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Abstract. A necessary and sufficient condition is given for the existence of an embedding
of an irreducible subshift of finite type into the Fibonacci—Dyck shift.

1. Introduction
Let ¥ be a finite alphabet, and let S be the shift on the shift space £,

S((i)iez) = (iv1)iez.  (xidiez € T
An S-invariant closed subset X of ©7 is called a subshift. For an introduction to the theory
of subshifts see [Ki] or [LM]. A word is called admissible for the subshift X ¢ 22 if it
appears in a point of X. A subshift is uniquely determined by its language of admissible
words.

Among the first examples of subshifts are the subshifts of finite type. A subshift of
finite type is constructed from a finite set F of words in the alphabet X as the subshift that
contains the points in £% in which no word in F appears. Other prototypical examples of
subshifts are the Dyck shifts. To recall the construction of the Dyck shifts [Kr1], let N > 1
and let

a_(n),ar(n), 0<n<N,

be the generators of the Dyck inverse monoid [NP] Dy with the relations

1 ifn=m,

CMa M= 2,

The Dyck shifts are defined as the subshifts
Dy C({a—(n):0<n<N}U{as(n):0<n< N}H?
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with the admissible words (0;)1<i<s, I € N, of Dy, N > 1, given by the condition

]‘[ oi 0.
1<i<I
In [HI], a necessary and sufficient condition was given for the existence of an embedding
of an irreducible subshift of finite type into a Dyck shift. In [HIK], this result was extended
to a wider class of target shifts that contains the Dy-presentations. With the semigroup
Dy (D;), that is freely generated by {¢_(n) :0<n < N} ({a+(n) :0<n < N}), Dy-
presentations can be described as arising from a finite irreducible directed labelled graph
with vertex set 1, edge set £ and a label map

A:Z — Dy U{1}UDy,

that extends to directed paths b = (b;)1<j<s, I > 1, in the directed graph (V, ¥), by
A(D) =[] <;j<; A(bi). It is required that there exists, for U, W € V and for 8 € Dy, a
path b from U to W such that M(b) = B. The Dy-presentation X (V, X, 1) is the subshift
with alphabet ¥ and with the set of admissible words given by the set of directed finite
paths b in the graph (), ¥, A) such that A(b) # 0.

For Dyck shifts, the notion of a multiplier was introduced in [HI]. A multiplier of the
Dyck shift Dy, N € N, or, more generally, of a Dy -presentation [HIK], is an equivalence
class of primitive words in the symbols @ (n), 0 <n < N. Here a word is called primitive if
it is not the power of another word, and two primitive words are equivalent if one is a cyclic
permutation of the other. The multipliers are the primitive necklaces of combinatorics [BP,
§4]. We use one of its representatives as a notation for a multiplier.

We denote the period of a periodic point p of a Dy-presentation X(V, ¥, 1) by
I1(p). A periodic point p = (p;);cz of a Dy-presentation X (V, X, 1), and its orbit,
are said to be neutral if there exists an i € Z such that A((p;)i<j<i+m(p)) =1, and
they are said to have negative (positive) multiplier if there exists an i € Z such that
M(pjli<j<itni(p) € Dy (D;&). More precisely, given a multiplier p, a periodic point
p = (pi)iez of a Dy-presentation X (V, X, A), and its orbit, are said to have (negative)
multiplier w_ if there exists an i € Z and a representative (a(n;))1<j<y of u such
that A((pj)i<j<i+11(p)) is equal to Hlsjsl a_(nj), and are said to have (positive)
multiplier w4 if there exists an i € Z and a representative (a(n;))1<j<s of u such
that A((p;)i<j<i+n(p)) 1S equal to lejzl a4 (n;). Denote the set of periodic orbits
of length n of the Dy-presentation X (V, X, A) with negative (positive) multiplier by
O, XV, 2,1 ((’);r (X(V, Z, 1)), and denote the set of its periodic orbits of length n
with multiplier u_(u4) by O, (u_)(XV, 2, A) (O, (u4+)(X(V, X, A)). The notion of
an exceptional multiplier was introduced in [HI]. A multiplier u of a Dy-presentation
X(V, X, A) is said to be exceptional at period n € N if

card(O (u-)(X(V, Z, 1) U O (n)(X(V, Z, 1))
> max{card(O, (X (V, £, 1))), card((’):[(X(V, 2, )N}

The Fibonacci-Dyck shift is the Markov—Dyck shift [M] of the Fibonacci graph. We
introduce the Fibonacci graph as the directed graph with vertex set {0, 1} and edge set
{8(0), B, B(1)}: B(0) is a loop at vertex 0, the edge B(1) goes from vertex 1 to vertex 0
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and the edge B from vertex O to vertex 1. Let ({0, 1}, {87 (0), B—, B~ (1)}) be a copy of
the Fibonacci graph, and let ({0, 1}, {87 (0), 8%, BT (1)}) be its reversal. The Fibonacci—
Dyck shift is given by a D,-presentation, with

V={0,1}, T={87(0),8,8 (1), 0,7, L D)

and
A = {a—(0), a—_(1), 0y (0), oy (1)},

given by

MBO) =a_(0), A(BT(0) = (0),
MB~ () =a—(1),  ABH1) =ar(l),
M(B-) = 1(Bs) = 1.

For this D,-presentation we choose a label map A that assigns the label 1 to the edges 8~
and B, since these edges arise from the splitting of the edge S in the Fibonacci graph. The
edge B is contracted to a vertex in the procedure that turns the Fibonacci graph into the
1-vertex graph with two loops, whose graph inverse semigroup is D,. (For this part of the
theory see [Kr2, HK]. In [HK, §2], it is shown that the Fibonacci—Dyck shift has Property
(A) and, in [HK, §3], it is shown that its associated semigroup is D,. The procedure is
also described in [HK, §3].) In this paper we consider, exclusively, the Fibonacci—Dyck
shift F.

The label map A can be written in the form of a matrix with entries in the semigroup
ring of D5, that is

a=(0)+at(0)1+a™(1)
( 14+a=(1) 0 ) '

Taking the adjoint and applying the involution of the semigroup ring of D, to its entries,
does not change the matrix. This symmetry property of the matrix makes visible the time
reversal p of F that is obtained by setting

xX(B7)=p", x(BH =8,
X(B7(0) = BT(0), x(B*(0)) = B~(0),
X (B~ (D) =BT, x (BT (1)) = B~ (1),

and
o((xi)iez) = (X (x=i))iez, x€F.

We denote the set of multipliers of F by M. The time reversal p maps the set O, (1t—)
bijectively onto the set O, (1+) and we can note the following lemma.

LEMMA (a).
card(O,(u-)) =card(O,(u+)), neN, ueM.

We also note orbit counts of the Fibonacci—Dyck shift for small periods as a lemma.
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LEMMA (b).

card(O3(a” (0))) =2,
card(Os(a™ (0))) =9,
card(Os(a~ (0)a~ (1)) =5.

card(O4(a™(0))) =2,
card(O4(a™ (1)) =3,
card(Og (e~ (0))) = 10,
card(Og(a™ (1)) = 13.

We note a consequence of Lemma (a), also as a lemma.

LEMMA (c). A multiplier © € M is exceptional at period n € N if and only if

card((’),,(,u_))>card( U (’)n(ﬁ_)>.
neM\{u}

The Fibonacci—Dyck shift has the exceptional multiplier «(0) that is exceptional at
period one (and, in view of Lemma (b), also at period three), and the exceptional multiplier
a(1) that is exceptional at period two. After introducing notation and terminology in
§2, we show in §3 that the multiplier «(0)x(1) is not exceptional. In §4, we prove that
the remaining multipliers are not exceptional. Based on these results, and on the results
of [HIK], we give, in §5, a necessary and sufficient condition for the existence of an
embedding of an irreducible subshift of finite type into the Fibonacci—Dyck shift. The
multipliers (especially the exceptional multiplier) enter here in an essential way. Moreover,
we show in §6 that the multiplier «(0) is exceptional only at periods one and three, and we
show in §7 that the multiplier «(1) is exceptional only at period two.

We denote the set of periodic points p € F with smallest period n € N by P, and we
denote the set of points p € P; with negative multiplier © € M by P?(u—). In the proofs
of §§3, 4, 6 and 7 we construct, for the multiplier © in question and for a suitably chosen
period k € N, shift commuting injections

m:Pru)— | Poao). n>k
peM\{u}
We do this by first constructing a partition of P (i), n > k, (some sets of which may
be empty), together with a shift commuting injection of each set of the partitions into
U gem\u Pr (fi—), where we show injectivity on each set by describing how a point can
be reconstructed from its image under 7,,. Then we show that the images under 7, of the
sets of the partition are disjoint.

2. Preliminaries
We denote the set of admissible words of the Fibonacci—Dyck shift by £. We denote the
empty word by €, and the length of a word by £.

We denote by C(0) the circular code of words ¢ = (¢j)1<i<s € £, I > 1, that begin with
the symbol $7(0) and are such that A(c) =1, and there is no index J, 1 < J < I, for
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which

[] rep=1

l=j=<J

Also, we denote by C(1) the circular code [BPR, §7] of words ¢ = (¢;)1<i<r € £), I >3
that begin with the symbol 8~ and end with the word 87 (1) 8™ and are such that A(c) =1
and there is no index J, 1 < J < I, for which c; = 87 and

‘We also have the circular codes
C=CO)U{B~pTIuUC)
and
Cco(h) =B~ (HC*BH(1).
Note that
C0) =B~ (0)C*BT(0), C()=p(C°()*\{ehBT.
A bijection
Y, :C°(1) — C(0)
is given by
Y, (B~ (BT () =B~ fBT(0), feC"
The bijection ¥, : C°(1) — C(0) extends to a bijection
W C()* — C(0)*
by
W((ep)1<k<k) = (Wolcpi<k<k, cp€C’(1),1<k<K,KeN.
We set
B(1)=p~C°(1)* B~ (1),

and we define a bijection
E:B(1) — C(0)

by
BB B =B"OW(f)BTO0), foeC (D™
We also set

B(0, 0) =B~ (0)C*B(0),

and we define a bijection
Dy : C(0) — B(0, 0)

by
Do(B~(0) fBT(0) =B~ (0)fB(0), feC*

We also set

B(1, 1) =BMHC*B~ B~ (1),
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and we define a bijection
®;:C(1)— B(1, 1),
by
DB fOB (BT =BTfB (BB (1), [f°eC (D) feC"
We set

Qo= (CO) U{B~B D \{B~BT),

and we define an injection
Aog:Qop— L.
For this we let f € Qy,
f=(i<k<k, cx€COU{B BY), 1<k<K,KEeN,

set

ko(f) =max{k € [1, K]:cx € C(0)},
and set

Ao(f) = ((ck)1<k<ko(f)> P0(Cho(f))s (CRo(f)<k<K)-
We also set
Q1 =C*\(CO) U {B~BTD,
and define an injection
Al . Ql — L.
For this we let f € Qj,
f=(<k<k, ax€C 1<k<K,K>lI,

set

ko(f) =max{k € [1, K]:cr € C(1)},
and set

A1(f) = (()1k<ko(f)s P1Cho(r)s (R (f)<k<K)-

We put a linear order on the alphabet of F. The resulting lexicographic order on £ will
be used to single out an element of Z/nZ when constructing the shift commuting maps

m: Py~ | PrEo). n>k
e M\{u}

If a word appears in a point p € P; with its last symbol at index i € Z, then we say that
the word appears at index i. For p € F, we denote by Z (p) (Z( (p)) the set of indices
i € Z such that p; = _(0)(B-(1)) and

A(plii+k) #1, keN.
We say that a word appears openly in p € F if it appears at an index i € Z@ (p) UZD (p).
For an element y of the free monoid that is generated by «(0) and « (1) (or by a—(0)
and «_ (1)), for example, for
y=[] «@*®Pa@mX”  K©.n),K(1.n)eZi.0<n<N,
0<n<N
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we use the notation

wy)= Y KO.n, wl)= Y, Kdn),

0<n<N 0<n<N
and, choosing for y any representative of the multiplier u© € M, we set

vo(p) =vo(y), vi(p) =vi(y).
A point p € P(u—), i € M, determines a ,, € N by
(oA (pro,m))), i (A(pro,n)))) = kp(vo(), vi(w)).

For
b=p"f°B~ (1) € B(1),
we set
A) =L(f°),
and, for
b=p"(0)fB(0) € B, 0),
we set

AD) =L(f).
We also define a subset D(1, 1) of B(1)C*B(1) by
D, D) ={B~f>" B~ () fB~fTB~(1) e B~CO(*B~(HC*B~(O)C°()* B~ (1) :
) = (o), e(f N,
and a subset D(0, 1) of 87 (0)C*B(1) by
DO, D ={B~O) B~ f°B~ (1) € B~ (OC*BC()* B~ (1) 1 £(f) = £(f)},
as well as a subset D(1, 0) of B(1)C*B~(0) by
D(1, 00 ={B"f°B~(DfB~(0) € p~C°()*B~(HC*B™(0) : £(f) = L(f)},

and, for
d=p"f>"B ()fB [>T (1) eD( D),
d=B" )" f°B (1) € D(0, 1),
and
d=p"f°B~(1)fB~(0) e D(1, 0),
we set

A(d) = L(f).
For a point p € P;(F), we denote by A(p) the maximal value of A(d) of words
deB0,0)UB()UD, 1)UDQO, 1) UD(, 0)

that appear openly in p, and we denote by 7O (p)( 7D (p), 7LV (p), 7OV (p),
T (p) the set of indices at which there appears openly in p a word d € B(0, 0)
deB(1),deD(,1),d eD@,1),d e D, 0)) such that A(p) = A(d). Also, we
denote by T3 (p) (T (p), TV (p), TV (p), TSP (p)) the set of indices
Jo € OO ()TN (p), TID(p), TOD(p), THD(p)) such that the word p(j, ]
is lexicographically the smallest one among the words p(;_, j1, j € TOO )TV (p),
T (), TOD(p), T (p)).
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3. The multiplier a(0)x (1)
LEMMA 1. The multiplier a(0)x (1) is not exceptional for the Fibonacci—Dyck shift.

Proof. By Lemma (b), the multiplier o(0)x (1) is not exceptional for the Fibonacci-Dyck
shift for periods three and five.
We construct shift commuting injections

Mt P2 (a_(0)a_(1)) — U Po(i_), n>5.

peM\{a(0)a(1)}
Let m > 2. Let Py, | be the set of p € P§, ., (@—(0)a—(1)) such that k, = 1, which
means that
Pli—2m—1.i1 €C*BOC*BC°(D*B~(1), ieIW(p),
and, for p € Pz(r?l) o let the words

=), fH(p)ec*, fo(p)eC (D
be given by writing
Pi—am—1.1=f~ (DB~ O T (PB (B~ (), ieIW(p).

‘We set
1 0
P ={pePy) i fT(p)e Qi)

The shift commuting map 72,41 is to map a point p € Pz[,ln] 41 to the point g € P35,
that is given by

qi-am—1.0=F"(PIBOAST(PNB~ (P~ (D), i eID(p).
For g € mm+1(Pil, ),
Qi—2m—1.4 € C*BA, HC*BUY)C* B~ (0), ieTO(g),
and, with the words
2(q). g (9) €C*. g (q) € CO)U{B™BTH*. blg) € B(1, 1), h(g) € B(1)
that are given by
qi-2m—1.1 =8 @b@gt (@h@)g@B ). eIV,

the point p € P, [0]

2m+
Pz(;?z) 1 thatis given by

| can be reconstructed from its image g under 72,41 as the point in

Pli—am-111= 8 (@QP] ' B@)gT (@h@g@)B~(0), ieIq).

We note that

vo(A(M2m+1(P)[0,2m+1)) =1, vi(A(M2m+1(P)0,2m+1))) =3, P € P2[,1n]+1- (P.O1[1])

We set
0 0
P ={pePy). i fT(p)e Q.
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The shift commuting map 72,41 is to map a point p € Pz[?n] 41 tothepointg € Py | (F)
that is given by

Gi-2m-1.1=f(PIB~ O A(fT(pNB (PP (1), i eIV (p).
Forg 772m+1(P2[,(4)1]+1),
qi-2m—1.11 € C BB, 0)C*B~Co()*B (1), i eIV (g).
and, with the words

8(q) €C*, g () € COYU{B BTN g7 (@) e {B~BTH",
b(q) € B(0, 0), g°(¢g) € C°(1)*

that are given by
qi-2m-1,i1= 8B~ g (@b (B (@B~ (), ieIWV(g),

the point p € P, [0]

2m+
Pz(gl) 1 thatis given by

Pli—am—1.01 = (@B (0)g™ (@)@, (b(g)g™ (@B (@B~ (1), eIV (g).

| can be reconstructed from its image g under 72,41 as the point in

We note that

Vo (m2m4+1(P0.2m1) =30 VI AGm+1(Po2men)) =1, pe P . (P.01[0])

We set
8] 0) [1] [0]
P2m+l = P2m+l\(P2m+1 u P2m+])‘

The shift commuting map 72,41 is to map a point p € P2[Z]+1 tothe pointg € Py | (F)
that is given by

Qi-am—1.01=F (PO fT(PEB f(p)B~ (1), ieIWD(p).

With words
§P(q) el BTY. clg)eC), gg)eC*

that are given by
qi—2m—1.1 =8P (@c@g@B~(0), eIV,

a point p € Pz[’S ! can be reconstructed from its image g under 71,41 as the point p €

m+1
Pz(:n) .1 that is given by

Pli—2m—1,i1=8P (D E  c@)g@p™ (), ieIO().
We note that

V0 (mmr1 (Po2msn) =1, Vi ams1(Poms)) =0, pe PEL - (P.01[8])
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We set
P2(S1) =0, m>3,

and, for n > 5, we set
PD ={pe P(a_(0)a_(D\P? : 7V (p) £ 0).

The shift commuting map 7, is to map a point p € Pn(l) to the point g € P, (F) that is
obtained by replacing, in the point p, each of the words b € 3(1), that appear at the indices
in 7V (p), by the word E(b).

A point p € P,fl) can be reconstructed from its image ¢ under n, by replacing, in ¢,
the word c(g) € C(0), that is identified as the unique word in C* of maximal length that
appears in ¢, by the word 2~ !(c(g)).

We note that

W01 (P10.m)- 1 G(nn(Pi0.n) = Gk kp — 1), pe PO (P.OLI)
We set
POD = (p e P2(a_(a— (NP U PD): 7OV (p) £0).

The shift commuting map 7, is to map a point p € P,SO’I) to the point g € P, that is
obtained by replacing, in the point p, the words b € B(1), that appear in p at the indices
in 7%V (p), by the word ®((E(b)).

A point p € P,fo’l) can be reconstructed from its image ¢ under 7, by replacing, in g,
the word

B~ (0)h(q)b(g) € B~ (0)C*B(0, 0),

whose prefix 87 (0)h(g)B~(0) is identified as the unique word in 5(0, 0) of maximal
length that appears openly in ¢, by the word

B~ O)h(q)E™ Dy (b(g))).
We note that

W0 (P)o.m)> ViAW (Do) = (kp + 2,6, — 1), pe POV (P.01.01)

We set
PO = po(@™ (0)a~ (I)\ (PP U PV U POD),

With the words b(p) € B(1), f(p) € C*, that are given by writing the word in D(1, 0)
that appears at the indices in jo(l’o)(p) as b(p) f(p)B~(0), the shift commuting map
N, 1s to map a point p € P,fl’o) to the point g € P,(F) that is obtained by replacing, in
the point p, the words in D(1, 0), that appear at the indices in ‘70(1,0) (p), by the word
@o(ED(p)) f(p)B—(0).

A point p € P,fl’o) can be reconstructed from its image ¢ under 7, by replacing, in g,
the word

b(q)B~ (0)h(g)B~(0) € B(0, 0)C*B™(0),
whose suffix 87 (0)h(g)B~(0)) is identified as the unique word of maximal length in
B(0, 0) that appears openly in g, by the word

7N (@, (b(@))h(@)B(0).
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We note that

oA M(Po.m)s viAM(Pony) = Gep + 2,k — 1), p €nu(PLY). (P.01.10)

We have produced a partition
P2 (a(0)a(0) = PO U PD U PpOD Y pLO, (P.01)

In points g € nn(Pn(O’l) ), the unique word in 8~ (0)C*B~(0) of maximal length that
appears openly in g is followed by a word in C* S~ (0), whereas, in points g € nn(P,gl’O)),
the unique word in 8~ (0)C* B~ (0) of maximal length that appears openly in ¢ is followed
by a word in C* 8. From this observation and from (P.01[0]), (P.01[1]), (P.01[B])
and (P.01.1), (P.01.01), (P.01.10) it follows that the images under n, of the sets of the
partition (P.01) are disjoint. From (P.01[0]), (P.01[1]), (P.01[B]) and (P.01.1), (P.01.01),

(P.01.10) it follows also that
M (P, (@—(0)a—(1)) N P, (a—(0)) = 0.

We have shown that

card(on(a(oma)))scard( U On(ﬁ—>>.
HeM\{a(0)a (1)}

Apply Lemma (c). O

4. The remaining multipliers
LEMMA 2. Besides the multipliers «(0) and «(1), the Fibonacci—Dyck shift has no
exceptional multipliers.

Proof. Consider a multiplier

p & {a(0), a(l), a(@a()},

of F. We construct shift commuting injections

AT R O R A R RS
peM\{n}
We set
PO ={pe Py : TV (p) #0).

With the word b(p) € B(0, 0), that appears in p at the indices in jo(o’o) (p), the shift
commuting map 7, iS to map a point p € P,SO’O) to the point g € P, that is obtained by
replacing, in p, the words b(p) in B(0, 0), that appear in p at the indices in \70(0’0) (p), by
the word &, ' (b(p)).

The point p can be reconstructed from its image ¢ under 1, by replacing, in ¢, the word
c(q), that is identified as the unique word in C(0) of maximal length that appears in g, by
the word ®¢(c(q)).

We note that

VoA (P)10.1))s VI (P0.))) = (kpvo () — 2, kpvi (), p € POY. (0.0)
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We set
P ={p e PLuN\POY - 70D (p) £ 1),

With the words

b(p), € B(L), f(p)eC, [f(p)eC(D),

that are given by writing the word in D(1, 1) that appears in p at the indices in Jo(l’l)( D)
as

b(p)f(P)B~ f°(p)B~ (),

the shift commuting map 7, is to map a point p € P,fl’l) to the point g € P, (F), that
is obtained by replacing, in p, the words in D(1, 1), that appear in p at the indices in
D), by the word

Po(EB(P) f(PIBT O (£ (p)B(0).

A point p € Pn(l’ Y can be reconstructed from its image ¢ under n, by replacing, in g,
the word

B~ (A (B~ (Oh(@)BF Ot (@)~ (0),

that is identified as the word with the uniquely determined word 8~ (0)h(g)B7(0) € C(0)
of maximal length that appears in ¢ as infix, a uniquely determined openly in ¢ appearing
word it (g)B~(0) € C(0)* B (0) as suffix, and a uniquely determined word B~ (0)h™ (q) €
B7(0)C(0)* as prefix, by the word

B (™ (@) B~ (DR~ ¥ ™ (T (¢) B (0).

We note that

W0 (1n (P)10.n))s V1A (PIfo.m))) = (cpro() + 2, kpvi(u) —2), p € PVD.(1.1)

PVEO,I,O)

We denote by the set of points in

P \(P " U PD)

such that 7 (p) # @, and such that the word in B(1) that appears at the indices in Jo(l) (p)
is preceded in p by a word in 8~ (0)C*, and followed in p by a word in C*8~(0).

With the word f(p) € C*, that is given by writing the openly appearing word in
C*B7(0), that follows the word b(p) € B(1) that appears in p at the indices in jo(l)(p),
as f(p)B~(0), the shift commuting map 7, is to map a point p € Pn(o’l’o) to the point
q € P,(F) that is obtained by replacing, in the point p, the words in B(1), that appear in p
at the indices in jo(]) (p) together with the openly appearing words in C*87(0) that follow
them, by the word E (b(p)) f(p)BT(0).

Denoting a point p € Pn(o’ LY by ¢’ € F the point that is obtained from its image g under
n, by replacing, in g, the unique word c(q) € C(0) of maximal length, that appears in ¢,
by the word ®(c(g)), one sees that the point p can be reconstructed from ¢ by replacing,
in the point ¢/, the unique word c(q’) € C(0) of maximal length, that appears in ¢’, by the
word 2~ 1(c(¢").
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We note that

VoM (P)0.0)))s V1A (P o.n))) = (epvo(p) — 2, kpvi () — 1), p € POLO.
(0.1.0)

We denote by P,* !V the set of points p in
Py (u-\(E00 U PO

such that 7 (p) # @, and such that the words in B(1) that appear at the indices in Jo(l) (p)
are followed in p by a word in C*B8~C°(1)*B8~(1).

The shift commuting map 7, is to map a point p € Pn("l’l) to the point g € P, (F) that
is obtained by replacing, in p, the words b(p) € B(1), that appear in p at the indices in
T (p), by the word Do (E (b(p)).

A point p € P,f"l’l) can be reconstructed from its image g under 7, by replacing, in
q, the word h(q), that is identified as the unique word in B(0, 0) of maximal length that
appears in ¢, by the word 2! (@61 (h(g)))-

We note that

oM (P 0.n)» V1O (Do) = Uepvo (i) + 2, kpvi () — 1), p € P&1D (e.1.1)
We denote by P, rg LLe the set of points in
P(U\(POO U pO1O) y plel1)y

such that 7MW ( p) # @, and such that the word in B(1) that appears at indices in jom( p)
is preceded in p by a word in B~C°(1)*B~ (1)C*.

The shift commuting map 7;, is to map a point p € P,fl’l") to the point g € P, (F) that
is obtained by replacing, in p, the words b(p) € B(1), that appear in p at the indices in
TP (p), by the word E(b(p)).

A point p € P,,(1’1’°) can be reconstructed from its image g under 1, by replacing, in ¢,
the word c(g), that is identified as the unique word in C(0) of maximal length that appears
in ¢, by the word 27! (c(q)).

We note that

oA (P)0.n))s VI (P10n)) = (kpvo(), kpvi () — 1), pe PLL0 (1.1.0)
We set
Png,l) — {P c P;(,u,,)\(P,SO’O) U Prfo,l,O) U Pn(o,l,l)) U P(l,l,-)) . j(l’o)(p) ;é @}.

The shift commuting map 7, is to map a point p € P,fo’l) to the point g € P, (F') thatis
obtained by replacing, in p, the words b(p) € B(1), that appear at the indices in jo(o’ b (p),
by the word @ (E (b(p))).

The point p € Pn(o’l) can be reconstructed from its image g under n, by replacing,
in g, the word B~ (0)g(q¢)B~(0), that is identified as the unique word in 5(0, 0) of
maximal length that appears in g, by the word 87 (0)g(¢)B~, and the open appearances
h(g)B~(0) of a word in C(0)*B~(0), that follow the word 8~ (0)g(g)B~(0) in ¢, by the
word W~ (h(g))B~(1).

https://doi.org/10.1017/etds.2015.126 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.126

Embedding subshifts of finite type into the Fibonacci—Dyck shift 1875

We note that
Wo-((P)10,m))s Vi A(P)o.m))) = (kpvo(w) + 2, kpvi(w) — 1), pe POV (0.1)
We set
Pn(l,O) — P,f(u_)\(P,fO'O) U Pn(O,l,O) U Pn(o,l,l) U P(l,l,-) U Pn(O,l)).

With the words
b(p)eB, f(p)eCr,

that are given by writing the word in D(1, 0) that appears at the indices in JO(I’O) (p) as

b(p) f(p)B~(0),

the shift commuting map 7, is to map a point p € P,fl’o) to the point g € P, (F), that
is obtained by replacing, in p, the words b(p) f (p)B~ (0), that appear at the indices in
L9 1), by the word
Po(E(b(P) f(p)BT(0).

The point p € can be reconstructed from its image ¢ under 7, by replacing, in ¢,
the word B~ (0)g(g) B (0), that is identified as the unique word in C(0) of maximal length
that appears in ¢, by the word 8~ (1)g(¢)B8~(0), and the word B8~ (0)h(g) € B~ (0)C*, that
precedes the word 8~ (0)g(¢)B7(0) in g, by the word ,3_\11_1 (h(g)).

We note that

P’gl,())

oA M (P0.0))s Vi A (P0.y))) = kpvo(), kpvi () — 1), pe PO (1.0)
‘We have produced a partition
Po(l/« )= P(O,O) U P(O,I,O) U P(o,l,l) U P(l,l,o) U P(O,l) U P(I,O) (P)
n - n n n n n n *

In a point g € nn(P,f"l’l) ), the word in B(0, 0) of maximal length that appears in
q is followed by an open appearance of a word in C*B(1), whereas, in the points
q €y (Pn(o’ 1)), this word is followed by an open appearance of a word in C* 87~ (0). Also, in
apoint g € n,,(P,,(l’l")), the word in C(0) of maximal length that appears in ¢ is preceded
by a word in B(1)C*, whereas, in a point g € nn(P,fl’O)), this word is preceded by a word
in B7(0)C*.

It follows from these observations and from (00), (0,1,0), (e,1,1), (1,1,e), (0,1) and
(1,0) that the images under n,, of the elements of the partition (P) are disjoint. From (0,0),
(0,1,0), (e,1,1), (1,1,8), (0,1) and (1,0) it also follows that

M (Py (=) N Py () = 9.

‘We have shown that

card Op(u_) < card( U On(ﬁ_)).
peM\{n~}

The lemma follows now from Lemma (c) and Lemma 1. O
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5. An embedding theorem

Let Pr(«(0)) denote the set of points of F of period k with multiplier «(0), let Py (x (1))
denote the set of points of F, of period k, with multiplier «(1) and let P, (1) denote the set
of points of F, of period k, that are neutral. Denote by ¢; the zeta function of the neutral
periodic points of F, by (o) the zeta function of the periodic points of F* with multiplier
a/(0) and by £y (1) the zeta function of the periodic points of F* with multiplier a(1).

LEMMA 3.
1
lim inf — log card( Py (1) U P («(0)))
k—oco k
1 3
= lim inf — log card(Py (1) U Pr(a(1))) = = log 3 — log 2.
k—oo k 2
Proof. Set
£ 2 ,(1 ,3¢§) 0<.< 2
z) = — sin| = arcsin —z |, <z=<——.
J3 3 2 3.3
By [KM, (4.8)] we have the generating functions
(2)
geoyr(2) = ET (5.1
and
(2)?
gcx(2) = _5 2 (5.2)
and it follows that
£(z)°
01(2) = geo(1y* (D) g+ (2) = e (5.3)
Using the circular code C*87(0) one finds from (5.2) that
z 2
=\—-, 54
Ca(0)(2) <z — f;‘(z)z) (5.4)
and using the circular code 8~ (1)C*B~C°(1)* one finds, from (5.1) and (5.2), that
Lol (2) = ( : )2 (5.5)
0!(1) )= - E(Z)3 . .

(See, for example, [P, §5] or [KM, §2].) The lemma follows from (5.4), (5.5) and (5.3). O

Let Pk+ denote the set of points of F of period k with positive multiplier, where k € N.
Let (9,? denote the set of orbits of F of length k& with positive multiplier, let Ok («(0))
denote the set of orbits of F' of length k£ with multiplier «(0), let O (¢ (1)) denote the set
of orbits of F of length k with multiplier «(1) and let O (1) denote the set of orbits of F'
of length k that are neutral, where k € N.

THEOREM. Let Y be an irreducible subshift of finite type. Let O (Y) be its set of periodic
orbits of length k € N, and let hy be its entropy. An embedding of Y into the Fibonacci—
Dyck shift exists if and only if at least one of the following conditions is satisfied.
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(a)
card(O(Y)) < card(Ox (1) U Ox(2(0))), k€N,
and
h(Y) < 3log3 —log?2.
(b)
card(Or(Y)) < card(O; (1) U Or(x(1))), keN,
and
h(Y) < 3log3 —log?2.
(©)
card(Ox(Y)) < card(Or(H U O;), keN,
and

h(Y) <3log?2 —log 3.

Proof. The theorem results from an application of [HIK, Theorem 5.8] that uses
Lemma (a) and Lemmas 1-3 and that takes into account that only the exceptional
multipliers (in this case the multipliers «(0) and «(1)) contribute to the possibility of an
embedding beyond the case of negative (or positive) multipliers. In [HIK, Theorem 5.8],
the entropy condition in (a) reads

1
h(Y) < liminf — log card(Pr (1) U P (x(0))),
k—oo k
the entropy condition in (b) reads
1
h(Y) < likm inf % log card(Py (1) U Pr(x(1)))
—00
and the entropy condition in (c) reads
1
h(Y) < liminf — log card(P(1) U P").
k—oo k

For (a) and (b) apply Lemma 3. For (c) note that, by Lemma (a), the right-hand side of
the inequality is equal to the topological entropy of F, which is known to be 3 log2 —
log 3 [KM, §4]. O

By Lemma (a),
card(O]) = 1 card(Ox\Ox (1)), (5.6)
card(O (@ (0))) =2 card(Or (a™ (0)),
card(Ox (e(1))) = 2 card(Ox (™ (1)), ke N.

Denote the set of points of F' of period k by Py, k € N, and denote by ¢ the zeta function of
F. The sequence (card(Oy))ren can be obtained by Mobius inversion from the sequence
(card(Py) e that enters into the zeta function ¢ (z) = eXnen (€ard(P)2")/n) of F The same
applies to the sequences

card(Or(M)ren,  card(Pr(er(0)))ken,  card(Ok (a(1)))ken-
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Therefore, by (5.6), the information that is relevant for each of the conditions (a), (b) and
(c) of Theorem (5.1) is (in principle) contained in the zeta functions ¢, &1, and y(0), La(1)-
¢ is also known. From [KM, (4.12)],

§(z)
2(26(x)2 +6(x) — D?
We note that the zeta function ¢4 (z) of the periodic point with positive multiplier is also
known: by Lemma (a),

£(2)°
_ ~lp(7) =
G =ya O = G o~ 1)

6. The multiplier «(0)
PROPOSITION MO. The multiplier «(0) is exceptional only at periods one and three.

$(z)=

Proof. By Lemma (b) the multiplier «(0) is is not exceptional at periods two, four, five
and six. Let

n>7. (a)
We construct a shift commuting injection

M P O)— | PG
reM\{a(0)}

Set
1) =max{iP e 7@ i <i}, ie7O@p), peP@ (0).

Let P,il) be the set of points p € P/ (™ (0)) such that the set Z ) of indices i € 7@
and such that p;(;,;) € Qy is not empty.

For p € P,fl), we denote by Ié” (p) the set of indices iél) € ZV (p) such that the word
Py is lexicographically the smallest among the words

Paamy.imp i eI (p).

With the word f(p) € Q that is given by writing
Pty = @B, i’ eI (p),

the shift commuting map 7, is to map a point p € P,f]) to the point p € P(F) that is
obtained by replacing, in the point p, the words f(p)B-(0), that appear at the indices in
7" (p), by AL(£)B-(0).

For g € nn(P,f])), there is a unique word b(g) € B(1, 1) that appears openly in ¢, and a
point p € Pn(l) that can be reconstructed from its image g under 1, by replacing, in ¢, the
word b(q), when it appears openly in ¢, by the word d>1_1 ®(q)).

We note that

WA (P0.))s i AM(Po))) = (kp, 2),  pe P, 4))
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Let P,Eﬂ ) be the set of points
p € Py (O)\PD)

such that the set Z#)(p) of indices i®) € T (p), at which there appears a word in
B~ BT(C0)*\{e})B(0), is not empty.
For p € P,,(ﬂ ), we denote by Ic(,ﬂ ) (p) the set of indices ic(,ﬁ ) e T8 (p) such that the word

Pu® i) is lexicographically the smallest among the words

P i, 1P TP (p).
With the word f(p) € C(0)* that is given by writing

Py o= Fp). i eI (p),

the shift commuting map 7, is to map a point p € Pn(ﬁ ) to the point p € P (F) that is
obtained by replacing, in the point p, the word 8~ 87 f(p), that appears in p at the indices
in 7 (p) — 1, by the word B~ W (f (p)B~(1).

For a point g € 7, (P,fﬁ )) there is a unique word b(g) € B(1) that appears openly in g,
and a point p € P,l(’S ) that can be reconstructed from its image g under 7, by replacing, in
g, the word b(g), when it appears openly in ¢, by the word =BT W1 (b(g)).

We note that

WA (P0.))s Vi AM(Pon))) = (kKp, 2),  pe PP, B)
Let P,Eﬂ 0 be the set of points
pe P (0)\(PV U PP

such that the set Z4:0 (p) of indices i #? € T (p), at which there appears openly the
word 8~ 8T B7(0), is not empty.

For p € Pn(ﬂ ’0), we denote by Ic(,ﬂ 0 (p) the set of indices ic(,ﬂ 0 ¢ 7(8.0) (p) such that the
word p (B0 (PO is lexicographically the smallest among the words

PGB0 —p iBO)], B0 e 7B (),

The shift commuting map 7,, is to map a point p € Pn(ﬁ 0 4o the point p € P2 (F) that
is obtained by replacing, in the point p, the word 8~ 87, that appears in p at the indices in
O (p) — 1, by the word B~ (1).

In a point of ;7,,(Pn(’3 ’0)) the word 8~ 8 (1) appears openly, and a point p € P,fﬁ 0 can
be reconstructed from its image g under 7, by replacing, in g, the word =87 (1), when it
appears openly in ¢, by the word 8~ 8+.

We note that

oA M (P0.n)))s VAT (P0)) = (kp, 2),  p e PP, (B.0)
Let Pn(o’z) be the set of points

oy — 1 ,0
p e PXa” ()\(PP U PP U PEO)
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such that
vo(p) = 2.

For p € P,fo’z) , we denote by I§0’2> (p) the set of indices i € T (p) such that
i—1@)>1.
For p € P,fo’z), we denote by I§0’2> (p) the set of indices igo’z) € 719-2) (p) such that the
word p (0 02 is lexicographically the smallest among the words
P02 _p 00y 1P eTO(p).
With the word f(p) € C(0)*, that is given by writing
P02y 02 =B O f(B©),  i*P eIPH(p),

the shift commuting map 7, is to map a point p € P;O,Z) to the point p € P;(F) that is
obtained by replacing, in the point p, the words 8~ (0) f (p) B~ (0), that appear in p at the
indices in Z?! (p), by the word B=W =L (£ (p)B~(1).

For a point g € nn(P,EO’z)) there is a unique word b(g) € B(1) that appears openly in g,
and a point p € Pn(o’z) that can be reconstructed from its image ¢ under 7, by replacing, in
g, the word b(g), when it appears openly in ¢, by the word B~ W~ (b(¢))5™.

We note that

oA (P)o.m)). viAM(P)o.m)) = (kp —2, 1),  pe PO, (0.2)
Let P,fo’l’l) be the set of points
pePa” (O\(PD U PP UPFLOY PO

such that
Pli—ni1 € B~OBTOCO)*B7(0), ieIO(p).

With the word f(p) € B~(0)BT(0)C(0)* 8~ (0), that is given by writing
Pi-nit=B-OBTO f(PB~O), ieIP(p),

the shift commuting map 7, is to map a point p € nyo’l’l) to the point ¢ € P (F) that is
given by
di-ni1 = BB~ S(PIB~ ), i eIO(p).

For a point g € n,,(P,fo’l’l)),
q-ni) € BB~ (DCO)B (), eI,
and with the word a(q) € C(0)*, that is given by writing
qi-nit=B"B (Ma@)p0), eI,

P,fo’l’l) can be reconstructed from its image ¢ under 7, as the point in P, (F)

apoint p €
that is given by

Pinil=B (BT (Ma@g)B~©0), ieIq).
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We note that
W (Po.m)). viAm(Plom)) = (1, 1), pe PO (0.1.)
Let 2.%"™ be the set of points
pe P (O\(PM U PP U PFO Y POy
such that
Pli-ni) € B~O)CO)*\{e)BT(O)CO*\{ehB(0), i €IV (p).

With the words f(p) € C(0)*, g(p) € C(0)*, that are given by writing

Pi-nit=B~O) f(P)BTO(p)B~(0), ieIV(p),

the shift commuting map 7,, is to map a point p € P,fo’l’m) to the point ¢ € P, (F) that is
given by
qi-ni1 =B~ (DS (P)B~Og(p)B~. i €Tp).

For a point g € n,,(P,,(O’l'm)),
di-n.) €CO*BTOCO*B (D). i €IV (),
and with the words a(g) € C(0)*, b(q) € C*, that are given by writing
diiitn = a(@B~ Q@B B~ (D). i €IV (g),

P,fo’l’o) can be reconstructed from its image g under 1, as the point that is

a point p €
given by
Pl—nil = a@BT OB (0B 0), ieIW(g).

‘We note that
oA (Po.m)), viAM(P)om)) = (1, 1), pe PO, (0.1.m)
Let 2.%"") be the set of points
pe P (0\(PPUPPHUPFOY POD)
such that
Pli-ni1 € B~ ()8~ (O)(CO)*\{e)BT(O)CO)*BT(0)~(0), i eI (p).

With the words f(p) € C(0)*, g(p) € C(0)*, that are given by writing

Pi-ni1=B~O) fF(P)BTO)(P)B0), ieIO(p),

the shift commuting map 7, is to map a point p € P,SO’]’r) to the point ¢ € P’(F) that is
given by

Qi-ni1 =B B~ (D F(P)B~(0)g(p)B~ OB~ (0), ieI(p).
For a point g € 1, (P"""),
Qii—n.i) € COY* B (OCO)* B~ (OB~ OB~ B~ (1), ieIW(g),
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and with the words a(q) € C(0)*, b(q) € C(0)*, that are given by writing
Qliitn = a(@ B~ (0b(@B~ (0B~ (0B B~ (). ieIWV(g),

a point p € P,,(O’l’r) can be reconstructed from its image g under 1, as the point that is
given by
Pi-niy=a(@)B~ Ob@B OB B (1), ieIV(g).

‘We note that

W (PIo.m)), AN (P =B, 1),  pe PO 0.1.r)
Let PP be the set of points

pe P a” (O\(PD U PP UPFLOY PO
such that
Pli—ni1 € B~ (0B 0BT ONCO\CO))BH OB (0), ieI(p).

With the word f(p) € C(0)*, that is given by writing

Pli-nit =B~ OB~ OBTO f(PBTOB (), icIP(p),

the shift commuting map 7, is to map a point p € Pn(o’l’r”S ) to the point g € P;(F) that
is given by
di—ni1 =B OB~ B~ (S (PIB OB, i eIO(p).
For a point ¢ € nn(P,EO’]’r’ﬂ)),
di-n.) €CO* BB~ OB~ OB (D), eIV (g
and with the word a(g) € C(0)*, that is given by writing
di-ni=a@p~ OB, eI,

Pn(o’ 17B) can be reconstructed from its image ¢ under 1, as the pointin P, (F)

apoint p €
that is given by
Pi—niy=a@B OB OB 0BT 0), ieIP(q).
We note that
W (P.))> iIAM(Pw)) =B, 1), pe PO 0.1.r.8)
Let P,io"”’” be the set of points
pe P e (O\(PD U PP UPFLOY PO
such that
Pi-ni) € BB~ OBTOCO)BT OB (0. i€I?(p).
With the word f(p) € 87 (0)8T(0)C(0)* B~ (0), that is given by writing

Pli—nil =B (OB (BT F(p)BT OB~ (0), ieI(p),
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the shift commuting map 7, is to map a point p € Pn(o’l’r’l))

given by

to the point ¢ € P (F) that is

Gi—ni1 =B~ (B Y (PN~ MR~ OB~ ieID(p).

For a point g € n,,(P,fO’l’r’l)),

Qi-nil € BB (MBCO*B~(HB(0), ieTW(),

and with the word a(q) € C(0)*, that is given by writing
Qi-nit =B~ B~ (Ma@p~ (), eIV,

apoint p € P,Eo’l’r"g ) can be reconstructed from its image g under 7, as the pointin P; (F)
that is given by

Pi-ni) =B~ B~ (B V@@~ (D), ieI%@).
We note that
o 1(Po.m))s viA(Pow)) = (1,2),  pe PO (0.1.r.0)
An inspection of the definition of P,,(O’l’r’ D shows that we have produced a partition

P(a—(0) =P uPpPP Y PP U PEDYPpOD
U Prfo’l’l) U PIEO,I,m) U Png,l,r) U Pn(O,l,r,/S) U Pn(O,l,r,O). (P.0)

The points of 7, (P,fl)) are the only ones in 1, (P, (o—(0)) in which there appears openly
a word in B(1.1). In the points of nn(P,Eﬂ) U P,EO’Z)), the word B8~ 87 (1) does not appear
openly, whereas, in the words of n, (P10 U pO1m y pO-1) pOLrA) y pO1r0)y
this word does appear openly. In the points of n,,(Pn(ﬂ ’0)), the word B~ B~ (1)B~(0)
appears openly, whereas, in the points of 1, (P U O™ U pOL1) this word
does not appear openly. However, in the points of n,,(P,go’l’I) U P,fo’l’m) U Pn(o’l’r)), the
word B~ 87 (1) does appear openly. The points of nn(P,fO’l’r”3 )) are the only ones in
N (P2 (a—(0)) in which there appears openly a word in (C*\C(0)*)8~(0), and the points
of n, (P,fo’l’r’l)) are the only ones in 1, (P, («—(0)) in which there appears openly a word
in 77 (1)C0)*B(1)C(0)*.

From these observations and from (1), (8), (8.0), (0.2), and (0.1.1), (0.1.m), (0.1.r),
(0.1.r.8), (0.1.1.0) it follows that the images under 1, of the sets in the partition (P.0) are
disjoint. Also, 1, (P («—(0))) N Py (x—(0)) = ¥. We have shown that

card(’),,(a‘(O))fcard( U 0,,(;7‘)).
feM\ja~(0))

Apply Lemma (c). O
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7. The multiplier (1)
PROPOSITION M. The multiplier o (1) is exceptional only at period two.

Proof. We construct shift commuting injections

Mt P (a—(1)) — U Po(i7), n>2.
peM\{a— (D)}

Let n > 2. Denote by P,El) the set of p € P’(a™ (1)) such that the word B~ 87 (1)
appears openly in p. The shift commuting map 7, is to map a point p € P,gl) to the point
q € P,(F) that is obtained by replacing, in p, the word = 87 (1), when it appears openly
in p, by the word 8~ (0)8(0). A point p € P,gl) can be reconstructed from its image ¢
under 7, by replacing, in ¢, every word 8~ (0)2X, that appears in g openly and that is
neither preceded nor followed in g by an open appearance of the symbol 87 (0), by the
word (B~B8~(1)X, K e N.

Denote by Pn(z) the set of

pe P (P
such that words in B~C°(1)*B8~ (1) appear openly in p at least twice during a period.
Denote by J (p), for p € Pn(z), the set of indices j € Z(1 (p) such that the word P(n—jn) 18
lexicographically the smallest one among the words p(,—i n, i € ZW(p). With the word
f°(p) € C°(1)*, that is given by writing the word in 87~ (C°(1)*\{e})B (1) that appears in
p at an index in J (p) as

B~ fe(pB~ (), ()

the shift commuting map 7, is to map a point p € P,fZ) to the point ¢ € P,(F) that is
obtained by replacing each of the words in the point p (a), that appear in p at an index in
J(p), by the word

B~ O (f°(P)(p)B~(0).

With the word f(g) € C(0)* such that the word 8~ (0) f (¢) 8~ (0) appears openly in g,
the point p can be reconstructed from its image g under 7, by replacing, in ¢, the word

B0 f(q)B(0),
when it appears openly in ¢, by the word
BT (F@)B™(D).
Denote by P,53) the set of

pe P I\ UP?)

such that
Pli—n,i1 € (C*\{eHB~C°()* B~ (1).

With the words

fpyecs, f(p)eC (D),

that are given by writing

pi-ni1=f(P)B” f(P)B~ (D),
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and denoting by W’ (c) the word that is obtained by removing from the word W ( f°(p)) its
last symbol, the shift commuting map v, is to map a point p € P,?) to the pointg € P, (F)
that is given by

qi-ni) = F(DB~OW (P~ (). i eIV (g).
With the words
f@eC\{e}, f'(q) €COBOCO),
that are given by writing
di-ni) = F @B O @B~ (D), eIV,
the point p can be reconstructed from its image ¢ under 1, as the point that is given by

Pli—nil = F@B ¥ (@B (OB~ (D), ieIW(g).

Set
P =Po(a” ()\(PLP U PP U P
One has
pi-ni €B-(MBCD, ieIV(p), peP?.
With the words

c(p)eC°(l), fo(p)eC (D),
that are given by writing
Pi-niy =B (DB c(p) f(p), eIV (p),

the shift commuting map 7, is to map a point p € P,f4) to the point g € P, (F) that is given
by
Qi-n,it = B~ (W (c(PHW(f(P)B~, i €TV (p).

With the words
b(q) € B(0,0), glg) €C(0)*,

that are given by writing
qi-ni) =B~ (Db@g@p~. €IV (),
the point p can be reconstructed from its image g under 7, as the point that is given by
Pi-niy =B~ (DB ¥ (@7 B@NY (g(@), TV ().
We have produced a partition

Py = BY. (P.1)

1<i<4

In the points in nn(Pn(l)), the word 8~ (0)8~ (0) appears openly, the word 8~ 87 (1) does
not appear openly and, in the points in nn(P,fz)), neither the word 8~ (0)8~(0) nor the
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word 8~ 87 (1) appear openly. In the points in nn(P,E3)) and 17,,(P,1(4)), the word 8~ 8~ (1)
appears openly. Also,

TV +1)NIOG) =0, qen, (P,
IO@ +1c O, gen,(P™M).

From these observations it follows that the images under 7,, of the sets of the partition (P.1)
are disjoint.
‘We have shown that

card(O,,(a(O)))gcard( U On(ﬁ_)).
FeM\{a(1))

Apply Lemma (c). O
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