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Abstract

In our previous paper, we gave a presentation of the torus-equivariant quantum K-theory ring QKpg (Fl,,+1) of the
(full) flag manifold F1,,,; of type A, as a quotient of a polynomial ring by an explicit ideal. In this paper, we
prove that quantum double Grothendieck polynomials, introduced by Lenart-Maeno, represent the corresponding
(opposite) Schubert classes in the quantum K-theory ring QK (F1,,.1) under this presentation. The main ingredient
in our proof is an explicit formula expressing the semi-infinite Schubert class associated to the longest element of
the finite Weyl group, which is proved by making use of the general Chevalley formula for the torus-equivariant
K-group of the semi-infinite flag manifold associated to SL,+1(C).
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1. Introduction

Let Fl,+ denote the (full) flag manifold G/B of type A, where G = SL,+1(C) is the special linear
group of rank n, with Borel subgroup B consisting of the upper triangular matrices in G = SL;,4+(C)
and maximal torus H C B consisting of the diagonal matrices in G = SL,,+1(C). Let R(H) denote the
representation ring of H, which we identify with the group algebra Z[P] = P, _p Ze” of the weight
lattice P = 3| Zw; of G = SLy,.1(C), where @;, 1 < i < n, are the fundamental weights; we set
@o = 0 and @,4+1 = 0 by convention. We denote by QK (Fl,41) = Kg (Flys1) ®ruy R(H)[Q]]
the H-equivariant (small) quantum K-theory ring, defined by Givental [Giv] and Lee [Lee], where
Ku (Flyi) = P, e R(H)[O"] denotes the H-equivariant (ordinary) K-theory ring of Fl,.; with
the (opposite) Schubert classes [O" ] indexed by the elements w of the finite Weyl group W = S,,4; of
G = SL,+1(C) as a basis over R(H), and where R(H)[[Q]] = R(H)[[Q1,- .., Qx]] denotes the ring
of formal power series in the Novikov variables Q; := 0 corresponding to the simple coroots «;’,
1 < i < n, with coefficients in R(H).
In our previous paper [MaNS], we proved that there exists an R(H)[[Q]]-algebra isomorphism

WO : (RCE[[QI)[X15- - -+ Xns Xns11 /T2 — OKpy (Flysy), (1.1)

where Z€ is the ideal of (R(H)[[Q]])[x1, .., Xn,Xns+1] generated by

o] a-ep[Ja-xp- D e, i<i<a+l,

Jc[n+l] jeJ,j+1¢J jeJ Jc[n+l]
|J1=t V1=

with [n+ 1] := {1,2,...,n+ 1}; here, we understand that Q,,,; = 0, and for a subset J C [n + 1],
we set €7 1= ) ey €, Where €; = w; —@;_; for 1 < j < n+1. Also, W2 maps the residue class of
(1-0;)(1-x;) modulo 7% to0 [OFy,,, (—€j)] for 1 < j < n, and the residue class of (1 —x,4+) modulo
729 to [OFi,,, (—€nt1)]; note that —€,1 = €] + -+ +€,. Here, for 1 < j < n+1, O, (—€;) denotes
the quotient (line) bundle U, /U;_; over Fl,,1, where 0 =Uy C Uy C -+ C Uy CUpst = Flyi X cn+l
is the universal, or tautological, flag of subvector bundles of the trivial bundle F1,,,; X cnHl,

The purpose of this paper is to prove that quantum double Grothendieck polynomials, introduced in
[LM, Section 8], represent (opposite) Schubert classes in QK g (Fl,+1) under the presentation above.
This result can be thought of as the H-equivariant analog of [LNS, Theorem 51], in which it is proved
that quantum Grothendieck polynomials represent (opposite) Schubert classes in the non-equivariant
quantum K-theory ring QK (Fl,). However, the strategy of our proof in the H-equivariant case is quite
different from that in the non-equivariant case in that we can reduce the proof to the case of the longest
element by using quantum (dual) left Demazure operators introduced in [MNS], which act only on
equivariant parameters.

To be more precise, for the longest element w, € W = §,,, the associated quantum double
Grothendieck polynomial (580 (x,y) is defined as

n k
62,060 = [ [{ D20 = y) Ff @, xan) |,

k=1 \ I=0
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where
FE(XL X ) 1= Z [T a-ep[Ja-xp
| jedJ,j+leJ JjeJ
|J| 1)
for 0 < [ < k < n, with [k] = {1,2,...,k}; note that (SVQVO(x,y) is an element of

ZIONx1s - - s Xns Xnet I [(1 = yD)E', ..., (1 = y,)*'], which can be thought of as a subring of
Z[(1 =y, .., =y )OI [X1s - - - » Xn, Xns1], Where we identify R(H) = Z[e*€, ..., e*%]
with Z[(1 — y)*,...,(1 = yx)*!] by 1 —y; = €% for | < j < n, and then 1dent1fy
(RI[OI[x1, - - - Xn, Xpa1] with (Z[(1 = y1)*', ..., (1 = y)*'TIQI) [x1. . -, Xn, Xn41]. For an ar-
bitrary w € W = S,,11, the associated quantum double Grothendieck polynomial @8 (x, y) is defined as

62 (x.y) = 120 62 (x.y) € Z[QN [x1. . ... Xn Xuat JL(L =y (1= y)*'],

where ﬂivyv)v denotes the Demazure operator acting on the y variables (see Section 4.1 for de-

tails). Since we can show that the Demazure operators nfy ) for 1 < i < n on the quotient ring
(RCH)[[QID[X1, - - - » Xns Xns1]/ZC coincide with the quantum (dual) left Demazure operators 6, for
1 <i < nonQKgy(Fl,1) (see the commutative diagram in (4.5)) under the R(H)[[Q]]-algebra iso-
morphism

WO (RUH([Q)[x1+- - -+ X xne1 /T2 — OKpy (Flus),

we need only consider the case of the longest element w, € W = §,,,1; this line of argument is indeed
proposed in [MINS, Section 8].
Now, we are ready to state the main result of this paper.

Theorem 1. Let w be an arbitrary element of W = S,1. Then, under the isomorphism (1.1), the
following equality holds in QKy (Flp41):

Y2 (62 (x,y) mod I9) = [O"],

where we identify R(H) Zle*e, ..., et ] with Z[(1 — y)*',...,(1 = y,)*'], and then

(R(H)[[Q]])[xla~~~7xnaxn+liWith Z[A=y0)* ., A=y HIQI [x1s -+ X X1 by 1=y =
e forl <j<nm

Here, we should mention that the result above for the (essential) case of the longest element w, €
W = S,,4 is obtained, via the R(H)-module isomorphism between QK (Fl,41) and the H-equivariant
K-group K (Qg) of the semi-infinite flag manifold Q¢ associated to G = SL,1(C) (established in
[Kat1]), from an explicit formula (Corollary 2.5) expressing the semi-infinite Schubert class [Ogq (w.)]
in Ky (Qg), with G = SL,,11(C); see Section 3 for details. Also, we prove Corollary 2.5 (or Proposition
2.4) first by applying the general Chevalley formula for Ky (Qg) in [LNS] and then by constructing a
sign-reversing involution on a certain set of directed paths in the quantum Bruhat graph associated to
W = S,+1 which appear in the resulting expansion; see Section 5 for details.

This paper is organized as follows. In Section 2, we first fix the basic notation for root systems (in
particular, for the root system of type A) and then recall the definition of the quantum Bruhat graph.
Also, we recall the definitions of the (H x C*)-equivariant K-group Kgxc+(Q¢) and H-equivariant K-
group Ky (Qg) of the semi-infinite flag manifold Q¢, and state the key proposition (Proposition 2.4),
deferring its proof to Section 5. In Section 3, we briefly review the relationship of Ky (Qg) with the
H-equivariant quantum K-theory ring QK g (G/B) of the flag manifold G /B and prove our main result
(Theorem 1) for the (essential) case of the longest element w, € W = §,,11. In Section 4, we prove our
main result (Theorem 1) for an arbitrary w € W = §,,41 through the strategy explained above. Section 5
is entirely devoted to the proof of Proposition 2.4.
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2. An explicit formula expressing the semi-infinite Schubert class associated to w,
2.1. Notation for root systems

Let G be a connected, simply-connected, simple algebraic group over C, H a maximal torus of G. We
set g := Lie(G) and § := Lie(H). Thus, g is a finite-dimensional simple Lie algebra over C, and }) is a
Cartan subalgebra of g. We denote by (-, -) : h* X — C the canonical pairing, where h* = Home (), C).

Let A C h* be the root system of g, A* C A the set of positive roots, and {@;};c; C A* the set of
simple roots. We denote by @V € b the coroot corresponding to @ € A. Also, we denote by § € A"
the highest root of A and set p := (1/2) 3 ,ea+ @. The root lattice Q and the coroot lattice Q" of g are
defined by Q := };¢; Za; and Q¥ := };; Za,'. In addition, for & € A, we set

if @ € At

a| :=sgn(a)a € A™.
ifaen-, ld=senla)

1
sgn(a) = {_1

Fori € I, the weight @; € h* given by (@, a'}’) = 0;,j forall j € I, where 6; ; denotes the Kronecker
delta, is called the i-th fundamental weight. The weight lattice P of g is defined by P := ) ;; Zw;. We
denote by Z[ P] the group algebra of P, which is the associative algebra generated by formal elements
e, v € P, where the product is defined by e#e” := e**” for u, v € P; we identify the group algebra
Z[ P] with the representation ring R(H) of H.

A reflection s, € GL(H*), @ € A, is defined by sqp := p — (i, @¥)a for pu € h*. We write s; := 54,
for i € 1. Then the (finite) Weyl group W of g is defined to be the subgroup of GL(H*) generated by
{si}ier; thatis, W := (s; | i € I). For w € W, there exist iy,...,i, € [ suchthatw =s;, ---s;.. If ris
minimal, then the product s;, - - - s;, is called a reduced expression for w, and r is called the length of w;
we denote by £(w) the length of w. Note that a reduced expression for w is not unique, but the length
£(w) is uniquely determined. Also, the affine Weyl group Wy of g is, by definition, the semi-direct
product group W = {tz | £ € OV} of W and the abelian group {r¢ | £ € QV} = 0V, where t; denotes
the translation in h* corresponding to & € QV.

Definition 2.1. The quantum Bruhat graph of W, denoted by QBG(W), is the A*-labeled directed

graph whose vertices are the elements of W and whose edges are of the following form: x = y, with
x,y € Wand @ € A*, such that y = x5, and either of the following holds: (B) £(y) = £(x) + 1, or (Q)
(y) = €(x) + 1 —=2{p,a"). An edge satisfying (B) (resp., (Q)) is called a Bruhat edge (resp., quantum
edge).

For an edge x SN y in QBG(W), we sometimes write x % y (resp., x % y) to indicate that the

edge is a Bruhat (resp., quantum) edge.

2.2. The root system of type A

We recall the root system of type A. In the rest of this paper, when G is of type A, we use the notation
introduced in this subsection. Also, we set [m] :={1,2,...,m} form € Z.

Assume that G is of type A, (i.e., G = SL,4+1(C)). Then g = s1,,4,1(C), and § := {h € g |
h is a diagonal matrix} is a Cartan subalgebra of g. We let {ex | k € [n + 1]} be the standard basis of
7" and realize the weight lattice as P = Z"*! /Z(e| + - - - + €,41). By abuse of notation, we continue
to denote the image of € in P by the same symbol. Thus, @y = €] + --- + €, for k € I = [n], are
the fundamental weights of g, and €] +---+ €, + €,41 = 0. We set @; := €; — €41 fori € [ = [n] and
Q=i+t +@; =€ —€j4 fori, j € [n] withi < j. Then A ={%q; ;| 1 <i < j < n}forms
a root system of g, with the set of positive roots A* = {¢; ; | 1 <i < j < n} and the set of simple roots

{ay,...,a,}.
The Weyl group of g = s1,,+1(C) is, by definition, the subgroup W = (sy, ..., s,) of GL(}*), where
S1,...,Sy are the simple reflections. For i, j € [n+ 1] with i < j, we denote by (i, j) the transposition
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of i and j. It is known that the assignment s; — (1,2), so — (2,3), ..., s, — (n,n+ 1) induces
a group isomorphism W = 8,41, where S,,,; denotes the symmetric group of degree n + 1. By this
isomorphism, we regard x € W as a permutation on [n+ 1] = {1, ..., n+ 1}; in addition, it follows that
xe€; = €x(;) fori € [n+1]. Also, the longest element of W, denoted by w., is regarded as the permutation

1 2---nn+lj.
n+ln---2 1)

that is, w, is considered as the permutation defined by wo(k) =n+2 —k fork € [n+1].
We know from [Len, Proposition 3.6] the following.

Lemma 2.2. Letx e W= S,,,andl <a<b<n+1.

,b
(B) We have a Bruhat edge x & x - (a,b) in QBG(W) = QBG(S,+1) if and only if x(a) < x(b),
and either x(c¢) < x(a) or x(b) < x(c) holds for each a < ¢ < b.

(Q) We have a quantum edge x ﬂ x - (a,b) in QBG(W) = QBG(S,.+1) if and only if x(a) > x(b),
and x(b) < x(c) < x(a) foralla < ¢ < b.

2.3. Equivariant K-groups of semi-infinite flag manifolds

Let Qré‘ denote the semi-infinite flag manifold associated to G, which is a (reduced) ind-scheme of
ind-infinite type whose set of C-valued points is G(C((z)))/(H(C) - N(C((z)))) (see [KaNS, Kat2] for
details), where G is a connected, simply-connected, simple algebraic group over C, B = HN is a Borel
subgroup, H is a maximal torus, and N is the unipotent radical of B; note that QrGat can be thought
of as an inductive limit of copies of the (reduced) closed subscheme Qg C [];¢; P(L(w;) ®c C[[z]])
of infinite type, introduced in [FM, Section 4.1], where L(w;) is the irreducible highest weight G-
module of highest weight @;. One has the semi-infinite Schubert (sub)variety Qg (x) C QrGat associated
to each element x of the affine Weyl group Wy = W < QY, with W = (s; | i € I) the (finite) Weyl
group and Q¥ = 3;c; Za; the coroot lattice of G; note that Qg (x) is, by definition, the closure of
the orbit under the Iwahori subgroup I := (ev,—)~'(B) ¢ G(C[[z]]) through the (H x C*)-fixed point
labeled by x € Wy in exactly the same way as in [KaNS, Section 4.2] and [O, Section 2.3], and that
Qg (x) is contained in Qg (e) = Qg for all x € W;O ={x = wrg € Wy | w e W, & € OV},
where QVF 1= Y1 Zsoa/ € QY. Also, for each weight v = 3;c; m;w; € P with m; € Z, we have a
(G(CI[z]]) = C*)-equivariant line bundle Oq, (v) over Qg, which is given by the restriction of the line
bundle ®;c; O(m;) over [[;¢; P(L(@;) ®c C[[z]]).

The (H x C*)-equivariant K-group Ky xc:(Qg) is a module over Z[g, ¢~'][P] (equivariant param-
eters) and has the semi-infinite Schubert classes [Oq,; (x)] associated to x € Wazf0 ~WxQV*tasa
topological basis (in the sense of [KaNS, Proposition 5.11]) over Z[q, g~'][P], where P = ¥, ; Zw; is
the weight lattice of G whose group algebra Z[P] = €5, Ze” is identified with the representation ring
R(H) of H, and g € R(C*) corresponds to the loop rotation action of C*. More precisely, the K-group
Kpuxc(Qg) is defined to be the Z[g, g~'][ P]-submodule of the equivariant K-group K'(Qg) of Qg,
introduced in [Kat1, Section 1.5], consisting of all those convergent (in the sense of [KaNS, Proposition
5.11]) formal infinite linear combinations of the classes [Oq, ()], X € Wazfo’ of the structure sheaves
OQg (x) of the semi-infinite Schubert varieties Qg (x) C Qg with coefficients a, € Z[g, g '1[P]; briefly
speaking, convergence holds if the sum 3}, w20 |a| of the absolute values |a,| lies in Z[ P]((¢~")). For

each x € W;O and v € P, it follows from [KoLLN, Theorem 5.16] and (the proof of) [KaNS, Corollary
5.12] that the twisted semi-infinite Schubert class [Oq (x) (V)] = [Ogg (x)] ® (O (v)], defined by
the tensor product in K "(Qg) (see [Katl, Theorem 1.25]), indeed lies in Ky xc+(Qg); in particular, we
have [Oq; (V)] = [Ogs] ® [Ogi (V)] € Kuxc:(Qg) forall v € P.

Also, following [Katl, Section 1.5], we define the H-equivariant K-group Ky (Qg) of Qg to be
the specialization (of coefficients) at ¢ = 1 of K "(Qg) (or equivalently, of Kgxc+(Qg)), which turns
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out to be (cf. [Katl, Lemma 1.22]) the Z[ P]-module [ .y, >0 Z[P][Og (x)] (direct product). Namely,
af

the K-group Kg (Qg) consists of all infinite linear combinations of the semi-infinite Schubert classes
[Ogc ], x € Wazfo, with coeflicients in Z[P]; the semi-infinite Schubert classes [Oqg ()], x € Wazfo,
form a topological basis of Ky (Qg) over Z[P]. Then, for each v € P, a Z[P]-linear endomorphism
e ® [Og; (V)] of Ku(Qg) is induced from the Z[g, g '][P]-linear endomorphism e ® [Oq, (V)]
of Kgxc+(Qg) by the specialization (of coefficients) at ¢ = 1 (see [Katl, Theorem 1.26]); thus, we
have [Oq., (V)] = [Ogs] ® [Oq; (v)] € Ku (Qg) for v € P. In addition, for ¢ € QV°*, a Z[P]-linear
endomorphismtg on Ky (Qg), givenby tg [Oqg ()] = [Oqg (a1, ] forx € Wazfo, is induced by the right
action of Q¥ ¢ H(C((z)))/H(C) on Q' (see [Katl, equation (1.20)]); the Z[P]-linear endomorphism
ts of K (Qg) is also obtained by the specialization at ¢ = 1 from the Z[q, ¢~ ']-linear endomorphism of
Kpxc(Qg) given by the same formula. We know from [Kat1, Theorem 1.26] (cf. [O, Proposition 2.4])

(t:[Oqg (0] ® [Oqs (V)] =tz ([Ogg (] ® [Ogs (M) 2.1

forx € W;O, £eQV* andv e P;for j € I, wesett; :=t,v. Since the semi-infinite Schubert classes
J

[Ogc 0] x € Wazfo’ form a topological basis of Ky (Qg) over Z[ P], it follows that

(tz @) ® [Ogg (V)] =tg (e ® [Oqg (v)]) (2.2)
for an arbitrary element @ € K7 (Qg) and & € QV-*, v € P.

Remark 2.3. Let Fy,...,Fy be polynomials in t;, i € I, and let v{,...,vny € P. When we write
(F1[Ogs (VD)D) ® (F2[Ogi; (v2)]) ®- - - (FN [Oq (v)]) ® @ for @ € Ky (Qg), itis always understood
to be the element (FiFy - - - Fn ) ([Og; (Vi+va+---+vny)] ®e) in Ky (Qg). Namely, for e € K5 (Qg),
we always understand that

(F1[Oqs (vD)]) ® (F2[Ogi (v2)]) ® -+ ® (FN [Ogg (vn)]) ® @
= (F1F2- - FN)([Ogs (vi +va+ - +vn)| ®0).

2.4. An explicit formula expressing the semi-infinite Schubert class associated to w,

In this subsection, we assume that G = SL,.(C) and hence g = s1,,+1(C), which is of type A,,. For
1 <k < n, we set

Wi = (5152 8,) (5182 8p-1) - - (51527 - Ska1) (S152 -+ - %)
(L2 o+ (L2 ) (L2, k2 (1,2, k+ 1)

N 2 k=1 k  k+1 --nn+l
“\n-k+2n-k+3--- n n+ln—-k+1---2 1 )

which is an element of the Weyl group W = S,,;; of g = sl,,41(C); we set w41 := e by convention. Note

that wy = w, the longest element of W. Also, for a subset J of [n+ 1] = {1,2,...,n+ 1}, we set
€5 = Z €. 2.3)
jeJ
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We have €; € Ww|;|, where @y = @,+1 := 0 by convention. In particular, €, is a minuscule weight
(i.e., <€],a'}/> € {-1,0,1} forall 1 < j < n). We set
Jo={l<j<nl|j¢J, j+1el}
Z{lSan|<€J,CU}/><O}

={1 San|(EJ,af}/)=—1}; 2.4)

recall that aj = €; —€j41. ForO < p < k <n+1, we set

TS’,lﬁ = Z (n (1 _tj))[OQG (wo€r)] € Kg(Qg), (2.5)
Tkl \jes-
|7 |=p

where [k] = {1, 2,..., k}; note that 8-5 = 1. The proof of the following proposition will be given in
Section 5.

Proposition 2.4. For 1 < k < n, the following equality holds in Ky (Qg):

k
Z(_l)pepE"H_kg’; ® [OQG(Wk+1)] = [OQG(Wk)]‘ (2.6)
p=0

Noting that wi = w, and w41 = e, we obtain the following.

Corollary 2.5. The following equality holds in Ky (Qg):

n k

[Oqg (wal = ® Z(—l)pe”f"”*ki”s,’.f . 2.7)

k=1 \p=0

3. Proof of the main result for w = w,
3.1. Relationship between Ky (Qg) and QKy (G/B)

Let G be a connected, simply-connected, simple algebraic group over C, with Borel subgroup B ¢ G and
maximal torus H C B. Let QKy (G/B) := Ku(G/B) ®r(uy R(H)[[Q"*]] denote the H-equivariant
(small) quantum K-theory ring of the ordinary flag manifold G /B, defined by Givental [Giv] and Lee
[Lee], where R(H)[[QY"*]] is the ring of formal power series in the Novikov variables Q; = 0%,
i € I, with coefficients in the representation ring R(H) of H; for £ = 3¢y kia} € QVF = Y11 Zsoa;
we set Q¢ = [1;¢; Ql’f" € R(H)[[QY"*]]. The quantum K-theory ring QKg (G/B) is a free module
over R(H)[[Q"*]] having the (opposite) Schubert classes [O™], w € W, as a basis; also, the quantum
multiplication * in QKp (G/B) is a deformation of the classical tensor product in Ky (G/B) and
is defined in terms of the 2-point and 3-point (genus zero, equivariant) K-theoretic Gromov-Witten
invariants; see [Giv] and [Lee] for details.

In [Katl, Kat3], based on [GL, BF, IMT] (see also [ACT]), Kato established an R(H)-module
isomorphism ® from QKy (G/B) onto the H-equivariant K-group Kg (Qg) of the semi-infinite flag
manifold Qg¢, in which tensor product operation with an arbitrary line bundle class is induced from that
in Kgxc-(Qg) by the specialization at ¢ = 1; in our notation, the map ® sends the (opposite) Schubert
class e“[0"]Q% in QKy (G/B) to the corresponding semi-infinite Schubert class e #[Ogq (w te)] in
Ky (Qg) for y € P, w € W and & € QV-*. The isomorphism @ also respects, in a sense, quantum
multiplication x in Q Ky (G / B) and tensor product in K (Qg ). More precisely, one has the commutative
diagram
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b
OKu(G/B) — Kr(Qg)
. *[oG/B«w»]l l 8[Oqg (wom1)] 3.1)

0K (G/B) —— Kn(Qo),

where for v € P, the line bundle Og, g (—v) over G /B denotes the G-equivariant line bundle constructed
as the quotient space G x® C,, of the product space G x C, by the usual (free) left action of the Borel
subgroup B of G corresponding to the positive roots, with C,, the one-dimensional B-module of weight
v. (Here, we warn the reader that the convention of [Kat1] differs from that of [KaNS] and this paper, by
the twist coming from the involution —w,.) Also, we know from [Kat1] that forw € W and & € Q"*, the
equality ®([0"]Q%) =t ®([0"]) holds, and hence that for an arbitrary element o of QK (G/B)
and & € QVF, the equality

D(e %) =t D(o) (3.2)

holds.

We know from [BCMP, Corollary 5.14] that the quantum multiplicative structure over R(H)[[Q""*]]
of QK (G/B) is completely determined by the quantum multiplication with the line bundle classes
[Og,/p(—m;)], i € I; in fact, by using Nakayama’s Lemma (i.e., [E, Corollary 4.8 b]) together with [E,
Exercise 7.3], we can show that QK g (G /B) is generated as an algebra (with quantum multiplication %)
over R(H)[[Q""*]] by the line bundle classes [Og,g(—w;)], i € I, since Ky (G/B) is known to be
generated by the same line bundle classes as an algebra (with tensor product ®) over R(H) ([Mi]).
Therefore, if G is of type A, (i.e., G = SL,4+1(C)), then we deduce from [MaNS, Propositions 5.1
and 5.2], together with the comments following them, that QKp (Fl,1) is generated as an algebra
over R(H)[[QV*]] = R(H)[[Q]l = R(H)[[Q1,...,0xll by the line bundle classes [Opy,,, (—€;)],
1 < j < m;indeed, for 1 < j < n and an arbitrary element e € QK (Fl,+1), we have

* x [OFy,, (—@;)] = ¢ x [OFy,,, (—€1)] * [OFi,,. (—€2)] *--- [OF1,,, (—€j)].

1 . 1
1-0 1-0j

3.2. An explicit formula expressing the Schubert class associated to w,

In this subsection, we assume that G is of type A, (i.e., G = SL;4+1(C)). Now,for0 < p <k <n+1,
we set

1
]-"Il,fzzz H )

Jclk] 1<j<k
\J|=p Jj.j+le]

H*[OFI,,+1 (—€j)] € OKu (Fly41), (3.3)

jeJ

with [k] = {1, 2,..., k}, where [T* denotes the product with respect to the quantum multiplication ;
note that ]-'(;‘ =1for0 < k < n+ 1. Also, recall from (2.5) that for 0 < p < k < n + 1, the element
&» € Ku(Qg) is defined by

=D ] -1)]0gs(ween]. (3.4)
Jclk] 1<j<k
|J|l=p \j&J, j+1eJ
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Here, since —€; = wj_1 —wj for 1 < j < n+1 (wy = wp41 := 0 by convention), we see from [MaNS§,
Proposition 5.2] that

@fs % —— 5 [Ops,.. (€)1 = () & [Oqq, (w.6)] (3.5)
-0j-

for 1 < j < n+1 and an arbitrary element ¢ € QKpy (Fl,,11), where G = SL,41(C),and Qg = Qp4+1 :=0
by convention.

Proposition 3.1. For 0 < p < k < n+ 1, the following equality holds in Kg (Qg):
D(F) = s (3.6)

Proof. First note that for a subset J C [k], the equality [Ogq (Wo.€5)] = ®J.EJ [Oq. (wo€;)] holds
since €7 = 3 j; €. Therefore, by repeated application of equation (3.5), together with equations (2.2)
and (3.2), we deduce that the image ®~! (3}£) of ‘5’1/; under the inverse mapping ®~! of the R(H)-module
isomorphism @ is

> 1 a-o[li=5— ]_[*[Om,,“(—ej)], 37

Jclk] 1<j<k jeJ jEJ
| |=p j¢J.j+1e]

which is easily seen to be identical to F }],f. This proves the proposition. O

Also, from Corollary 2.5, we obtain the following, again by repeated application of equation (3.5),
together with relations (2.2) and (3.2).

Proposition 3.2. Let w, € W = §,11 be the longest element. Then, the following equality holds in
OKu (Flps):

n k

(0] = [T | D (-1reransFh) e 0Ku(Flun). (33)

k=1 \p=0

3.3. Proof of the main result for w = w,

We know from [MaNS, Section 6] that there exists an R(H)[[Q]]-algebra isomorphism

W2 . (R(H)[[QI)[X15 - - - s Xns X411 /TC — QKpy (Flyay), (3.9)

where Z€ denotes the ideal of (R(H)[[Q]])[X1, ..., Xn,Xns1] generated by

a-0)]la-x)- e 1<l<n+l, (3.10)
>l [Ta-xn- >

Jc[n+l] jeJ,j+l¢J jeJ Jc[n+l]
| |=t |J|=l
with [n+1] = {1, 2,...,n+ 1}; here, we understand that 0,41 = 0. Also, we know that the isomorphism

P2 maps the residue class (1 — Q;)(1 —x;) mod Z€ to [OFy,,, (—€;)] for 1 < j < n, and the residue
class (1 = x,41) mod Z9 to [OFy,,, (—€n+1)]; NOte that —€,41 = € + -+ - + €.
In the following, by 1 —y; = €™ for 1 < j < n, we identify
(ID1) R(H) = Z[e*<,...,e*% | with Z[(1 — y)*!,..., (1 = y,)*!], and
(ID2) (RCH)[[QI)[x1, - - - Xn, Xper] with (Z[(1 = y)*',..., (1= y)* IO [x1 - s Xn, X1 ]
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For 0 < p < k < n, we define

FyGe,.oxmxa) = > [ (=op[]0-xp ezlollx,. .5 xmal.  G.11)
Jclk] jed,j+1gJ jeJ
[J1=p
Then, we can easily verify that for0 < p < k < n,
‘I‘Q(Fllj(xl, e ,xn,xn+1) modIQ) = .7:,]; (S QKH(FI,H.l).
Therefore, we deduce from Proposition 3.2 that the residue class

n

k
1_[ (Z(—l)P(l - yn+1_k)pF£ (x1,... ,xn,xn+1)) mod Z¢
k=1 \ p=0
is mapped under the R(H) [[Q]]-algebra isomorphism ¥€ to
n N k
1_[ (Z(—l)”e’”f"*“"f}f) =[0™] € QKy (Flps1);
k=1 \p=0

recall the identification 1 —y; =e™% for1 < j < n.
Now, let us set

n k
62 ey =] | (Z(—l)l(l ~ Y1) FE (X1, X Xe)

k=1 \1=0 (3.12)
€ Z[[Q]] [xla .. »xn’xn+1] [(1 - yl)ils M) (1 - )’n)il]’
which can be thought of as a subring of (Z[(1 — y)*!, ..., (1 = y,)*' IO [X1s . - . Xn, Xne1]; s€€

Section 4.1 below. Then, from the above, we obtain the following.

Theorem 3.3. Let wo € W = S,,41 be the longest element. Then, under the identification (ID2), the
Jollowing equality holds in QKy (Flp41):

Y2 (62, (x,y) mod Z9) = [0™] € QKy (Flus1), (3.13)

where W€ is the R(H)[[Q]]-algebra isomorphism in (3.9).

4. Proof of the main result for an arbitrary w

4.1. Quantum double Grothendieck polynomials

First we recall from [LM, Section 8] the Demazure operators 7r§y ) acting on the y variables; note that

we use Demazure operators acting on the y variables, while in [[LM], they are acting on the x variables.
Leti € [n] = {1,2,...,n}. We define the Demazure operator ﬂ;y ) (with respect to the y variables) on

Z[(l - )H)il’ e (1 - yn)il] by

1=v:
ﬂfy) = id+—yl(id —5i),
Yi = Yi+l

where we identify the Laurent polynomial ring Z[(1 — y;)*!, ..., (1 = y,)*!] with the quotient of the
polynomial ring Z[(1-y), ..., (1=y,), (1=yu+1)] by therelation (1—y;) - - - (1=y,) (1=y,41) = 1; we
extend it to Z[[QT [X1, - - - » Xns Xns1 1 [(L = y)EL ..., (1 = y,) 2] by Z[[Q]][X15 - - - » Xn» Xy 1 | -linearity,
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and also to (Z[(1 — y)*',.... (1 = y)*'1[QI)[x1, - .., Xn, Xns1] by letting it act trivially on the

elements of Z[[Q]] [x. ..., Xn,Xps1]. Also, for w € W = S, with reduced expression w = s;, - - - sy,

we define 7l'(y ). i(,y ). ﬂsly ); it is well-known that this definition does not depend on the choice of a

reduced expression for w.

Now, let us recall from [LM, Section 8] the definition of quantum double Grothendieck polynomials.
For the longest element w, € W = S,,,|, we define @vao (x,y) as in (3.12). Note that the polynomial
(580 (x,y) is the image under the quantization map @ (with respect to the x variables) of the ordinary
double Grothendieck polynomial

n

k
G, (6 3) 1= [ || DD 0=y Gt xan) |

k=1 \ 1=0
where
flk(xla-~ xnvxn+l) = Z ]_[(l_xj)
1 jeJ
\Jl l
with [k] = {1, 2, ..., k}; for more details on the quantization map @, we refer the reader to [LLM, Sections
3 and 5]. For an arbitrary w € W = §,,,1, the quantum double Grothendieck polynomial (55% (x,y) is
defined by
62 (x.y) =100, 62 (x.y) € Z[QN[x1. .. .. Xn Xnwt 1[(1 = D). (1= ya)*'],
which is a subring of (Z[(1 = y)*!, ..., (1 = y,)*' O [X1s - - - Xns X1 ]

Remark 4.1. In our definition of quantum double Grothendieck polynomials (5% (x,y), the roles of the
variables x and y are interchanged from those in [LLM, Section 8]. In addition, we use the Demazure
operator nivyv)v instead of JT(y ) e Hence, our polynomial (ﬁg(x, y) coincides with @qu (y,x) in the

notation of [LM, Section 8]

Remark 4.2. Our polynomial 62 (x, y) coincides with the one in [MaNS, Appendix B]; this is because
the quantization map @ (with respect to the x variables) commutes with the Demazure operators ﬂ(y )
1 <i < n, and we have ®,, (y,x) = ®,,-1 (x, y) for ordinary double Grothendieck polynomials.

4.2. Quantum left Demazure operators

Let Ky (Fl,+1) be the H-equivariant (ordinary) K-theory ring of the (full) flag manifold F1,,,; of type
A,,. Thering Ky (Fl,41) admits a left action of the Weyl group W = S,,,1, given by the left multiplication
on the flag manifold F1l,,;; = SL,+1(C)/B, where B is the Borel subgroup of G = SL,,.1 (C) consisting of
the upper triangular matrices in G = SL,11(C); foreachw € W = §,,41, let wL denote the corresponding
ring automorphism of Ky (Fl,+1). By using the rmg automorphisms s ,i € [n], of Kg(Fl,s1), one
can define the (dual) left Demazure operators 6, i € [n], on Ky (F l,,+]) by

1
5 = e ta=am 1)(id—e*(f"*e”‘)siL). 4.1
—e i~ €i+

Here, we recall the well-known presentation

Ku (Fly) = (Z[e*9, ..., e* ] @ Z[x]', ... xE']) /T,
where 7 is the ideal of Z[e*“,...,e*| ® Z[x} L. . xt!] generated by ((f) ® 1 - 1® f, f €
Z[xi—’l,.. X2 Snawith o Z[x;—'l,..., xE] — Z[e*e,...,e*%] the natural isomorphism given
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by «(xf') = e*9, 1 < i < n; we identify the Laurent polynomial ring Z[x¥', ..., x%'] with the
quotient of Z[xy,...,x,, xu+1] by the relation xj---x,x,+1 = 1, and the Laurent polynomial ring
Zle*e, ..., e*] with the quotientof Z[e€, ..., e, e+ | by therelation e - - - e€re“+! = 1. We know

from (the dual version of) [MNS, Proposition 9.5] that under the presentation above of K (Fl,41), the
action of the (dual) left Demazure operator (5}’ on Ky (Fl,41) coincides with that on the quotient ring
(Z[e*e, ..., e ] ® Z[xlil, ..., x:1) /T induced by the (dual) Demazure operator on the left factor
Zle*e, ..., e*], given by

1

- (id —elEi—€) (.

[ e(aa) (id —e i), 4.2)
where s; denotes the natural action of the simple reflection s; € W = S,y on R(H) = Z[e*“, ..., e*].
Remark 4.3. It is easy to see that under the identification (ID1) in Section 3.3, the action of the operator
(4.2)on Z[e*, ..., e*] coincides with that of the Demazure operator ﬂl.(y) onZ[(1-y)*, ..., (1-
yn)tl] .

Let QKy (Fly41) = Ky (Flyy1) ®rcay R(H)[[Q]] be the H-equivariant (small) quantum K-theory
ring of Fl,,.1. We know from [MNS, Section 8] that for each w € W = §,,;1, the ring automorphism wk
of Ky (Fl,41) extends by Z[[Q]]-linearity to the ring automorphism of QK (Fl,+1), and hence, the
(dual) left Demazure operators 6l.v ,1 <i<n,onKy(Fl, ) extend by Z[[ Q]]-linearity to QK g (Fl,+1).
Moreover, we know from [MNS, Proposition 8.3] that the following equalities hold in QK g (Fl,+;) for
1<i<n

5 (e x Opy,,,(v)) = 6/ (¢) x Opy,,, (v) (4.3)
forve Pand e € QK (Fly41), and

5/(10"]) = {[Ow] o <o, (44)

[O*] iftsiw>w

forweW=_5,,.

4.3. Proof of the main result for an arbitrary w
Recall the R(H)[[Q]]-algebra isomorphism ¥€ from (3.9). Also, recall the identification (ID1) and

(ID2) from Section 3.3. Let i € [n] = {l,...,n}. If we extend the Demazure operator Jrfy ) on
Z[(1=yD*', ..., (1=yn)*'] by Z[[Q]|-linearly to (Z[(1-y)*', ..., (1=y)* T [[QI) [x1, . . ., Xn, Xps1]
by letting it act trivially on the elements of Z[xy, . .., x,, X,+1], then the (resulting) Demazure operator

ﬂfy ) stabilizes the ideal 72 generated by the elements in (3.10), since the elementary symmetric
functions % ;c(ns1), 7= €> 1 < | < n+ 1, are invariant under the natural action of s; and the
)

i

Demazure operator &

also denoted by ﬂsy ), acting trivially on the (residue classes of the) variables x; for 1 <i < n+1 on

the quotient ring (Z[(1 —y1)*!, ..., (1 =y ) IO [x1s - - .+ Xns Xns1]/Z2. Also, by (4.3) and the fact
that W€ maps the residue class of (1 — Q;)(1 —x;) modulo Z2 to [OFy,,, (—€;)] for 1 < j < n+1
(recall that Q0,1 = 0 by convention), it follows that the quantum (dual) left Demazure operator &,
on QKpg (Fl,41) is a Z[[Q]]-linear operator acting trivially on the variables x; for 1 < i < n+ 1.
Since QK (Fl,41) and the quotient ring (Z[(1 — y1)*!, ..., (1 = y)* TIQID) [X1s - - - » Xn> Xns1 ] /ZC

satisfies the (twisted) Leibniz rule. Hence, it induces a Z[[Q]]-linear operator,

are both generated by the (image under the quotient map of the) elements of Z[x, ..., x,,x,+1] over
Zlete, ..., et ][[Q] = Z[(1-y)*., ..., (1-=y,)*'][[Q]l, and since the (dual) left Demazure operator
6, and the Demazure operator JTl.(y) coincide on Z[e*€, ..., e*% | = Z[(1 - y))*!, ..., (1 = y,)*'] by

)

Remark 4.3, together with the comment on &, preceding it, we deduce that the operators &, and 7;

coincide on
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OKu (Flyr) = (Z[(1=y)*', .., (1= y)* HIQID [x1s - -, X X011/ T

recall the identification (ID2). Namely, we obtain the following commutative diagram forall 1 < i < n:

L0 = 0o (1= 3 QD 1 bt} T —2s Qi (Fls)
) l lcs,.v (4.5)
EL0 =30 o (= 3= IO 1o 5 /T2 —s QK (Fli).

Now, we are ready to state and prove the main result of this paper.

Theorem 4.4. Let w be an arbitrary element of W = Sy41. Then, under the identification (ID2), the
Jfollowing equality holds in QKy (Flp41):

¥2(62 (x, ) mod 72) = [0"],
where W€ is the R(H)[[Q]]-algebra isomorphism in (3.9).
Proof. The assertion of the theorem is already proved for w = w, € W = S,,;1 by Theorem 3.3:
P2(G2 (x.y) mod I9) = [0™] € QKp (Flys). (4.6)

Foranarbitraryw € W = S,.;1,letww, = s;, - - - 5;, be areduced expression; notice that/ = £(w,)—{(w).
Then, by the definition of quantum double Grothendieck polynomials, we have

(ﬁg(x, y) = ﬂl.(ly) .- ~7rfly)(ﬁgo (x,y). “4.7)

Here, note that w = s;, - - - 5;Wo, and that w < s;, -+ - ;W0 < -+ < §;Wo < W, in the Bruhat order <
on W = S,41, since £(w) = €£(w,) — [. Therefore, by the property (4.4) of quantum (dual) left Demazure
operators &, we deduce that

(65, - 6;)[0™] = [0™] € QKp (Flus1). (4.8)

From the equalities (4.6), (4.7) and (4.8), using the commutative diagram (4.5), we conclude that
‘I‘Q((ﬁg (x,y) mod Z9) = [0%] € QK (Fl,41). This proves the theorem. o

Remark 4.5.Let R(H)[Qlioc denote the localization of the polynomial ring R(H)[Q] :=
R(H)[Q1,...,0,] with respect to the multiplicative set 1 + (Q1,...,Qy), where (Q1,...,Q) is

the ideal of R(H)[Q] generated by the variables Qi,...,Q,. Also, let Ilgc denote the ideal of
(R(H)[Qlioc) [X15 - - - s Xn» Xns1] generated by the same elements as for the ideal ZC. In [MaNS, Remark

6.3], we stated that the quotient ring (R(H)[Qlioc) [X15 - - - » Xns Xnt1] /IgC is isomorphic to the subring

OKy (Flpsi)oe == Ku(Flp1) ®r(ay R(H)[Qlioc of OKp (Flys1) = Ku (Flys) ®ry R(H)[[O]].
Based on this result, by the same line of argument as for the proof of Theorem 4.4, we can prove that
the assertion of Theorem 4.4 still holds in this setting (i.e., in the setting where we use R(H)[Q]joc in

place of R(H)[[Q]).

5. Proof of Proposition 2.4
5.1. General Chevalley formula
We briefly review the general Chevalley formula for Ky (Qg), following [LNS] (cf. [KoLLN, Theorem

5.16]); this formula plays an important role in the proof of Proposition 2.4. We use the notation and
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setting of Section 2.4. Recall that g is an (arbitrary) finite-dimensional simple Lie algebra over C. Let
br := R ®z P be areal form of h*, and set

Hgy:={pueby|(up’')=1} forpeAandlcZ

We denote by sg ; the affine reflection in the affine hyperplane Hpg ;. The affine hyperplanes Hg ;, 8 € A,
| € Z, divide the real vector space b]’fR into open regions, called alcoves; the fundamental alcove is
defined as

As:={pebi|0<(ua’y<1 forallaeA*}.

We say that two alcoves are adjacent if they are distinct and have a common wall. Given a pair of

adjacent alcoves A and B, we write A i B for g € A if the common wall is orthogonal to 8 and 8
points in the direction from A to B.

Definition 5.1 [LP]. An alcove path is a sequence of alcoves (Ao, A1, ..., Am) such that A;_; and A;
are adjacent for j = 1,...,m. We say that (Ag, Ay, ..., A,,) is reduced if it has minimal length among
all alcove paths from Ag to A,,.

Let A € P, and let Ay = A, + A be the translation of the fundamental alcove A, by the weight A.
Definition 5.2 [LP]. Let 2 € P. A sequence (81,82, - ..,Bm) of roots is called a reduced A-chain (of

roots) if

As = Ag A Am =A_y 5.1)

is a reduced alcove path.

A reduced alcove path (Ag = Ao, Ay, ..., A, = A_)) can be identified with the corresponding total
order on the hyperplanes, to be called A-hyperplanes, which separate A, from A_,. This total order is
given by the sequence Hg, _;, fori =1, ..., m, where Hg, _;, contains the common wall of A;_; and A;.
Note that (1, 8Y) > 0, and that the integers /;, called heights, have the following ranges:

0<l;<By-1 if BieA*
1< <A,B) if BieA” =-A"

Note also that a reduced A-chain (84, . .., B;,) determines the corresponding reduced alcove path, and
hence we can identify them.

Let A € P, and fix a reduced A-chain, which we denote by I'(1) = (81, ..., Bm); later in Section
5.2,for A = —e; € P with J C [k], we make a specific choice of reduced A-chain and denote it by I';.
Letwe W.

Definition 5.3 [LL]. A (possibly empty) subset A = {j; < j» <--- < jg}of [m] ={1,...,m} is called
a w-admissible subset if we have the following directed path in the quantum Bruhat graph QBG(W):

II(w,A) :w i wsg;, | wSg; Sg;, _I@i) 5.2)
IR wsg; Sg;, -+ Sp;, =t end(A).
Let A(w,T'(12)) denote the collection of all w-admissible subsets of [m] = {1,...,m}.
Let A={j; <--- < Js} € A(w,I'(2)). The weight of A is defined by
wt(A) = —WSB; 1 SBy L (=2). 5.3)
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Also, we set

n(A) = #{ﬁjl”"’ﬁjs}mA_’ 5.4)
1Bil
A = ji cA ‘ Wsﬁjl T Sﬁji_l - Wsﬁ.il e Sﬁ.fi—l SB.fi (55)
is a quantum edge
down(A) = Z 18,1V € 0V (5.6)
JEA™

We write € Pas A = },;c; Ajw; € P, with A; € Z for i € I. Following [LNS, Section 4.1], let
Par(1) denote the set of I-tuples of partitions x = (x*));e; such that y¥) is a partition of length at most
max(4;,0); in [NS1, Section 2.5], for 1 € P*, we introduced the set Par(1) of I-tuples of partitions
x = (xD)ier such that y 9 is a partition of length less than A; (which we do not use in this paper). For
x = (xP)ier € Par(2), we set t(x) = Yics )(l(i)a;/ € 0V, with Xl(i) the first part of the partition y ()
foreachi € I.

By specializing at ¢ = 1 in [LNS, Theorem 33] (cf. [KoLLN, Theorem 5.16]), we obtain the following

general Chevalley formula for K (Qg)-

Theorem 5.4. Let A = 3 ;c; A;w; € P be an arbitrary weight, I'(1) an arbitrary reduced A-chain, and
X=wtg € Wazf0 ~ W x QV'*. Then, the following equality holds in Ky (Qg):

[Oqg (—we )] ® [Oqg (x)]

— Z Z (_1)n(A) eWt(A) [OQG (Cnd(A)thrduwn(A)ﬂ(x))] ) (57)
AeA(w.I'(A) x ePar(2)

In order to prove equation (2.6), we compute
(( 1_[ (1- tj)) [OQG(WOEJ)]) ® [Oqg (win] € Ku(Qq) (5.8)
JjeJ-

for J = {jl,jz,...,jp} c [k] = {1,2,...,k},with1 < J1 < j2 <+ < jp £ k;recall Remark 2.3
and the definition of J~ from (2.4).

Lemma 5.5. Keep the setting above. The following equality holds in Ky (Qg):

(( [Ta- t») [Ogq (woer)]

JjeJ ™

® [OQG(Wk+1)]

= > (=1)" Ve [Oqq (end(Aytgounian | (5.9)

AeA(wiy1,I'(—€r))
Proof. Applying Theorem 5.4 to the case that 1 = —€; and x = wg,1, we obtain

[0 (woeN)] © [Ogowin] = G Rl (@ ST P
AeA(wis1,I(~€s)) x €Par(—€y)

Here, observe that for 1 < j < n, we have (—e¢y, ajv.) € {-1,0, 1}, and that the equality {(—e¢y, a}/) =1

holds if and only if j € J~. This implies that —e; = Y, ,- @;. Hence, x = (x?);e; € Par(—¢y) if and
only if xV is a partition of length at most one for all i € J~ and the empty partition for all i ¢ J~.
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By the definition of ¢(:x), we deduce that the map x +— () gives a bijection from Par(—e;) onto
> jeJ- ZZocx,V.. Therefore, we see that

Z (_l)n(A)eWt(A) [Oqs (end(A)tdown(A)H(x))]
AcA(Wis1,T'(=€1)) yePar(-ey)

= Z Z (_l)n(A) eWt(A) [OQG (C[‘ld(A) td(vwn(A)+§)]
AEA(WkH ,r(—Ej)) e EZ]‘EJ* Zzo(t}/

(1

jeJ- tj)Ae.A(WkH,F(—EJ))

(=D)" ™M™ [0 (end(A)tgonna) -

From this, we deduce that in Ky (Qg),

(( [Ta- tj))[OQG (Woff)]) ® [Oqq wean |

JjeJ~

([OQs (Wo€r)] ® [OQg (win)])  (see Remark 2.3)

(l_] (1-1))

jeJ-

(_1)n(A)ewt(A) [

OQc (end(A) tgoun(a)) |

(ﬂ(l—m) (]_[ l_lt]_

jei- jei- : )A4eA(M%+hr(—gn)

(_l)n(A)eWt(A) [

OQa (end(A) tgouna) 1
AcA(wis1,I(—€y))

as desired. This proves the lemma. O

5.2. A special reduced chain (of roots)

Let us fix J = {jl,jz, . ..,j,,} C [k], with1 < ji < j» <--- < jp, £ k. Following [LNOS, Lemma
4.1], we take a special reduced (—€;)-chain (of roots) from A, to A, (see Definition 5.2) as follows.
Notice that €; € Ww,,. Let x; be the (unique) minimal-length element in {w € W | ww,, = €;}, and
letx; =s;, - si, with a := €(xr), be the reduced expression of the following form:

Xy =8; -

a

(Sjl—l - 5281) (sz—l cee8380) -

Si

mapping € to €;, . mapping € to €j, . (5 ]0)
o (8=t SpSp=1) (Sj,-1 7 Spe1Sp).
mapping €,-1 to €ipy- mapping €, 0 €, .

Also, let y; be the (unique) element such that y ;x; is the (unique) minimal-length element in {w eWwW|

W), = wowp}, and let y; = s, - - Sk, with b := €(y), be the reduced expression of the following
form:
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YJ =Sk Sk,

= (Sn—p+1 -+ Sjy+15);) (Snepa2 =+ Sjpe18),) -

mapping €;, t0 €,-p42.  MAapping €, 0 €,—p43. (5 1 1)

s (Spe1 "Sj,,_1+1Sjp_1) (Sn = 8j,+185,)-

mapping € ,_; 10 €. mapping €, o €p41-
We set
Be =i, Si, @i, €AY forl <c<a, (5.12)
Yd = Sk, Skg, @k, € AT for1 <d < b. (5.13)

We call the sequences 3 := (B4, . ..,61) and v := (y1,...,vs) the B-sequence and ~y-sequence for J,
respectively.

Proposition 5.6 [LNOS, Lemma 4.1]. If we set

F] = (419 o ’§a+b) = (_ﬂas .. "_ﬂl’ Yis--- ayb)’ (514)

then T'y is a reduced (—€y)-chain from A, to A¢,. Moreover, for 1 < ¢ < a, the affine hyperplane

between the (¢ — 1)-th alcove and the c-th alcove in Iy is H_g,__,, 0, and for 1 < d < b, the affine
hyperplane between the (a + d — 1)-th alcove and the (a + d)-th alcove in T'y is H,, 1; remark that
€) € Hy, 1, and hence, sy, 1(e5) = €; forall 1 < d < b (see also Remark 5.11 below).

Example 5.7. Assume that n = 5, k =4 and J = {2, 4}. In this case, we see that
XJ = 815352, YJ = 5453825554;
in particular, a = £(x;) =3 and b = £(y;) = 5. We have
B=a1=(1,2),
B2 =s1a3 = a3 = (3,4),
Pr=sissmx=a1+ax+a3 =(1,4),
Y1 = 5485828304 = @2 + @3 + a4 + a5 = (2,0),
Y2 = $4858203 = @z + a3 + g = (2,5),
Y3 = s4s500 = an = (2,3),
Y4 = S4Q5 = A4 + A5 = (4, 6),
¥s =as=(4,5).

Thus,

FJ = (—a/l,—a3, —(ozl + @) +(I3),

ay+a3+aq4t+as,ar+a3z+a4,q2,04 +a/5,(l4)

is areduced (—€;)-chain from A, to A, .

Let us compute 8. € A*, 1 < ¢ < a, more explicitly. For | <u < pandu <t < j, — 1, we set

Buy = (81 5281) = (Sui=1 - SuSu—1) (S, =1 -+ Se1) @5
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notice that the sequence 3 = (B4, . . ., B1) is identical to

Bi,ji=1>- - B1,2: 81,15 B2 jo1s+- 823,822, - --.. , 5.15)
Bp-1.jp1=1s- s Bp=1.p>Bp=1.p=1> Bp.jp—1s--+>Bp.p+1-Bp.p)-

Wesett(u,t) :=[{1<r<u—-1[t=r+1<j, .}

Lemma 5.8. The equality Bu; = €—r(u,r) — €j, holds for 1 <u < pandu <t < j, — L.

Proof. Forl <u<pandu <t < j,—1, wehave

Bup = (8j-1-5251)  (Sj_i=1 " SuSu—1)(8j—1 - Sr41) (€ — €41)

= (8j,-1-852851) - () i-1 - SuSu—1)(& — €,)

_ )& —€j, ift>ju_1,
(Sji—1-8251) ==+ (Sj,=1 " Su-15u—2) (-1 — €j,) otherwise.

In the case t < j,_1, we have

(sj-1-+5251) + (Sja-1 "+ Su-15u-2) (&-1 — €},)

_Je-1—€j, ift—1> j,0,
($ji-1-+5281) ==+ (Sju5-1 " Su—254-3)(&-2 — €j,) otherwise.

Repeating this computation, we deduce that 8, ; = €_(u,r) — €j,. This proves the lemma. O
Remark 5.9. Let 1 < u < p, and write
(L2, =N = {tun <tu2 < <tumy (5.16)
where m,, = (j, —1) — (u — 1) = j, — u; we set t,, m,+1 := ju by convention. Then, we have
Butrju=15 - - B 1> Busie) = (€tmy, = €jucs Etumyt = Ejur -+ €tur = Ejur €ty = Eju)-

Hence, the sequence 3 = (B, . .., B1) is of the form

(jl - 13j1)’ (]1 - 2’.].1)7 e (Z’jl)’ (1’j1)9
(jz - 17j2)’ (j2 - 27j2)a . "W’ ey (27j2)’ (1,]2),
(j3 - 1’j3)a (.]3 - 2aj3)’ .. '7%7 e ,(7'1#'3}» B (2’.]'3)» (1».]'3),

(jIJ - le))’ (][7 _27j]7)" . "(7.]7——1ﬁ.7}" . '7(7.2ﬁ.7}" . "ﬁﬁ.ﬁ)" . "(z’jp)7 (17j[7)’
where (j,, js) does not appear in the sequence above forany 1 <r < s < p.

Similarly, let us compute y4 € A*, 1 < d < b, more explicitly. For 1 <u < pandj, <t <n-p+u,
we set

Yur = (87, 87,41 7 8n) (S Sjn+1 = Sn-prusd) (S, S 41+ Se-1) @
notice that the sequence y = (y1, . .., yp) is identical to

(7],n—p+l,---")’1,j1+]")’1,j1, 72,n—p+2’-'~,72,j2+],72,j2, """ > (5 17)

yp—l,n—h cee 7’yp—1,jp,]+la7p—1,jp,1, Vp,n, oo »7p,j,,+1’7p,j,,)~
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We set o (u, t) := |{u +1<r<plt+r—u> jr}|. The proof of the following lemma is similar to that
of Lemma 5.8.

Lemma 5.10. The equality v, ; = €}, — €41+ (u,r) holdsfor 1 <u < pandj, <t <n-p+u.
Remark 5.11. Let | < u < p, and write
{jutLju+2,coon+ U\ justs-dpt={ti <ta <+ <t}

wherem=(n+1-j,)—(p—u)=n+1-p—j, +u. Then, we have

(yu,n—p+u’ cees 7u,ju+1’ )/M,ju)
= (Eju - Etm’ Eju - Elmfl’ trte Ejtt - 6‘12’ Eju - Etl)'
Hence, the sequence v = (yy, ..., Yp) is of the form

Un+1),(i,n), ... Gdph - Godh - (UL J1+2), (i, 1+ 1),
(jZ’n + 1)’ (j27n)’ e 76’2ﬁ.ﬁ)’ e 7(7’2#’3‘)7 ceey (j2aj2 +2)’ (j27j2 + 1)5

(jp—l’n+ 1)7 (jp—19n)7 e ’ﬁ.p——lﬂ.ﬁ}s MR ] (jp—lsjp—l +2), (jp—l7jp—l + l)s
(jpv”"' 1), (jp:n)’ cees (]'p’jp +2), (Jp>Jp+ 1),

where (j,, js) does not appear in the sequence above forany 1 <r < s < p.

Remark 5.12. By Remarks 5.9 and 5.11, the intersection {8, | 1 < ¢ < a}nN{yy |1 < d < b} isempty.

5.3. Proof of Proposition 2.4
For each J = {j1 s J2s e ,jp} C [k], let D; be the set of directed paths in QBG(W) of the form

ﬁus ﬁa] Vb, Yoy
P:Wkt] =Xy — -+ — Xo = yg — -+ — y; =: end(p),
= pg. the B-part of p =:py. the y-part of p (5.18)

withs >0,a >a; > - >a; > 1,
andr >0,1<b; <by<---<b; <b.

as Ba
We call the directed subpath wii; = x5 ﬁ—> oo —L5 xg of p the B-part of p and denote it by pg.

Notice that the label sequence (Bg,, - .., Bq4,) of pg is a subsequence of 8 = (B4, ..., B1), described in
Lemma 5.8 and Remark 5.9, with a = £(x;); the subscript 3 of pg indicates that pg is obtained from
p by taking the first consecutive edges whose labels are contained in the 3-sequence. Similarly, we call

the directed subpath y D, 2y y: = end(p) of p the vy-part of p and denote it by p~. Notice
that the label sequence (yp,,...,¥p,) is a subsequence of v = (y1,...,Y»), described in Lemma 5.15
and Remark 5.11, with b = €(yy;); the subscript « of p,, indicates that p is obtained from p by taking
the second consecutive edges whose labels are contained in the ~y-sequence.
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Proposition 5.13. The following equality holds in Kg (Qg):

LHS of (2.6)

k
D (D7 @ [Ogg man)]
p=0

_ Z Z eulfnﬂ—k_end(pﬁ)ﬁl (_l)ll [+¢(p~) [OQG (end(p)twl(p))]- (5.19)

Jclk]peDy

Proof. First recall Lemma 5.5. It is easy to see that there exists a bijection between the sets D; and
A(wgy1,T). Indeed, for a subset A = {pl, ..,putof [a+b] ={1,2,...,a+ b}, Ais an element of
A(Wpg41,Ty) if and only if

14 p $pu
P(A) t Wiat = Wo — Wy — - =, (5.20)

is an element of D ;. Notice that end(A) = end(p(A)) and down(A) = wt(p). For p € D; of the form
(5.18), we setend(pg) := xp and £(p~) :=t; we see thatfor A € A(wi1,Ty), Wt(A) = —end(p(A)g)es
and n(A) = £(p(A)~). Therefore, we deduce that in Kg (Qg),

® [OQG(Wk+1)]

[]a- m) [Oqq (Woes)]

JjeJ~

_ Z (_l)n(A)eWt(A) [OQG (end(A)tdown(A))] by (59)
AcA(wis1.T(-€7))

= Z e~ cnd(ps)es (_1)6’(%) [Oos (cnd(p)tm(p))],
peDy

and hence that

k
Z(_l)pepenﬂ% gllj ® [OQG(Wk+l)]

p:
k
= D (~Drererik X (( [T -1)]10gs (ween]| @ [Ogg wn]
p=0 Jclkl\jed-
IJ1=p
= (_1)\J|e\J\en+1-k (( 1—[ (1- tj)) [Oqs (Ween)] | ® [Oog (wran ]
Jclk] jeJ~
- Z Z el |ens1k—end(pg) es (_1)|J|+5(p~,)[OQG(end(p)t ol
wt(p
Jclk]peDy
This proves the proposition. O
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Recall that

Wit 1= (8152 8,) (8152 Sp—1) =+ - (8152 - Sk+1)
=(1L,2...on+ (1,2, ....n) - (1,2,.... k+2)

_ 1 2 vk k+1 k+2 ---nn+1
"\n—-k+ln-k+2---nn+ln-k---2 1

Also, recall that J = {jl,jz, . ..,j,,} C [k], with I < ji < j» <--- < jp <k, and recall from (5.14)
thatT'y = (=Bas--->—B1,Y1,---,Yp)- Let p € D;. We see from Remark 5.9 that the (label sequence of
the) B-part pg of p is of the following form:

(tl,ml ajl) (tl,mlflajl) (tl,mlfrlﬂsjl)
Wik+1 i T o
(12,m5J2) (22,my-1,J2) (B2,my-ry+1:J2)
* * (5.21)
(tp,mp ,jp) (tp,mp—l;jp) (tp,mpfrpﬂvjp)
[ ] ... .’
where my > r; > 0for1 < g < p;foreach 1 < g < p suchthatr, > 1, we have
jq>tq,m >tq,m 7l>"'>tq,m —r +1217
q q q "9 (5‘22)

With 2y m,—r41 # J15J25 -5 Jg-1 for 1 < r <rg.
By convention, we set 74,m,+1 = Jq forl <qg <p.

Lemma 5.14. Keep the setting above. If (5.21) is the B-part of an element p € Dy, then the following
are satisfied:

(i) tp,mp—r1,+1 2 20 1 2 -+ 5
(ii) foreach 1 < q < p such that rq > 1, the sequence tg,m, > tqm,~1 > *** > tgm,-r,+1 IS identical
to the largest ry elements in {1,2, ..., jo = 13\ {j1, j2, .. -, Jg=1}

Moreover, all the edges in (5.21) are Bruhat edges. Conversely, let 0 < ry, < mg for 1 < g < p, and
assume that {tgm,—r+1 | 1 < q < p, 1 <1 < rg} satisfy (5.22), and (i), (ii) above. Then, (5.21) is a
directed path in QBG(W) whose edges are all Bruhat edges; in particular, there exists an element p
whose (3-part pg is of the form (5.21).

Proof. Tt follows from Lemma 2.2 that

ki,j ky,j ky,J
Wieal = Xo (k1,41) X (k2.j1) (krsj1) X, (5.23)

is a directed path in QBG(W), where r > O and j; — 1 > k; > kp > --- > k, > 1, if and only if
ki=j1—-1,ky=j1-2,..., k- =j1 —r;in this case, all the edges in (5.23) are Bruhat edges.
Also, it follows from Lemma 2.2 that
(1=1,j1) (J1=2,41) (J1=r1,J1)
Wil = X0 X Xp

(ki,j2) (k2,j2) (kr»j2)
Xri+1 to Xri+r

(5.24)

is adirected pathin QBG(W), wherer|,r > Oand jo,—1 > k| > kp > --- > k, > 1 with k,» # j| forany
1 <r’ <r,ifand only if {ky, ko, . ...k, } is identical to the largest r elements in {1,2, ..., jo—1}\ {j1}
and k, > j; — ry; in this case, all the edges in (5.24) are Bruhat edges.
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Similarly, it follows from Lemma 2.2 that

(1=1.j1) (1=2.j1) Gr=r1.J1)
Wk+l :_xo _xl xrl
(t2,my5J2) (t2,my-1,J2) (t2,my -y +15J2)
xr1+l e xr1+r2 (525)
(k1,j3) (k2,j3) (kr,j3)
Xri+ry+1 T Xry+ry+r

is a directed path in QBG(W), where ry,r2,7 > 0, t2 jy—rp41 = j1 —r1,and j3 =1 > ky > ky > -+ >
ky > 1 with k,» # ji,jp forany 1 < r’ < r, if and only if {ky, k2, ... .k, } is identical to the largest
relements in {1,2,...,j3 — 1} \ {j1, j2} and k, > t2 u,—r,+1; in this case, all the edges in (5.25) are
Bruhat edges.

Repeating the argument above, we can verify the assertions of the lemma. O

‘We now define

D= |_| D;. (5.26)
Jclk]

Let J = {ji.j2,....jp} C [k], and let p € D be of the form (5.18); for simplicity of notation, we will
henceforth write as

P= [ﬂa:’ -"’ﬂal |7/b19 ---,)’bt]’
pg = [Bags - Bals Py =1vb15 -0, ]

Then we define subsets D’}, D];, and DS of D; as follows (recall (5.21), (5.22) and Lemma 5.14):

(A) WhenJ # 0 and j; = minJ > 2 (and hence 1 ¢ J), we define D? to be the subset of D; consisting
of all those elements p € D; whose B-part pg is of the form

P = [(]l - 1’j1)’(j1 —2,j1),. . "(29j1)’ (l’jl)’
(tz,mz,jz), e (tz,mz—r2+1,j2), ------ s (tp,m,,vjp)’ e (tp,mp—r,,+l,jp)]- (5~27)

=S

(B) When J # 0 and j; = minJ is equal to 1, we set Dg := Dy; note that the 3-part pg of p € D]; is of
the form

pﬂ = [(IZ,mgan)a ceey (tz,mgfl"2+l’j2)’
...... s (Epmps Jp)s- s (Epmp—rp+1s Jp)]- (5.28)

(C) When J = 0, we set DS := Dy. Also, when J # 0 and j; = minJ > 2, we define DS to be the
subset of D consisting of all those elements p € D; whose 3-part pg is of the form

pe=10G1—-1Lj1), (1 =2,71)s.... 1 —ri+ 1, j1), (1 =71, J1),
(tz,mZ’ j2)’ AR} (tz,m27r2+19j2)7 ------ s (tp,m,,’jp)’ L) (tp,mpfrp+lajp)]a (529)

where r{ =0,orr; > 1l and j; —r; > 2.

. . _ DA B C
It is easily seen that D, = D, LD L D7.
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Lemma 5.15. Let p € D’} U Dl;', and assume that the ~y-part p~ of p is of the form

(J1-kr) (J1-kr-1) (J1,k2) (J1,k1)
° N °

end(pg)

wherer > 0, andn+1 2k, > k,_1 >---> k1 2 ji+1withk, € {jo,...,jp}forany 1 <u <r.

Then, either of the following holds: (i) r = 0, or (ii) r = 1 and ky = j1 + 1; note that case (ii) does not
o

occur if ji + 1 € J. In case (ii), the edge end(pg) M e is a Bruhat edge.

Proof. Assume that r > 0. Note that end(pg)(j1) = wi+1(1) = n — k + 1; see (5.27) and (5.28). If

k, > k + 2, then

end(p,@)(kr) =wisilk,)=n—-k, +2<n-k+1= end(pﬁ)(jl)-

However, j| < k+1 < k,,andend(pg)(k+1) = n+1 is greater than both end(pg) (k,) and end(pg) (j1),
which is a contradiction (see Lemma 2.2). Thus, we see that k,, < k + 1.

Suppose, for a contradiction, that j; + 1 = j, € J; note that j, < k, < k+1land k, ¢ {j3,...,J/p}
In this case, it follows rom Lemma 5.14 and (5.27), (5.28) that end(pg) (j2) = wk+1(t1) =n—k +1; for
some 1 < #; < j,, and hence that

end(pg)(j2) =n—k+t; >n—k+1=end(pg)(j1).

Since j» < k, < k+1and k, € {j3,...,/p}, we deduce by Lemma 5.14 and (5.27), (5.28) that
end(pg)(k,) = wis1(t2) = n — k + 1 for some j, < t» < k + 1. Hence, we obtain

end(pg) (/1) < end(pp)(j2) < end(pp)(k,),

=n—k+1 =n—k+t; =n—k+t,

which is a contradiction (see Lemma 2.2). Thus, we see that j; + 1 ¢ J.
Suppose, for a contradiction, that j; +1 ¢ Jand j; +1 < k, < k+ 1;recall that k. € {j2,...,/p}.
In this case, we deduce by (5.27) and (5.28) that

end(pg)(j1) < end(pg)(j1 +1) < end(pg)(k;),

which is a contradiction (see Lemma 2.2). Thus, we see that k, = ji + 1; since end(pg)(j1) <

i1, J1+1
end(pg)(j1 + 1), the edge end(pg) _(11_11+_)_) e is a Bruhat edge. This proves the lemma. O

Let D?‘ (resp., D?z) denote the subset of D’} consisting of all those elements p € D‘} whose initial
label of the «-part p, is (resp., is not) (ji,j1 + 1); see Lemma 5.15. Similarly, let DI;‘ (resp., Dljz)
denote the subset of D? consisting of all those elements p € D}} whose initial label of the ~y-part p is
(resp., is not) (1,2).

We can easily show the following; the element q in this lemma is a unique element of D fixed by our
‘sijection’ (i.e., a bijection between signed sets) defined below.

Lemma 5.16. We have

q:= (k= Lk, (k=2.k).... (LK) | (k. k+ 1] € DY (530)
note that {k} C [k] is a unique subset J C [k] such that q € D/}]. Also, we have

end(qg)es = €nv1-k, C(py) =1, end(pP)twi(p) = Wk- (5.31)
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Let us complete the proof of Proposition 2.4. For this purpose, we define a ‘sijection’ (i.e., a bijection
between signed sets) @ : D — D as follows. We set ®(q) := q (see Lemma 5.16). Let p € D?z;
note that j; = minJ > 2 and j; — 1 ¢ J. We set ®(J) := (J\ {ji1}) u {j1 — 1} and then define

O(p) € Dgl( nU Dgl( 7 follows. Recall that the 3-part pg of p is of the form (5.27), and that if the

~-part p-, of p is nontrivial, then it starts at the edge whose label is () for some 2 < u < p and
Ju <t <n+1,witht ¢ {ju1,...,Jp} (see Lemma 5.15). We define ®(p) by

q)(p) = [(]1 _2’.].1 - 1)’ . "(z’jl - l)’ (l’jl - 1)35, | (]l - 15.].1)’p’7]’ (532)

where s’ is obtained from s by replacing (j; — 1, j,) appearing in pg with (jy, j,) foreach2 < u < p; by
[NS2, Lemma 2.3 (2)] and Lemma 5.14, we deduce that ®(p) € D<IA>](J) uDi‘(J) (note that d(p) € Dgl(l)
if and only if j; = 2). Also, it follows that

D) = |]],
|D(J)|€ns1-k — end(P(p)g)en(s) = |J|€ns1-k —end(pg)es, (5.33)
{(@(p)y) = C(py) + 1,  end(D(P))twi(a(p)) = end(P)twi(p)-

Letp € D?l L D];l, with J # {k}; recall that D?,i} W D?,i} = {q}, and note that j; + 1 ¢ [k] \ J. We

set ®(J) := (J\ {j1}) u{Jji + 1} and then define ®(p) € Dglu) as follows. Recall that the 3-part pg of

p is of the form (5.27) or (5.28), and that the ~y-part p of p starts at the edge whose label is (i, j1 + 1)
(see Lemma 5.15). We define ®(p) by

d)(p) = [(jlajl +1)’(j1 - l’jl +1)""7(27jl + 1)’(1’1.] + 1)75’/ | p’Y \ (jl?jl + 1)]7 (534)

where s” is obtained from s by replacing (1 + 1, j,,) appearing in pg with (1, j,) foreach2 < u < p,
and p, \ (j1, j1+1) is the sequence obtained form p, by removing the initial label (1, j; +1); by [NS2,
Lemma 2.3 (4)] and Lemma 5.14, we deduce that ®(p) € D22 . Also, it follows that

()
|[D()| = |J],
|D(J)|€ns1-k — end(D(p)g)en(s) = |/|€nr1-k — end(pg)ey, (5.35)
£(@(p)y) =0(py) — 1, end(D(p))twia(p)) = end(P)twi(p)-

Ifp € D%, thenp € DS ;) with ®(J) := J \ {1}. We define ®(p) := p € DS, forp € DY 1t
follows that

|[®()| = |J] -1,
|®(J)|€n+1-1 — end(DP(p)g)ea(s) = |/|€ns1-1 — end(pp)ey, (5.36)
(@ (p)y) = £(py), end(@(p)) twi(w(p)) = end(P)fwi(p)-

Similarly, if p € DY, then p € Diij) with @(J) := J U {1}. We define ®(p) :=p € Dgzm for p € DS.
It follows that

D) =[] +1,
|D(J)|€ns1-k — end(DP(p)g)en(s) = |/|€nr1—k — end(pp)ey, (5.37)
f(d)(p)y) = f(py), end(q)(p))twt(Cb(p)) = end(p)twt(p)~
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Thus, we have obtained a bijection ® : D — D such that (i) ®(q) = q, (ii)) ®(p) # p, P(D(p)) = p,
and such that

el ®()Ensi-r—end(@(p)) cnis) (1) I1@) [+ (@ (D)) [OQ (end (@) tuccop) ]

= —el/ l&nri-x—end(pg) &s (-1) [T |+€(py) [Ogg (end(p)twt(p))]

for all p € Dy \ {q} with J c [k]. Therefore, the right-hand side of equation (5.19) becomes

el tkH €nsi-—end(gp) €xy (_l)l{k}|+f(qy) [OQG(end(q)tWI(q))] - [OQG(Wk)] by Lemma 5.16,

as desired. This completes the proof of Proposition 2.4.
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