The best example from near Byrd Station of layer distortion not associated with bed
topography is shown in Figure 7. This is from a site just to the right of the Byrd Station Strain
Network (looking with the ice flow) at about x= 150 km, and labelled “fold” in Figure 2a. The
interpretation of the photograph is complicated by a multiple reflexion from the aircraft and the
position of the bottom may not be best reproduced in publication. Therefore, Figure 7 also shows
a tracing of the relevant features. The layers are distorted downward near sites of bright basal
reflexion. The bright returns may be associated with subglacially ponded water, lower basal drag,
and faster sliding. Certainly the layer distortions are consistent with a model
(Fig. 3) of ice flowing alternately over lakes and rougher, high-drag regions.

(a)

(b)
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Fig. 7. Radar record (a) and a tracing (b) of relevant features from the site labelled “fold” in Figure 2a. These data
and those of Figure 6 were obtained by D. J. Drewry under the NSF-SPRI-TUD radio echo-sounding program.
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Evidence for subglacially ponded water in the BSSN area was reported earlier (Whillans,
1979). In that work a model for the general flow of the glacier was used that assumed a regular
increase in basal sliding along the flowline. The model failed to match the data in the region near
150 km and subglacial lakes and hence faster sliding in that area were suspected. That concept is
consistent with the predictions of Figure 3a, internal layers are drawn down over and a little
up-glacier from regions of low drag and faster sliding.

Usually internal layer distortions are in phase with the bottom topography (Fig. 6) this is the
reason for selecting a bottom topographic variation of the phase shown in Figure 2b. The flow
variations are however due to variations in basal sliding and drag as well. Observation thus
indicates that topographic highs are also sites of slower sliding and increased drag.

Although this result seems intuitively correct the reasons for this relation are not known with
certainty. We speculate that topographic highs are swept clear of soft, slippery sediment and that
water or malleable sediment such as till collects in topographic lows.

Subglacial pressure variations have a small effect on subglacial water flow. Figure 2b shows
that the range of pressure variation is about 0.5 bar for the favored model. Water flows in
response to this pressure variation together with gravitational potential gradients. Combining
these effects (bottom curves on Figure 3) we find that water collects in topographic lows but with
a slight bias toward the lee of topographic highs. This is similar to the effect discussed in sliding
models but these models are concerned mainly with bed variations of shorter wavelengths. The
tendency for water to collect behind topographic highs is weak and most probably other
controls, such as those associated with channel development or bed permeability, are also
important.

Interestingly, for the flat-bed model (Fig. 3a) water is driven from regions of low shear stress.
If indeed the areas of low shear stress are lakes then the model of Figure 3a should be adjusted.
The surface of the lake must be tilted downward in the direction of ice flow in order to counteract
this effect. Perhaps this tilting could be detected by radar sounding.

Oswald (1975) studied tilted lake surfaces, but most of these lakes were near ice divides
where there is little flow and the present effect would not be detectable.

8. FREQUENCY DEPENDENCE

Budd (1970) and Budd and Carter (1971) have used field evidence to demonstrate a
dominance in the occurrence of surface topographic features with a wavelength of about three
ice thicknesses. Along the BSSN features (Fig. 2d) of wavelength ranging from 7 to 50 km (two
to twenty ice thicknesses) are present with 10 km (three ice thicknesses) being common. Very
probably Budd and Carter’s finding applies here, but the BSSN is too short to properly test this.

The earlier version of the present theory (Budd, 1970) indicates a maximum in surface relief
at a wavelength of three ice thicknesses (for ‘white’ basal relief) which suggests that the observed
dominance is related to an internal ice-flow characteristic.

Different results are obtained here and by Hutter and others (1981). Figure 8 shows the
frequency dependence of transfer functions relating basal features to surface topographic
variation. The two extreme models from Figure 3c and a are represented, these models are
believed to bracket the behavior of real glaciers. Neither model shows an absolute maximum at
three ice thicknesses although there is a minor peak in spectral power for a wavelength of three
ice thicknesses in the constant sliding model (Fig. 8).

The transfer function is the ratio of surface —4, to bed amplitude B, for the constant sliding
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model, and is the ratio of surface loading —pgh,, which is linearly related to surface relief, to the
principal component (the sine term) of basal shear-stress variation, o}, (at z= H ), for the flat-bed
model. In this last model, the variation in basal sliding could be used instead of basal shear stress,
and very similar results would be obtained.

The transfer functions demonstrate that the more extensive the basal variation, the more the
flow is affected. In the case of the constant sliding model, a spectral maximum could be
generated if the effective viscosity were less at longer wavelengths. The full ice thickness is
however involved in all flow variations of wavelength greater than about one ice thickness (3 km)
and a frequency variation of effective viscosity is difficult to imagine. Other processes must be
responsible for the dominance of surface features of a wavelength of three ice thicknesses.

The results of Figure 8 can only be applied directly if the frequency distribution of basal
variation is white, that is, if long-wavelength basal variations occur with the same amplitude as
short-wavelength variations. The evidence indicates that basal variations are biased toward the
shorter wavelengths of about 10 km and long-period variations in basal water thickness, or
whatever is primarily responsible for flow variation, must be unusual.

Observation of formerly glaciated regions suggests that there are few roughness elements of
horizontal dimension longer than 1 to 5 km, corresponding to a wavelength of between two and
three ice thicknesses (for a former ice sheet 1 to 3 km thick). In eastern Canada, the most
noticeable large features are accentuated by lakes which have this spacing. Why this should be
so is not clear, perhaps it is connected with the processes of till deposition and basal erosion, or
with subglacial water flow, or perhaps this spacing is inherited from an earlier episode of geologic
activity, be it constructional as ocean-floor spreading in the case of Marie Byrd Land. or
erosional such as river and slope activity during the Tertiary Era in Canada.

It has been suggested that intense horizontal shear zones within the glacier (Gow and
Williamson, 1976), in effect, create a false bottom below which the ice is less active. The effective
bottom would then be more simple than radio echo-sounding indicates and such a phenomenon
occurs near the edge of the Greenland ice sheet (Colbeck and others, 1978). We see no evidence
for this along the Byrd Station Strain Network. For example, there is a major deep between 40
and 70 km (Fig. 6) yet the internal layers above this seem to be as much distorted as elsewhere.
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9. CONCLUSIONS

The theory is able to explain many of the observed features of glacial flow and the method
could be extended to other areas, including areas with less data. If a value for the viscosity can be
assumed, perhaps the 1 000 bar a obtained here, it would not be necessary to measure detailed
strain-rates. Surface elevation data together with the results of a radar sounding program could
describe many features of the ice flow such as the existence or importance of subglacial sliding
variations.

The models considered for the BSSN all allow for basal sliding, which seems reasonable
because of the presence of subglacial water. A glacier that is not sliding could be modelled by an
alteration of the model of Figure 3c. So that the bottom boundary condition (ice flow following
the bed) has meaning, the “sliding rate”, uf;, would be the average velocity above an intense
shear zone, and the ice “thickness™ would be the depth to that zone.

In our opinion the main limitation to the theory is the use of a constant and isotropic
viscosity, which is necessary for an analytic solution. We have, however, been conservative in
our interpretation. The viscosity is derived from the relationship between surface topography and
surface strain-rates, which is too large for describing effects near the bottom. A lower-valued
viscosity would suggest an even greater importance of basal sliding variation.

The discovery of the great importance of basal sliding variation bears on discussions on the
controls on glacial flow. The cause of these sliding variations is not known with certainty but
their association with strong basal radio reflexions (Fig. 7) points to the role of ponded water.
These water pools are almost certainly connected by channels or porous aquifers that drain
down the hydrologic potential gradient. Other glacial changes may lead to a decrease in ice
surface slope which in turn would reduce hydrologic potential gradients and increased ponding
and faster flow. This is a positive-feedback mechanism and such developments have been
suggested as the cause of very fast glacial flow as observed in ice streams and in surging glaciers.

In this regard it may be noted that there is a flow regime change about 160 km down-glacier
from the end of the BSSN (to the right in Figures 2 and 6). Beyond that point the ice flows
mainly in ice streams which have low slopes and fast speeds (Rose, 1979).
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