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Abstract

We give a presentation of the torus-equivariant (small) quantum K-ring of flag manifolds of type C as an explicit
quotient of a Laurent polynomial ring; our presentation can be thought of as a quantization of the classical Borel
presentation of the ordinary K-ring of flag manifolds. Also, we give an explicit Laurent polynomial representative
for each special Schubert class in our Borel-type presentation of the quantum K-ring.
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2 T. Kouno and S. Naito

1. Introduction

Let G be a connected, simply connected, simple algebraic group over C, B its Borel subgroup, T C B
a maximal torus, and G /B the associated flag manifold. The T-equivariant (small) quantum K-ring
QK7 (G/B) of the flag manifold G /B, defined by Givental [4] and Lee [15], is, as a module,

QK7 (G/B) == K1 (G/B) ®r(r) R(T)[[Q1, ..., Oull,

where K7 (G /B) is the (ordinary) T-equivariant K-ring of G /B, R(T) is the representation ring of T, and
Ok, k=1,...,n,withn = rank G, are the (Novikov) variables. The quantum K-ring QK7 (G /B) is also
equipped with the quantum product x, defined in terms of the two-point and three-point (genus 0, equiv-
ariant) K-theoretic Gromov-Witten invariants, and becomes an associative, commutative algebra (for
details, see [4] and [15]). The quantum K-ring QK7 (G /B) has a good basis as an R(T)[[Q1, ..., Ox]l-
module, called the Schubert basis. Let W be the Weyl group of G, and B~ the opposite Borel subgroup
of G such that BN B~ = T. Then, for w € W, the (opposite) Schubert variety X" is defined as
X" := B-wB/B, where = denotes the Zariski closure; we denote by O", w € W, the structure sheaf
of X". Then the classes [O"] € Ky (G/B), w € W, form an R(T)-basis of K7 (G/B), and hence they
form an R(T)[[Q1, ..., Qn]|-basis of QK7 (G /B), called the Schubert basis.
In the ordinary K-theory, we know the isomorphism:

Kr(G/B) = R(T) &g(ryw R(T) (1.1

of R(T)-algebras (see [24]); here, R(T)" denotes the subring of R(T) consisting of all W-invariant
elements. This isomorphism is the K-theory version of the Borel presentation of the cohomology ring
H(G/B;C) of G/B. The purpose of this paper is to extend the K-theoretic Borel presentation to the
quantum case, that is, to give a presentation of the quantum K-ring QK7 (G /B) analogous to the above
one. In type A, that is, in the case that G = SL,;(C), Maeno—Naito—Sagaki [21] (see also [1]) has
given a presentation of the quantum K-ring QKr (G/B) as the quotient of a polynomial ring by an
explicit ideal. More precisely, Maeno—Naito—Sagaki gave an explicit ideal Z€ of a polynomial ring
(R(M[[Q1,---,0n)[x1s--.,xXn,xp4+1] such that

(R(D[[Q15---»QulD X1, s Xy X011 /T9 = QK7 (Flyar) (1.2)

as R(T)[[Q1, - - ., On]l-algebras; this isomorphism is called a Borel-type presentation. We can think of
this Borel-type presentation as a quantization of the classical K-theoretic Borel presentation as follows.
Let P be the weight lattice of G given as:

P =

@ Zs,-)/Z(sl +otEpt+Eptl).
1<i<n+l

Let Z denote the ideal of R(T)[xy,...,X,+1] generated by
{e1(x1, ..., xn01) —e;(e®,...,e5") |1 <1 <n+1},

where ¢; is the I-th elementary symmetric polynomial for 1 </ < n+1 and e!, 1 € P, are the canonical
Z-basis of the group algebra Z[ P] of P, identified with R(T"). Then, (1.1) implies the isomorphism:

R(T)[x1,....x1]/T = K7 (G/B) (13)
of R(T)-algebras. From the definition of the ideal Z< in [21], we see that (1.3) is obtained from (1.2)
by the specialization Q1 = - - - = @, = 0. Note that Maeno—Naito—Sagaki [22] also proved that quantum

double Grothendieck polynomials, introduced by Lenart—Maeno [ 18], represent Schubert classes under
the Borel-type presentation of QK7 (G/B).
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At present, the Borel-type presentation of QKr(G/B) is known only for G/B of type A; even
an explicit conjecture does not exist other than in type A. Hence, giving a Borel-type presentation
beyond type A is an important problem to consider. In this paper, we deal with the flag manifold
G/B of type C. Let G = Sp,,,(C) be the symplectic group of rank n, and {1, ..., &,} the standard
basis for the weight lattice P of G. For 4 € P, we denote by Og,p(4) the line bundle associated
to A. Now, we give an explicit ideal Z2 of (R(T)[[Q1, ..., Qx]]) [zlil, ..., zE1] such that the quotient
(R(D[Q1....0aD)[zF", ..., 25"1/Z2 is isomorphic to QK7 (G/B) as R(T)[[Q1. . . ., On]l-algebras,
and such that the residue class of the variable z; corresponds to (a scalar multiple of) the class
[Og,B(—¢;)] of the line bundle Og,p(—¢;) for 1 < j < n.Let [1,1]:={l<2<---<n<fi<---<
2 < 1} be a totally ordered set. We define F; € (R(T)[[Q1, ..., Qn]])[zfl, Lz 1<l <n, by

F= 3 | [ & (]‘[z,-);
JoI\1<j<T JjeJ
|J 1=t

here, £;(j) forJ c [1,1] and 1 < j < 1 are elements of Z[[Q1, . .., Q,]] given in Definition 3.1. Then

we define an ideal Z2 of (R(T)[[Q1, ..., Qnl) [z, ..., 2] to be the one generated by
F—e(e®,...,e2,e %, .. e %), 1<Il<n,
= E
where e;(xy,...,x2,) is the I-th elementary symmetric polynomial in the 2n variables x,...,x2,
for 1 <1 < n, and e!, 1 € P, are the canonical Z-basis of the group algebra Z[P] of P, identi-
fied with R(T). It follows from the definition that the elements Fi, ..., F, satisty Filg,=...=0,=0 =
er(zts- s 2nnzyts. gy for 1 <1 <n.

The following is the main result of this paper.

Theorem A (= Theorem 3.6). There exists an R(T)[[Q]]-algebra isomorphism
e : (R [E....25"1/12 - QK7 (G/B)

1 . 14
z,~+IQ — [Og/p(=€;)], 1<j<n, (1.4
where R(T)[[Q]] := R(T)[[Q1. ..., Onll.
If we set Q) = --- = Q,, = 0, then the isomorphism Y€ above specializes to the R(T)-algebra
isomorphism
Rz, ... 53'1/T ~ Kr (G/B), (1.5)
where Z is the ideal of R(T)[z1',...,z5'] generated by
ezt nzn sy ) —E, 1< <m

this isomorphism is just the classical K-theoretic Borel presentation (1.1) of the flag manifold G /B of

type Cy,.
The strategy for the proof of Theorem A is basically the same as that of [21]. The explicit form
of the elements Fi,..., F, comes from the inverse Chevalley formula (see Section 4.2), in the T-

equivariant K-group Kr(Qg) of the semi-infinite flag manifold Q¢ associated to G = Sp,, (C),
which is a (reduced) scheme of infinite type (see Section 4), through the R(7)-module isomorphism
OKr(G/B) ~ K1 (Qg) established in [9]; for this isomorphism, see Theorem 4.1. In types A, D, E, the
inverse Chevalley formula is obtained in the general case in [14] and [19], and in type C, it is obtained
in some special cases in [13]. From the inverse Chevalley formula, we obtain key relations for the
elements & € K7 (Qg), 0 < [ < 2n, defined in Definition 5.5 (3). More precisely, the inverse Chevalley
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formula in this situation, that is, equations (4.3) and (4.4), can be regarded as recurrence relations
for [Oqe (sn ] [0 (5150 )5 - - [O0Qg (5155501 [OQc (515350500 1> - - 5 [OQc (s152-+-505,-1--s1) | along
with 0. By solving these recurrence relations, we obtain a fundamental relation (5.6) for &, 0 < [ < 2n,
with coeflicients in R(T'). Then, by applying Demazure operators to the fundamental relation repeatedly,
we obtain a system of linear equations (5.10) for & with coefficients in R(T), from which the §; €
Kr(Qg), 0 <[ < n, are uniquely determined. Hence, by solving these equations, we conclude that
&1 = E; for 0 < [ < n (Corollary 5.15). Although this argument is almost the same as that in [21], we
need an additional symmetry & = &, for 1 < [ < n (Proposition 5.7) in type C in order to determine
&1, 0 < I < 2n, uniquely.

Next, by sending the &;, 0 < [ < n, to QK7 (G /B) under the isomorphism QK7 (G/B) =~ K7 (Qg),
we see that the element F; given by Definition 6.2 (3) is identical to E; for 0 < [ < n (see Corollary
6.4). Thus, we can figure out the explicit form, given in Definition 3.3, of the generators of the ideal Z€.

Finally, to complete the proof of Theorem A (= Theorem 3.6), we use Nakayama-type arguments.
Namely, we make use of a lemma (see Lemma 6.13), due to Gu—Mihalcea—Sharpe—Zou [6], in commu-
tative ring theory. Based on this lemma, we can deduce (1.4) from (1.5).

In the course of the proof of Theorem A, we obtain the description of an explicit Laurent polynomial
representative for each special Schubert class in the Borel-type presentation (1.4). In what follows, for
a,be[l1,1] witha < b, weset [a,b] :=={j € [1,1] |a < j <b}.Now,forl <k <nand0 <1<k,
we define Ff € (R(D[[QI)[z1',.... 25" as

=[] @ (HZj)-

T\ 1 <j<T jed
| 1=l

Also, for0 < k < nand 0 <[ < 2n — k, we define FIE e (RMDHIQMIzF,.... 25" as
F= > | []aw (]_[z,«),
Jo[Lk+1\1<j<1 JjeJ
7=l

where we understand that n + 1 := n.

Theorem B (= Corollary 6.12). (1) For 1 < k < n, we have

k
Z(_l)le—lé‘l Flk)-
1=0

[O%5] = po

(2) For1 < k < n, we have

[Osl e SpSn—1 Sk ] — (I]Q

2n-k _
Z (_l)le—lé‘l Flk) .
=0

This paper is organized as follows. In Section 2, we fix our basic notation for root systems, in
particular, for the root system of type C. Also, we briefly recall the definition of the T-equivariant
quantum K-ring QK7 (G /B) of the flag manifold G /B. In Section 3, we state a Borel-type presentation
(Theorem A) of QK7 (G/B) in type C, which is the main result of this paper. In Section 4, we recall
the definition of the T-equivariant K-group K7 (Qg) of the semi-infinite flag manifold Q¢, and its
relationship with QK7 (G/B). In addition, we review the inverse Chevalley formula for K7 (Qg), which
is used in the proof of our Borel-type presentation. In Section 5, we deduce key relations in K7 (Qg)
by using the inverse Chevalley formula. In Section 6, we give a proof of our Borel-type presentation of
QK7 (G/B) in type C; we also give a proof of Theorem B.
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2. Basic setting

We fix our basic notation for root systems, in particular, for the root system of type C. Also, we briefly
recall the definition of the torus-equivariant (small) quantum K-ring of flag manifolds.

2.1. Notation for root systems

Let G be a connected, simply connected, simple algebraic group over C, B its Borel subgroup, T C B a
maximal torus, and / the index set for the simple roots of G. Let f be the Lie algebra of T; we denote by
(-, -) the canonical pairing of h* := Hom¢ (), C) and h. Let P = };; Zw; be the weight lattice of G, with
@; the i-th fundamental weight for i € I, and Q¥ = Y;¢; Za;’ the coroot lattice of G, with @, the coroot
such that (@, a/jv.) =06 fori,j e I weset Q¥ := 3;c; Z>oa; . In addition, let W be the Weyl group
of G, which is generated by the simple reflections s;, i € I. For A € P, we denote by e the character of
the one-dimensional representation of T whose weight is A. Then, the representation ring R(7T') of T is
written as R(T) = € ,.p Ze", with product given by e' - e# := e**# for A, u € P; R(T) is canonically
identified with the group algebra Z[P] of P, on which W acts by w - e! := e"* forw € W and A € P.

2.2. The quantum K-ring of flag manifolds

Let K7 (G/B) denote the (ordinary) T-equivariant K-ring of the flag manifold G /B. The T-equivariant
(small) quantum K-ring QK7 (G /B) of the flag manifold G /B, defined by Givental [4] and Lee [15], is,

as a module,

OK7(G/B) := Kr(G/B) ®r) R(T)[[Q1, ..., 0],
where n is the rank of G; here, R(T)[[Q1, . . ., O, ]| denotes the formal power series ring in the (Novikov)
variables Q1, ..., Q, with coefficients in R(T'). Under the quantum product %, defined in terms of the

two-point and three-point (genus 0, equivariant) K-theoretic Gromov-Witten invariants, QK (G /B)
becomes an associative and commutative algebra (see [4] and [ 15] for details). For& = ;¢ ciaiv € QV-t,
we set Q¢ = [;¢; OF".

For w € W, we define the (opposite) Schubert variety X" < G/B by X" := B-wB/B, where B~
is the Borel subgroup (opposite to B) of G such that BN B~ =T, and ~ denotes the Zariski closure;
let O™ denote the structure sheaf of X™. Then it is well known that the classes [O"], w € W, of O"
in K7 (G/B) form a basis of K7 (G/B) as an R(T)-module, which are called the (opposite) Schubert
classes. It follows that the (opposite) Schubert classes [O"], w € W, form a basis of QK7 (G /B) as an
R(T)[[Q1,.-..,0n]]-module.

To each A € P, we can associate the line bundle G xp C_; -» G/B over G/B, denoted by Og,g(1),
where C_, is the one-dimensional representation of B whose weightis —4; let [Og,p(4)] € K7 (G/B) C
QK7 (G/B) denote the class of the line bundle Og/5(1).

2.3. The root system of type C,,

We fix the notation for the root system of type C,. Let J,, be the n X n matrix given by

00---01
00---10
=0 b
01---00
10---00
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and set

k]

oy
o = [—J,, S]

the corresponding symplectic form (-, -) on C*"* is given by: (u,v) = uly v foru,v € C?". Then, the
symplectic group Sp,,,(C) of rank n over C is defined as:

SP3a(C) = {A € GLa(C) | ‘AJ5,A = J3,}.
Let T be a maximal torus of Sp,, (C) given by:

T = {diag()cl,...,xn,x—1 ...,xl_l) | x1,...,x, € C'},

n

where diag(ay, . .., as,) denotes the 2n X 2n diagonal matrix with entries ay, . . ., as,; its Lie algebra
b = Lie(T') can be written as:

h = {diag(ai,...,an,—au,...,—ai) | ai,...,a, € C}.
We define g, € h*, 1 < k < n, to be
e : h > C, diag(ay,...,an,—apn,...,—ay) — ay.
Then, the set A* of positive roots of G can be written as:
At={gi+eg;|1<i<j<ntU{2;|1<j<n}
the simple roots a1, ...,a, are @; =&; — €41, 1 < j <n-1,and a, = 2¢,. We set

(i,j)=e—g; forl<i<j<n,
(l.’i) =g téEj forl <i<j<n, and

(i,i) :=2¢&; forl<i<n.

The fundamental weight @; for 1 < j < n is of the form @w; = 1 + - - + &;. It follows that R(T) =
Z[P] = Z[e**, ..., e*on].
The Weyl group W = §,, < (Z/2Z)" of Sp,,,(C) can be regarded as the group of signed permutations
n[l,1] ={l<2<---<n<n<---<2<1}LForl <i< j< n,the reflection s(i,j) (resp.,
56i.7) corresponding to (i, j) (resp., (i, j)) is viewed as the transposition of 7 and j (resp., i and ). In
addition, for 1 < i < n, the reflection s (i.7) corresponding to (i,7) can be regarded as the transposition
of i and i. The action of W on P is a natural extension of that on [I,T], given by: w - g = &,,(x) for
w € Wand k = 1,...,n, where we set &5 := —g; for I < j < n. We sometimes write w € W as
w = [w(1),w(2),...,w(n)] by regarding it as a signed permutation as above; this notation is called
the window notation.

3. Borel-type presentation of QK7 (G/B)

Let G = Sp,,,(C) be the symplectic group of rank n. We give a presentation of QK7 (G/B) as an explicit
quotient of a certain Laurent polynomial ring.

For a commutative ring A, we denote by A[[Q]] := A[[Q1, ..., Ox]] the formal power series ring in
the (Novikov) variables Q1, ..., Q, with coefficients in A. For 1 < k < 2n, let ex(xy,...,x2,) be the
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Table 1. The list of &y (j) for1 < j < 1.

j 12 3 4 4 3 21

+ Q304
1-0s

GGy 11 1-05 1 1 1-0, 1 1

k-th elementary symmetric polynomial in the 2n variables x, . . ., xp,, that is,

er(Xy, ..., x) = Z XiyXiy Xy
1<iy<---<ix <2n

For 0 < [ < 2n, we define an element E; € R(T) by
E;:=e;(e®,...,e" ", e ", ... e °). 3.1
Observe that E,,,; = E,,_; for 1 <[ < n since
ens1(x1,. .. ,xn,x,_ll, ... ,xl_l) =en(xg,... ,xn,x,_ll, ... ,xl_l) (3.2)

forl <l <n.
Also, we consider the Laurent polynomial ring (R(T)[[Q]]) [zlil, ..., 251 with coefficients in the
formal power series ring R(T)[[Q]] = R(T)[[Q1, ..., 0]

Definition 3.1. Let J c [1,1].
(1) For 1 < j < n, we define ;(j) € Z[Q] c Z[[Q]] by

1-Q; ifjeJandj+1¢1J,
1 otherwise,

&) 5={

where n + 1 is understood to be 7.
(2) For2 < j < n, wedefine £;(j) € Z[[Q]] by

1+—Qj;1Qg“Qn ifJisoftheform{---<j-1<j—-1<---},
= - j_l — [
G =11-0,, ifjesandj—1¢J,

1 otherwise.

(3) Weset Z;(1) := 1 € Z[[Q]].
Example 3.2. Let n = 4 and J = {2,3,3, 1}. Then, the elements ¢ () for 1 < j < 1 are as in Table 1.
We set 75 = z]_.l forl <j<n.

Definition 3.3. For 0 < [ < 2n, we define F; € (R(T)[[QTD) [z, ..., 25" by

pe 3 [ 1 o0)([Ts)

Je[,1\1sj<1 jeJ
1=l
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Remark 3.4. Under the specialization Q| = --- = Q,, = 0, the F; becomes:
Fl|Q1:...: =0 = Z (H Zj) =ei(z1,... ,Zn,Z,;l, R ,ZII)
Jc[,1 Ve
|J|=l

for0 <[ <2n.

Definition 3.5. We define an ideal 72 of (R(T) [[Q]])[zi—'l, ...,7:!] to be the one generated by the
elements F; — E;, 1 <1 <n.

The main result of this paper is the following.
Theorem 3.6. There exists an R(T)[[Q]]-algebra isomorphism

we: (RO ..., 25'/T¢ - QK7 (G/B)

(Ocs(-ep), 1<j<n  OF

zj+IQ =

1
1-0;
Remark 3.7. The flag manifold G/B of type C, is the manifold parametrizing all flags

OcVic---cV,cC™

of isotropic subspaces with respect to the symplectic form (-,-) on C>" such that dimc V; = j for
I1<j<nlet0=5cS cSHc---Cc§,C C2" be the tautological filtration by subbundles of the
trivial bundle over G/B, withrk(S;) = jfor 1 < j < n;wehave S;/S;_1 = Og,p(—¢;) for1 < j <n.

4. Equivariant K-groups of semi-infinite flag manifolds

In this section, we recall the definition of the torus-equivariant K-group of semi-infinite flag manifolds,
and its relationship with the torus-equivariant quantum K-ring. Also, we briefly review the inverse
Chevalley formula for the torus-equivariant K-group of semi-infinite flag manifolds.

4.1. Semi-infinite flag manifolds and the quantum K-ring

Following [21, §3.1] (which is based on [9, §1.4 and §1.5]) and [23, §2.1 and §2.3], we recall semi-
infinite flag manifolds and their equivariant K-groups (see also [10, §4.2]).

Let G be of an arbitrary type, and N the unipotent radical of B. The semi-infinite flag manifold Qré‘ isa
(reduced) ind-scheme of ind-infinite type whose set of C-valued points is G(C((z)))/(T(C) - N(C((z)))).
The semi-infinite flag manifold Qré“ can be thought of as an inductive limit of copies of the scheme Q¢
of infinite type, introduced in [3, §4.1]. The scheme Q¢ can be described as follows. In what follows,
for a C-vector space V, let P(V) denote the projective space of lines in V. For 2 € P*, let V(1) be the
irreducible highest weight G-module of highest weight A. The scheme Qg parametrizes tuples (£3)¢cp+
of C-lines in [ 1 p+ P(V(2) ®c C[[z]]) such that for A, 4 € P*, the line 4., is mapped to £; ® £,, under
the embedding

V(A+p) &c Cl[z]] = (V(A) &c Cl[z]]) &c(rzy (V (1) &c Cl[z]])
of C-vector spaces induced by the embedding

V(A+ ) = V() & V(w)
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of G-modules (unique up to scalars). Such a tuple (£1)¢p+ is uniquely determined by £, fori € I, and
so we have the closed embedding

QG = P:=[ [P(L(m:) &c Cll2)) @.1)
iel
(see [10, Lemma 4.4]). Also, we define the (G(C][[z]]) > C*)-equivariant line bundle Ogq,, (1) over
Qg for each A = } ;. myw; € P as the pullback of the line bundle ®;c; O(m;) over P under the
embedding (4.1), where the i-th O(m;) is over P(L(w;) ®c C[[z]]). Note that for A, u € P, we have
Oqg (1) ® Oqg (1) = Ogg (A + p).

Let I be the Iwahori subgroup of G(C[[z]]), which is the preimage of B under the evaluation map
G(Cl[lz]l) = G,z 0. Also, let Wyr = {wtg | w € W, & € QV} = W = Q" be the affine Weyl group
of G, where t¢ for ¢ € Q" denotes the translation element corresponding to &. Then, the (7' x C*)-fixed
points of Qg are labeled by the subset WaZfO ={wtg |weW, &e QY of Wy ([10, §4.2], [23, §2.3]);
more precisely, the (7' x C*)-fixed point of Qg labeled by x = wt¢ € Wazfo’ withw € W and & € Q¥
is the tuple of C-lines py = (z~ 4" €V (), w1)rep+, Where V() is the u-weight space of V(1) for
A € P*, u € P. We denote by Qg (x) the closure of the I-orbit of p,., called the semi-infinite Schubert
variety associated to x € WaZfO; it is a (reduced) closed subscheme of Qg (¢) = Qg, where e € Wy is
the identity element. For x € Wazfo, we denote by Ogq; () the structure sheaf of Qg (x).

Fora = ¥ cp Yiez cakg et € Z[q,q ' 1[P] with cax € Z, we set |al := Y acp Drez lcaklghet.
Let K'(Qg) denote the Z[g, g~'][P]-module consisting of all formal sums ZXEWEU ax[Oqg (x)] with

coefficients a, € Z[q, g~'][P] such that

> laxl gch H(Qq. Ogq (1) € ZIPI(g™)

xew =0
af

ford € P™ := Y, Z-ow;, where gch denotes the character of a weight module over 7xXC* and g denotes
the character of the loop rotation action C* ~ C[[z]]; the classes [Ogq, (x)], X € Wazfo’ are called semi-
infinite Schubert classes. By [9, Theorem 1.25], we see that the sheaf Ogq; (x) (1) := O (x) ® Ogg (1)
for x € W;fo and A € P defines the class [Oq, (x) ()] € K'(Qg), called the twisted semi-infinite
Schubert class; in particular, for 1 € P, K’(Qg) contains the class [Ogi (D] = [Oqq (e) (V)] of the
line bundle Og,; (1). Also, K ’(Qg) is stable under the tensor product e = e ® [Oq,; (1)] for A € P.
Let K7 xc-(Qg) denote the Z[g, ¢~'][P]-submodule of K’ (Qg) consisting of all “convergent” (in
the sense described in [10, Proposition 5.11]) sums; that is, K7 xc+(Qg) consists of all formal infinite

linear combinations } w20 ax[Oqg (x| of the semi-infinite Schubert classes [Oq; (v ], x € W3,

with coefficients a, € Z[q, ¢~'][P] such that

D lad € ZIPI(g7M);

xew 20
af

we see from [10, Corollary 4.31] that K7« (Qg) is indeed a Z[q, g~'][ P]-submodule of K'(Qg).
Also, it follows from [12, Theorem 5.16] and (the proof of) [10, Corollary 5.12] that [Oq,, (x)(1)] €
Krxc(Qg) forx € Wffo and A € P; in particular, we have [Oq ()] = [Ogg (e) (A)] € Krxc: (Qg).

By taking the specialization of K7 xc+(Qg) at ¢ = 1, we obtain the T-equivariant K-group K1 (Qg)
of Q¢, which turns out to be the R(T)(= Z[P])-module consisting of all infinite linear combinations
of the semi-infinite Schubert classes [Oqg (x)], x € Wazfo, with coefficients in R(T); namely, we
can write each element of K7 (Qg) uniquely as an infinite linear combination of the semi-infinite
Schubert classes [Oq;(x)], x € W2°, with coefficients in R(T) ([9, Lemma 1.22]). It follows that
[Oge 0 (A)] € K7 (Qg) forA € Pand x € Wazfo (see also [9, Theorem 1.26]); in particular, for A € P,
we have the class [Oq (1)] = [Ogg (e) (D] € K7 (Qg).
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Theorem 4.1 [9, Corollary 3.13 and Theorem 4.17]. There exists an isomorphism

@ : QK7 (G/B) = K7 (Qg)

of R(T)-modules such that

(i) P(e*Q5[O%]) = e “[Oqg(wig)l forue P, & € OVt andw e W;
(ii) for Z € QK1 (G/B), we have

D(Zx [Og/p(—m;)]) = P(2) ® [Og; (Wowy)], i€, 4.2)

where w, denotes the longest element of W.

We warn the reader that the convention for line bundles in this paper is different from that in [9] by
the twist coming from the involution —w,, and so we need w, on the right-hand side of (4.2). If G is of
type C, then w,A = —A for all A € P, and hence the right-hand side of (4.2) is ®(2Z) ® [Oq (—@;)].

Note that for a general A € P, the R(T)-module isomorphism @ is not necessarily compatible with
the quantum product x with Og/p (1) in QK7 (G/B) and the tensor product ® with O, (-w.4) in
K7 (Qg). However, if G is of type C, that is, if G = Sp,,,(C), then we have the following, which plays
an important role in this paper.

Proposition 4.2 [21, Proposition 5.3]. Let G = Sp,,(C) be the symplectic group of rank n. For
Z € QK1 (G/B), we have

q)(z * (1 _IQ : [OG/B(SJ-)])) =®(2) ® [Oqq ()],
J
02+ (=g Oarm(-e| =02 & [O0q e
Jj-1

Jor 1 < j < n; here we set Qy := 0.

For each i € I, we define an R(T')-linear endomorphism t; of K7 (Qg) by

ti([Oqs(0n]) = [OQG(xtay)]
forx € Wasz_ Then, fori € I, 3 € K7 (Qg), and A € P, we have

ti(3) ® [Ogs (D] =1:(3 ® [Ogg ()])
(see [21, (3.2)D.

4.2. Inverse Chevalley formula in type C
The inverse Chevalley formula is a formula expressing the expansion of the product e [Oq; (x)] for

n€Pandx e Wazf0 as an explicit linear combination of the elements [Oq,; (y)] ® [Oqg ()], y € Wazfo’
A € P, with coefficients in Z[g, g~'], which is of the following form:

“[Ogel= D, dlilOgsin]® [Ogg ()],
yeWwz0, 1ep

with d)y(jf,’ € Z[q,q7"]. In types A, D, E, the inverse Chevalley formula in the general case is given in
[14] and [19], and in type C, it is given in [13] in some special cases. In this paper, we use the inverse
Chevalley formula in type C.

Assume that G is of type C,, that is, G = Sp,,,(C). From [13, Theorem 4.5], we obtain the following.
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Proposition 4.3. Let 1 < k < n — 1. The following equality holds in Krxc+(Qg):

eel [OQG(S|S2"'Sk)] = [OQG(Slsz*“Sk) (8k+1)] - [OQG(Slsz---Sk+1)(8k+l)]

k
+q o s (&)
= QG(s1sz Sjo1 (,Jv},,JyHJr..,mz) (4.3)
.
—q) |0 : )<sj> .
= QG S]Sz***Sjtay+ay +~~+av
Jj=1 J T+ k
Also, from [13, Theorem 4.3], we have the following.
Proposition 4.4. Let 1 < k < n. The following equality holds in Krxc-(Qg):
e”! [OQG(SI “Sp-1SnSn-1 ---sk)]
= [OQG(SI"'Snflsnsnfl"'Sk)(_sk)] - [OQG(SI"'Sn—lSnan"'Skf])(_Sk)]
T
“IZ O (i _ (—&j)
j=k+1_ QG(‘SI”"S"’l‘snsn*I"'sltalz*”ZH*'”“l}/—l)
n
—q @ (—&;)
j;rl QG (Sl Sp—1SnSn-1 "'S_,'fll(,l\\{ml\\{Jrﬁ..,ﬂ,Jy_] ) / 4.4
T
+q @ (&)
Z QG(Slsz“'Sj—lfavmv +...+HV) !
=] Jraa
k
_ O el
qz QG(SISZ“'SjI VooV \/)( J)
j=1 arj +aj+l+ +ay,

when k = 1, the second term [OQg (s,--s,_15n50-1--sx1) (—€k)] on the right-hand side of the formula
above is understood to be 0.

We defer the proofs of (4.3) and (4.4) to Appendix A.

4.3. Demazure operators

Following [21, §A], we review Demazure operators acting on K7xc:(Qg) and K7 (Qg). Let G be of
an arbitrary type. The nil-DAHA Hj is defined to be the Z[q*!]-algebra generated by T;, i € I U {0},
and X”, v € P, subject to certain defining relations (including the braid relations); see, for example, [21,
(A2)~(A.6)]). Fori € I L {0}, wesetD; :=1+T, fori € I u{0}.

By [10, Theorem 6.5] (see also [23, §2.6] and [14, §3.1.2]), we have a left Hy-action on K7 xc- (QIGZ“).
In particular, for i € I, we have an action of D; on Krxc+(Qg), which is called a Demazure operator;
note that these Demazure operators satisfy the braid relations. Let D; (not to be confused with D;) for
i € I be an operator on Z[P] given by

eV _ eai eS[V

Di ¢ =
(&) = S
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for v € P; in other words, we have

e (1 +e% +e2% 4 ... 4 e Onai)a) if (v,a)) <0,
D;(e”) =40 if (v,a)) =1,
—e”(e”% +e72% ... 4 e (e Day if (y V) > 2.

Lemma 4.5 [21, Lemma A.2]; [23, §2.6] and [14, §3.1.2]. Leti € I, and let ¢ € QV'F, v,A € P. In
Krxc-(Qg), we have

Di(e"[Oqq (1) (D]) = Di(e")[Oqg (1) (D]

5. Key relations in K7 (Qg)

In order to prove Theorem 3.6, we need to obtain sufficiently many relations in K7 (Qg ). First, by making
use of the inverse Chevalley formula (see (4.3) and (4.4)), we obtain a “fundamental” relation. Then,
by applying Demazure operators to the “fundamental” relation, we obtain the other relations. These
relations can be thought of as recurrence relations for the elements &, 0 < [ < n, of K7 (Qg) (defined in
Definition 5.5) with coefficients in R(7T'), which uniquely determine the elements &, 0 < [ < n. Hence,
by solving these recurrence relations, we obtain a description (see Corollary 5.15) of the elements g,
0 < I < n, as explicit elements of R(T). Although this strategy for obtaining the desired description
of &, 0 < I < n, is almost the same as that in [21] in type A, we need to overcome some technical
difficulties peculiar to the case of type C; in particular, we need Proposition 5.7.

In this section, we assume that G = Sp,,,(C), the symplectic group of rank ».

5.1. “Fundamental’ relation

From equations (4.3) and (4.4), which are special cases of the inverse Chevalley formula, we will obtain
a “fundamental” relation in K7 (Qg). First, by multiplying both sides of (4.3) by [Oq, (—&x+1)] and
specializing g to 1, we obtain the following.

Lemma 5.1. Let 1 < k < n — 1. The following equality holds in K1 (Qg):

[OQG(SISZ"'Sk+l)] = —e”! [OQG(SISZ"'Sk>(_8k+1)] + [OQG(Slsz“'Sk)]

k
+ Z @ (8 — &k+1)
j=1 QG S]S2-“Sj’]t(l}/+a}/+l+---+a;: 3.1
ol
-0 (e — ex) .
P QG (s1527 815V 10V sV
. L g+l k

Also, by multiplying both sides of (4.4) by [Oq,; (£« )] and specializing g to 1, we obtain the following.
Lemma 5.2. Let 1 < k < n. The following equality holds in K1 (Qg):

[OQG (S1°+*Sn-15nSn-1 "'Sk—l)]
= —e”! [OQG(SI"'Sn—lsnsn—l"'Sk)(gk)] + [OQG(Sl“'Xn—lSnSn—l "'Sk)]

n
+ Z o (ex — &)
n
- Z o (8x — €))
et Qc Sl"'Sn—lsnsn—l"'Sj—ltaZ+QZ+l+...+(l}/71
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O

)(sj +&r)

QG |sis2-sj-1t N o N oV
( J aj+aj+l+ +ay

~.
Il

O

=

)(Ej +&r) s (5.2)

QG| S152- St ViV 1ovaV
( J o; +‘lj+l+ +a,y

~.
I

when k = 1, the left-hand side of the formula above is understood to be 0.

For1 < k < n, we set

P = [OQG(SISZ"'Sk)]’
Qe o= [OQG(SI"'Sn—lsnsn—l"'sk)]'

Also, we set Py := 1 and Qg := 0. Then, (5.1) and (5.2) can be rewritten as:
PBrr1 = e Py ® [Oqg (—ek+1)] + B

k
+ thtj+1 -t B © [Ogq (8 — &k4)]
=

(5.3)
k
- thtj+1 B ® [Ogg (&) — Exa)],
=
Qr-1 = -1 Q; ® [Oqg; (ex)] + Qi
O tetier 195 ® [Ogq (e - £7)]
j=k+1
- Z titeer - tio1Qj-1 ® [Ogg (g — &/)]
o (5.4)

k
+ thtj+1 P01 ® [Ogg (5 + €1)]
=1
k
_ thtj+1 1, P; ® [Ogq (g + &4)].
=1

Equations (5.3) and (5.4) can be thought of as recurrence relations for Py, By, Po, ..., B, and Q,,
Qn-1, - - -, Q1, Q. By solving these recurrence relations, we can write these elements as explicit linear
combinations of line bundle classes with coefficients in Endc (K7 (Qg)).

Definition 5.3. Let J c [1,1].

(1) For 1 < j < n, we define ¢;(j) € Endc (K7 (Qg)) by

1-t; ifj¢Jandj+1¢€l,
1 otherwise,

() 1={

where we understand that n + 1 := 7.
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Table 2. The list of Yy (j) for 1 < j < 1.

2 3 4 4 3 2

J 1

1 1 1 —t3 +t3ty 1 1-1 1

vs(j) 1-t4 1

(2) For2 < j < n, we define ¢; () € Endc(K7(Qg)) by
I—tj g +tjqtj---t, ifJisoftheform{---<j-1<j-1<---},

if J is not of the above form

andj¢J,j—1¢€el,

1 otherwise.

1—'[]'_1

v ()

(3) Wesety;(1) :=1 € Endc (K7 (Qg)).
Example 5.4. Let n = 4 and J = {2,3,3, 1}. Then, the elements ¢ (j) for 1 < j < 1 are as in Table 2.

For J c [1, 1], we set

ey = Zé‘j.

jeJ

Definition 5.5.
(1) For1 <k <nand0 < < k, we define S}l" € Kr(Qg) as

&= > | ] v |[0gs (=2

Je[Lkl\1<j<1
T |=t

(2) Forl <k SnandOSl§2n—k,wedeﬁne‘&f€KT(QG) as

§= > | [] v |i0g(=en1,

Jc[lLk+1\1<j<1
|J1=t

where we understand that n + 1 := n.
(3) For0 <[ < 2n, we define § € K7 (Qg) as

Fe= >, | |] vw)]|Oas(-en].

Jc[1,1)\1<j<1
|J1=l

Proposition 5.6. (1) For 1 < k < n, we have

k
B = Y (~D'eF

=0
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(2) For1 £ k < n, we have

2n—k _
Q= Z (-ie' =gk, (5.5)
=0
(3) We have
2n
Z(—l)le’ﬂ & = 0. (5.6)
=0

Proof. Part (1) can be proved by the same argument as for [21, Proposition 4.7]. If we set ‘&ZO =&
for 0 < I < 2n, then part (3) can be regarded as the special case k = 0 of (5.5). Hence, to prove parts
(2) and (3) it suffices to prove (5. 5) for 0 < k < n. We will prove (5.5) by downward induction on
k=n,n- , 1,0. Since B, = Q,,, the case k = n is already proved by part (1). Now assume that
(5.5) holds for all k, with 0 < k < n. By (5.4), we see that

2n—k 2n—k

Q1= - ) (1§ @ [Ogq (e0)] + Y, (-D'e! = §f
=0 =0

n 2n—i
+ Z titier - - tict Z(—l)lelg‘&i ® [Oqg (ex — &i)]
i=k+1 =0
2n—i+l1
- Z titet - Z (-D'e 18]8" '® [Oq (e — €1)]
i=k+1 1=0

k i—1
+ Z titir -ty ;(—1)%’8' F ' ® [Oqg (&i +£1)]

k i
= Dttt Z(—l)l 13} @ [Oqq (&1 + &4)]
i=1

2n—k

= Z( 1)*lethe [T v |[0gq (=21 +20)]

Jc[lf 1<j<1

2n—k

+ ;(—l)le’“ ST v |06 (-]

Jc[lLk+1\1<j<T
|7 |=

n 2n—i
+ Z tetier - tim y (=1)'e! Z 1_[ () [[Oqg(—€s + &k — &i)]
i=k+1 =0 Jo[Li+\1<j<1
|J|=l
n 2n

—i+1

Dl ST v |[Ogs(-2s +ex - &)
i=k+1 1=0 Je[Lil\1<j<1
|J =t

k i-1
£ttt ) (D' Y ] ws () |[Ogg (—es + &0+ 20)]
i=1 1=0

Jc[l,i-1] 13j£T
|J]=1
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i

k
= Dttt (=D ] v () |[Ogs (=6 + 61+ 20)]
i=1

1=0 JclLil\i<j<T
|J =l
— Z (_1)|J|+1e(|1|+l)81 1_[ WJ(j))[OQG(—31+8k)]
Jc[1,k+1] 1<j<1

> EnMleEl T vy () |[0gq (—20)]

Jc[1,k+1] 1<j<l

n
- Z tetgrr - oo tion Z (=DMl e ]—[ Y1) |[Oqg (—€s + &k —&i)]
i=k+l Jc[L,i] 1<j<1
ieJ

Jcll,i]
ieJ

k
_Ztitiﬂ"'tn Z (—l)ljlemg‘( l_[ i) [Oqg (&7 +&i +&1)]. (5.7
=

1<j<1

Let us compute the term corresponding to each J c [1, k] on the RHS of (5.7).
Let J c [1, k] be such that k ¢ J; we set [ := |J|. Then we find that the second sum on the RHS of
(5.7) contains the term

D= | [T vs() |[Ogs(-1)]

1<j<1

= (=D [T vo() |06 (=21,

1<j<1

which is just the term in Q- corresponding to J. _ _
Next, let J c [1, k] be such that k € J; we set M := max(J \ {k}) € [1, 1]. Assume that M < n. By

summing up

o the term in the first sum on the RHS of (5.7) corresponding to J \ {%}L )

o the terms in the third sum on the RHS of (5.7) corresponding to (J \ {k}) L {i} fork+1 <i < n and
JjeJ, _

o the terms in the fourth sum on the RHS of (5.7) corresponding to (J \ {k}) U {i} for M +1 <i <k
in the case M < k,

we deduce that

(=Dl Ty o () |[Ogq (e, gy + 0]

1<j<1
n
= D5 et COYYIE T w6 () |1O06 (e oy *#6 — €0
i=k+1 1<j<1
k
= 2 et CDYI N T w6 D) f100o (= gy * 21+ 200
i=M+1 ISjST
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Here, we set

If M < k, then

n
— J|alJ . -
=0V T ] v = 2 et [T vonmum )
1<j<1 i=k+1 1<j<1
k
- Dt [ vovmpon ) ][0 (=201
i=M+1 1<j<T
= =nVletel T vy 5 ()
1<j<M
L —
X[1= D bt @ (D
i=k+1
k
M1t — Z ti"’tnlp(J\{?})u{i}(i_ 1) [Oqg (—€1)].
i=M+2
n k
@i= 1= Dt ey (F D = tarer b= D bty (= -
i=k+1 i=M+2
" —
e=1= D e bl g (D)
i=k+1
k
=t ot - Z ti-- 'tn‘/’(J\{g})u{i}(i - 1)
i=M+2
n k
= 1= > et (=) =ty ooty = ) e ta(1=timy)
i=k+1 i=M+2
=1-t
=ys(k+1).

If M = k, then

n
e=1= D> et gpum T+ D
i=k+1 —_—
:l—tj

1ttty
=yy(k+1).

If M > k, then

n
p=1= D)ttty (TF D)
i=k+1 ———
=1-tj+tj- oty (if j=M), 1-t; (if j#M)

M-1 n
=1- Z(1_ti)_tk"'tM—l(l_tM+tM"'tn)_ Z oot (1-t)

i=k+1 i=M+1
=1-t
=y¢y(k+1).
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From these, we conclude that the RHS of (5.8) equals

(=Dl 1= TT ws () |[Ogs (=2)],

1<j<l1

which is just the term in Q| corresponding to J.
Assume that M > n. If M > n, then take 1 < m < n such that M = m. If M = n, then set m := n. By
summing up

o the term in the first sum on the RHS of (5.7) corresponding to J \ {E}_, B
o the terms in the third sum on the RHS of (5.7) corresponding to (J\ {k}) U {i} fork+1 <i <m—1
(if m =n, thenregard n — 1 as n),

we deduce that (if m = n, thenregardn — 2 as n — 1)

(_1)(|J|71)+]e((|”71)+1)81 1—[ ‘pJ\{E}(j) [OQG(_SJ\{Z}+3k)]

1<j<1
m—1
J|alJ .
= 20 et COYIE T w0y () 1006 (e oy + 26 — €0
i=k+1 lﬁjST

=(_1)|J|e”|81 1_[ %\{;}(j) 1_tk"‘tm—z
1<j<M

m-2

- Z te -t W(J\{E}),_,{f} (m) [Oqg (—€4)]

i=k+1 —_—
=1-t

= (=Ml TT vy @) | =) [Og6 (=211

1<j<M
= (=Ml TT vy 5,0 (06 (=2,
1<j<l1

which is just the term in Qk_; corresponding to J. This proves (5.5) for k — 1. Thus, by downward
induction on k, equation (5.5) is proved. This completes the proof of the proposition. O

Also, we can show the following; we defer the proof of this proposition to Appendix B.

Proposition 5.7. For 0 < k < n, we have & = on-«-

From this proposition, by multiplying both sides of (5.6) by e™#!, we obtain the following “funda-
mental” relation.

Corollary 5.8. The following equality holds in K1 (Qg):

n—1
DD e e g et e 1 (—1)", = 0. (5.9)

=0
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5.2. The other relations

From the fundamental relation (5.9), we will derive sufficiently many relations needed to obtain a
Borel-type presentation of QK7 (G/B). For k > 0, let hg(x1, ..., x2,) be the k-th complete symmetric
polynomial in the 2n variables x, .. ., x2,, that is,

hi(x1, ..., %2p) = Z Xi\Xiy Xy, 3

1< < <ip <2n
by convention, we set hg(x1,...,x2,) :=0.For! > 0and k > 1, we set
Hlk = hy(e®, ..., e efk e % e 81 e ®) e R(T).
The aim of this section is to prove the following.

Proposition 5.9. The following recurrence relations hold:

o =1,

n—k

(5.10)
DUEDHE L~ S )& =0 forO<k<n-1.
1=0

First, by applying the Demazure operator D; to (5.9), we obtain the following.
Lemma 5.10. We have

n-1 n—I-1 n—I-1
Z(—l)le_("‘”‘gl( > ef(‘?l—ez))( > es(€1+82>)g, = 0. (5.11)

1=0 r=0 s=0

Proof. By multiplying both sides of (5.9) by e®!, we obtain

n-1
Z(_l)l(e—(n—l—l)sl + e(n—l+1)81)3l + (_l)ne8| 8’1 — O
=0

Then, by applying D;, we see that

n-1
0= D1 (Z(_l)l(e—(n—l—l)gl + e(n—l+l)£1)%l + (_l)negl 8’}1
=0

n-1

(=D'(Di (e =Dy 4 Dy (e Ve F + (=1)"Dy (e")F,

+

n-1 —(n-l1-1) &1 _ paqpas1(—(n-1-1)g) (n=l+1) &1 _ paipsi((n=1+1) &)
e eVe e eVe
(-1 ( 1 -en 1 -en ) !

esl — ea] esl €]

+ (_l)n 1 — el n
n-1 . e—(n—l—l).f-:] _ eé‘l—é‘ze—(n—l—l)é‘z +e(n—l+1)sl _ esl—sze(n—l+1)sz
:1:0(_1 ( 1 -ex ) l
+ (_l)n esl — e81_82e82 3

1 —en

e_(”_l) €1 _ e_<n_l) &2 + e(n_l)al — e(n_l) €2

n—1
=t ) (-1 em i
=0
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nl —-(n-De _ a-(n-l) & (=D (&1+e)
€ e l1-e
— e (1) Rl e,
=0
n-1 n—1-1 —(n—1 —(ni
= el (1 — e"17%2) Z(—l)l( eS(81+82))e (n )fl —(;] (n=1) & %
1=0 s=0 —€
n—1 n—-[-1 —(n=D & =D (81-82)
€ g1te s(e1+eg; ¢ (1 € )
=e®(1-e” Z)Z(_I)I(Z et 2)) 1 —esi—&2 17!
=0 5=0
n-l n-l-1 n-l-1
=e®! (] - e81+52) Z(_])le*(nfl)gl ( Z er(slgz))( Z eS(81+82))%l‘
=0 =0 =0

Finally, by dividing both sides of this equation by e®! (1 — e®*#2), we conclude that

n—1 n—-l-1 n—=I-1
Z(_l)le—(n—l)sl( Z er(81—€2))( Z es(81+€z))g-l =0,
1=0

r=0 s=0
as desired. This proves the lemma. O

Then, by successively applying Demazure operators to (5.11), we obtain the other relations. For this
purpose, we use the following easy lemma.

Lemma 5.11.
(1) Fork,l 20withk+1>1and1 < p < q < n, we have

k+1-1
e—kspe—lsq _ els,,eksq — e—ka,,e—lsq(l _ es,,+sq) Z et(sp+sq).
t=0

(2) For k = 0, we have

k—1 k
e*kgm Z es(gmfgm-%-l) _ eksm Z es(*gm"'gmﬂ)
s=0 s=1

k-1 k-1
— e_ksm (1 _ esrrl+81n+]) Z et(gm_gmﬂ) Z et(8m+8m+]) .
t=0 =0

Lemma 5.12. For2 < k < n -1, we have

n—k n—-Il-1 n*l*l*rl rl,l rl,],rz rk_z—l rk_z—l—rk_l
21 2
=0 r1=k—1 Sl=0 r2:k—2 S2=0 rk,]=1 Sk,1=0
e(l+r1+2s1)sl+(—r1+r2+2sz)sz+'--+(—rk,z+rk,1+2sk,1)ek,1+(—rk,|)sk (5 12)
ri-1=1 re-1-1
% Z ePr(ex=&kr1) Z ek (et erst) % =0.
pr=0 qr=0

Proof. We prove the lemma by induction on k. First, we consider the case k = 2; in this case, n > 3. By
multiplying both sides of (5.11) by e"*=D ¢! we obtain

n—-Il-1n-1-1

n—1 -
Z(_l)tels, Z Z ¢ (erma)ts(ata) |3 — () (5.13)
=0

= r=0 s=0
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Then, by multiplying both sides of (5.13) by e®2, we obtain

n—1 n—I-1n-1-1
Z(_l)l e(l+r+S>81+(—r+S+1)32 g’l =0. (514)
=0 r=0 s=0

Here, note that ((I +r + s)e; + (-r + s + 1)&y, a';’) = —r + s + 1. Hence, by applying the Demazure
operator D, to both sides of (5.14), we deduce that

n—-l-1r-1
Z( l)l Z e(l+r+s)81+(—r+s+l).92(1 +e® 4. ..y e(r—s—l)az)
r=1 s=0
v (5.15)
n—-[-2n-1-1
— Z Z e(l+r+s)81+(—r+s+1)82 (e—cxz +e—2a2 I +e—(—r+s)a/2) % =0
r=0 s=r+l
(%)
In (x), we put
TE=rTS SI=S (5.16)
while in (**), we put
rE=sor si=r (5.17)
Then, we see that
(LHS) of (5.15)
n— n—l-1n-l-1-r
= Z( l)l lsl( Z e(r1+2s1)51+( r1+1)52(1 re® 4. e("l—l)tlz)
=0 1=1 51=0
n=l-1n-l-1-r
_ Z Z e(r1+2sl)sl+(r|+1)gz (6702 + e,zaz 4epe al))i}[
=1 81—()
n— n—-Il-1n—-Il-1-r
= Z( 1)l 181+£2( e(r1+251).91
=0 =1 5=0
( ri—1 r
x|e"122 Z el (e2-83) _ orien Z et(—32+g3)))%l
t=0 t=1
"—2 (nzllln——z—
= l lsl+<92 (r1+2s1)sl
l=0 =1 =0
ri—-1 ri—1
p2=0 q2=0

where, for the last equality, we have used Lemma 5.11 (2). Hence, by dividing the rightmost-hand side
of (5.18) by e2(1 — e2*43), we obtain
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n—l-1n-l-1-r| ri—1 -1
Z( ! Z Z elltri+2s)) e -6 Z eP2(£2-3) Z e®2(e2+e3) | —
r=l  5=0 p2=0 q2=0

This proves the lemma for k = 2.
Now, let 3 < k < n — 1. We assume that the lemma holds for k — 1, and prove the assertion of the
lemma for k; note that n > k + 1 in this case. By the induction hypothesis, we have

n—k+1 n-Il-1 n-l-1-r; r-1 r-1-rn ri—3—1 re—3—1—ri_a
NG DI INDY
1=0 ri=k-2 s1=0 r=k-3 =0 re-2=1  sp-2=0

e(l+r1 +251 ) &1 +(—r1 +r2+2s2) &t ~+(—rk_3+rk_2+2Sk_2) 5k—2+<_rk—2) Ek-1

rr——1 rr—2—1

% Z el (ek1—ek) Z edi-1(Er-1+ei) | ()

Pk-1=0 qic-1=0
By

(i) multiplying both sides of this equation by e®*,

(ii) applying the Demazure operator Dy to both sides,
(iii) making a change of variables similar to (5.16) and (5.17), and
(iv) dividing both sides by e® (1 — e®k*&k+1),

we deduce that

n—k+1 n—-Il- 1n—l—1—r1 r|—l r1—l—r2 rk,z—l rk,z—l—rk,l

INCHI DI INDINDY

=0 ri= =k-1 S1 =0 = k-2 SzZO rk_lzl Sk_1:0

eHT14251) 814 (=r141242850) 0+ (=T k347 k-2428k-2) ExaH (T2t k- 1 428k-1) Ek-1+(=Tk-1) €k
rg-1—1 rr-1—1

x Z ePk(ek=&k1) Z ek (Ex+er) & =0,
pi=0 qr=0
as desired. Thus, by induction on k, the lemma is proved. ]

Also, we can prove the following lemma for complete symmetric polynomials. Since the proof of
this lemma is elementary, we leave it to the reader.

Lemma 5.13. In the Laurent polynomial ring Z[xi—'l, ..., xE1), the following hold.

(1) We have ho(x1,...,xn,x, -1 ,xl_l) =1.
2) Form > 1, we have

. _m:{m(xl,xl‘) ifm =1,

m(xlaxl_l) - hM*z(xl’xl_l) #‘m 2 2'

(3) Form > 1, we have

x " (;)(xlxg‘)") (E(XNQ)I)

_{h[(X},XZ,XZ s X 1) l'fm=1,

B (x1, 2,55, X7 = hyea (1, x0, 5 x 7 ) ifm > 2.
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4) Ifn = 3, then for m > 1, we have

m+n-2 m+n-2-r; ri—1 ri—-l-r rp-3—1lrp3—l-r,_
ri=n-2 s51=0 r=n-3 s=0 rn—2=1 Sp—2=0
x—(m+n 2)+r1+2s1x—r1+r2+2s2+1 . x—rn,3+rn,2+2s,l,2+1x—rn,2
1 2 n-2 n-1
rn—2—1 rn—2—1
-1\k )
x Z oD || DS (o)
=0 =0
-1 ; —
: hl(xl,...,x,,,x . ) ifm=1,
- 1 -1 -1 .
B (X153 X, Xy o, XY Y — hpo (x4, .. Xy Xy e, X ) ifm > 2.

Proof of Proposition 5.9. By multiplying both sides of (5.11) by e®' and then applying Lemma 5.13 (3)
with x; = e®!, x, = e®2, and m = n — [ — 1, we obtain

n-1
Z(_I)Z(Hﬁ—l—l - Hﬁ—l—3)%l =0
1=0

For 2 < k < n — 1, by multiplying both sides of (5.12) by e”(27~k=2)er+&x++&n1 and then applying
Lemma 5.13 (4) with x; = e®', ..., x;y1 = €% and m = n — [ — k, we obtain

n—k
D D H L~ HIY ) =
1=0
This proves Proposition 5.9. O

5.3. The solution of the recurrence relations

In this subsection, we solve the recurrence relations (5.10) for &, 0 < [ < n, with coefficients in R(T).
Recall the notation E;, 0 < [ < 2n, from (3.1).

Lemma 5.14. We have the following:

Eo=1, (5.19)

D UDHE )~ L )E =0, 0<k<n-1. (5.20)

Proof. First, equation (5.19) is obvious from the definition of elementary symmetric polynomials. We
will prove (5.20). Since

00 d
1
I _
E hi(x1,...,xq)t —|4 | r—
=0 i=1

for1 < k+1 < n, we have

00 . l k+1 k+1
ZH 4 (1—[ 1—e‘91t) ﬂ | (5.21)

=0
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By multiplying both sides of (5.21) by ¢ and then subtracting the resulting equation from (5.21), we
obtain

) k+1 1 k+l1 1
kel _ ppk+Iy D _ o _ .2
DUHE - HE D = (11 )(]:[ - _egit) H i | (5.22)

=0

Also, since

d

d
Z er(xg,... ,xd)tl = l_[(l + x;t),
=0 i=1
it follows that
2n n n
ZE,zd = (l_[(1+e5it)) l_[(1+e‘5-ft) . (5.23)

=0 i=1 j=1

By multiplying (5.23) with the equation obtained from (5.22) by replacing ¢ with —¢, we deduce that
00 2n
(Z(—l)’(H,k“ - H )zl) Z Emtm)
1=0 m=0
n n
=(1- zz)( [Ta +e8"t)) []a+e=n]

i=k+2 Jj=k+2

(5.24)

The LHS of (5.24) can be rewritten as:
2n
Z Emt’”)

(i(—l)lm{‘” - H{i*g)t’)
=0 m=0

oo )
= Z(Z(—l)"d(H,"fj - H,"_*;_Q)Ed)t’. (5.25)
0

1=0 \d=

By setting e,,,(x1,...,x4) = 0if m < 0 or m > d, the RHS of (5.24) can be rewritten as:

(1- tz)( ﬁ (1 +e8"t)) ﬁ (1+e %ip)

i=k+2 J=k+2
2(n—k-1)
=(1-1%) Z e (€82 el e, . e Tk
m=0
2(n—k-1)
= Z (em(e® 2, . .. e%m, e % .. e %2) —¢, H(e® 2, .. e, e %, .. e % 2))" (5.26)

m=0

Therefore, by comparing the coefficients of =% in (5.25) and (5.26), we see that

n—k
n—-k-d k+1 k+1
D VU HT Ly~ By 0)Ea
d=0
=e,_(e5%2, . efr et . eTE) —e, p h(efR2 . e®r e . e %F2)
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&, &; —&, — &L &, &; —& — &L
= e(nok—1)+1 (€52, . e e, e —e, gy (e, et e, L e k)

2(n—k—1) variables
-0 by(3.2).

Thus, we conclude that

n-k n—k
D UEDHE L = HE ) E = (=) Y (<) R HE L - ) E =0,
1=0 =0
This proves the Lemma. O

Corollary 5.15. For 0 <1 < 2n, we have & = E|.

Proof. By Proposition 5.7, it suffices to prove the corollary for 0 </ < n. It follows from Lemma 5.14

that (Ey, ..., E,) is a solution of the recurrence relations (5.10). Since the elements &, 0 < [ < n, are
uniquely determined by the recurrence relations (5.10), we conclude that § = E; for 0 < [ < n, as
desired. This proves the corollary. m}

6. Borel-type presentation

The aim of this section is to give a proof of Theorem 3.6. We assume that G = Sp,, (C), the
symplectic group of rank n. First, we derive some relations in QK7 (G/B) from the corresponding
ones in K7(Qg), given in Corollary 5.15. Then, based on these relations, we prove the existence
of a homomorphism (R(7T) [[Q]])[zi—'l, ...,25'] — QK7 (G/B) of R(T)[[Q]]-algebras which annihi-
lates the ideal Z2 of (R(T)[[QT)[zE',...,z¢']. Finally, we prove that the induced homomorphism
(R [[CM [z, ...25"1/T2 — QK7 (G/B) is, in fact, an isomorphism.

6.1. Some relations in QK7 (G/B)

We will derive some relations in QK7 (G/B) from the corresponding ones in K7 (Qg), given in
Corollary 5.15.

Definition 6.1. Let J c [1,1].
(1) For 1 < j < n, we define ¢%(j) € Z[[Q]] by
ifj,j+1el,

02(j)=41-0;
1 otherwise.

(2) For2 < j < n, we define ¢% (7) € Z[[Q]] by

1+M ifJ:{...<j_l<j_1<...}’
o~ . 1-Qj-
e ()= - ifj,j—1€l,

1-0j1

1 otherwise.

(3) We set 99 (1) := 1 € Z[[Q].

In the following, [T* denotes the product with respect to the quantum product *.
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Definition 6.2. (1) For 1 < k <nand 0 < < k, we define an element flk € QK7 (G/B) as

F = Zu( [ w?(j))(ﬂ*[ocw(—sj)l)-
1

JlLkN\1<j<T jes
J

(2) ForO < k <nand 0 <[ < 2n — k, we define an element ]—'f € QK7 (G/B) as

Fe= 3 [T 5w (]_[*[OG/B<—SJ>]),

Jo[Lk+1\1<j<1 JjeJ
|J|=t

where we understand that n+1:=n.
(3) Weset F; := F) for 0 < I < 2n.
Recall the notation ®@ from Theorem 4.1.
Proposition 6.3.
(1) For1 <k <nand0 <1 <k, we have d>(.7-'lk) = ‘&lk
2) ForO0 <k <nand0 <1 <2n -k, we have <I>(.7-'lk) = "&lk

Proof. We prove only (2) since (1) can be proved by the same argument as (2). In this proof, we thought
of 1/(1 —t;) for 1 <i < n as the infinite sum 3, tf; this infinite sum is a well-defined operator on

K7 (Qg). We define go? (j) forJ c [1,1] and j € [1,1] as follows.

(1) For1 < j < n, we set

© ifj,j+1lel,
o; () =q1-4
1 otherwise.

(2) For2 < j < n, we set

1+1111t “ if/={--<j-1<j-1<---},
w — -1
2 1 [
e; ()= ifj,j—1¢€l,
1—tj_1
1 otherwise.

(3) We set (p? (1) :=1.

Note that 9017 is obtained from gDJQ by replacing Q; witht; for 1 <i < n.
By Proposition 4.2, we see that

o(Ff)= ), ;| T a-vof [] a-t)|0gs (=21
Jc[lLk+1\1<j<1 I<j<n 1<j<n
|J|=l jes jed

= S U TTew|l [T a-twf [] 0-t-0|0g-en.

Je[Lk+1\1<j<T 0<j<n-1 2<j<n+l
|J|=l J+leJ j-leJ
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Let us take and fix J c [1,1]. For 1 < Jj<n-1, weset

1-t; ifj+1elJ,
05(j) = /
() { 1 otherwise.

Then, for 1 < j < n — 1, it follows that

1
] t-(l—tj) ifjeJand j+1€J,
Y
07 (NOs() =411 ifjeJandj+1¢J,
1-(1-t) ifj¢Jandj+1€J,
1-1 ifjgJand j+1¢J

)=ty ifj¢Jandj+ 1€,
1 otherwise

=yi(j).

In addition, we set

1-t, ifnel,
0y(n) =
s (1) {1 otherwise.

Then it follows that

1
-(1-t,) ifneJandneJ,
1-t,
QO;(”)Q](”): 1-1 ifneJandn ¢ J,
1-(1-t,) ifn¢Jandn e J,
1-1 ifn¢gJandn ¢ J

1-t, ifn¢JandneJ,
1 otherwise

=y (n).

Also, for 2 < j < n, we set

- 1-t; ifj-1€J,
0;(j) = /
s() {1 otherwise.

Then, for 2 < j < n, it follows that

27

ity -ty ) . —
I+ —— |- (1-tjy) ifJ={-<j-1<j-1<---},
1—Tj_1
1-(1-t;_) if j¢J,j—1€J, and J is not of the above form,
7 (NO;() =111 ifj¢Jandj—1¢J,
(1 =tj1) ifjeJandj—1€J,
-t
1-1 ifjeJandj—1¢J
=t +tjogtjoot, ifJ={-<j-1<j—-1<---},
=q1-t;_ if j¢J,j—1€J, and J is not of the above form,
1 otherwise
=y ().
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Therefore, by setting 8 (1) := 1, we conclude that

oF)= Y | ] e 1) |[0g (=]

Jc[lLk+1\1<j<1
=t

S TT v |[0ge (=2

J[L,1]\1<j<T
/1=l

k
= g’[ s
as desired. This proves the proposition. O

By Proposition 6.3, we obtain the following relations in QK7 (G/B); recall the notation E; for
0 <! < 2nfrom(3.1).

Corollary 6.4. For 0 <[ < 2n, we have F; = E|.

Proof. By Proposition 6.3 and Corollary 5.15, we have
O(F—E)=F—-E =0;

note that ®(E;) = E;, 0 < [ < 2n, because we have

€1 €n

er(e7®, ... e % e . ef) =¢(e®,. .., e, e, .., e ).
Since @ is injective, we conclude that F; = Ej, as desired. This proves the corollary. O

Also, by combining Proposition 6.3 with Proposition 5.6, we obtain an explicit expression, in terms
of line bundle classes, of the Schubert classes [O152 k] and [(OS152 SnSn-1"Sk ] for 1 < k < n.

Corollary 6.5. (1) For 1 < k < n, the following equality holds in QK7 (G /B):

k

[OSI“'Sk] — Z(_l)le—lalﬁk'

1=0
(2) For1 < k < n, the following equality holds in QKr (G /B):

2n—k

[Osl-"snsrrl'"sk] — Z (_l)le_l(‘:]J:lE.
=0

6.2. The existence of a homomorphism

It follows from Corollary 6.4 that there exists a homomorphism (R(T)[[Q]]) [z;—'l, R A I
QK7 (G/B) of R(T)[[Q]]-algebras, which eventually gives a Borel-type presentation of QKr (G /B).

Definition 6.6. We define a homomorphism P2 : (R(T) [emizz'.....z5"1 — QKr(G/B) of
R(T)[[Q]]-algebras by:

Let us compute the images ‘T’Q(z;l), 1 < j < n. By convention, we set Qg := 0.
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Lemma 6.7. For 1 < j < n, the line bundle class [Og,g(—¢;)] € QKr (G/B) is invertible with respect
to the quantum product % in QKr (G /B), and its inverse is given as:

1
S (1-0,)(1-Qj-1)

[Og/p(—&;)]™" [Oc/B(g))].

Proof. We set

1
o (1-0,)(1-0j1)

1
_ (1 5 [OG/B(sm) *(

[Og/B(gj)] * [Og/p(—£/)]

1
1_—Qj1[0G/B(—5j)])-

It suffices to show that £ = 1. By using the map @ : QK7 (G/B) — K7 (Qg) (see Theorem 4.1), we

see that
(L) = O (- [06/8(e)1 | % [—5—[Oc/a(-))]
- 1= Q] G/B\&j 1-— Qj—l G/B\7¢€j
= [Oq (gj)] ® [Oqg; (—¢€;)] (by Proposition 4.2)
= [Oqg (/)] ® [Oqq (—¢)]
= [0g;1-
Since (1) = [Oq,, ], we conclude that £ = 1, as desired. This proves the lemma. o

Corollary 6.8. For 1 < j < n, we have

po (Z;l) = 1—;Q1 [Og/B(g))].
i

Proof. We compute as:
PO (z;") =0 (z))!
1 -1
= =0, [Og/B(—¢;)]
=(1-0)) - [Oc/p(-£)]™"

1
=(1-0j)- 1-0)0-0,1) [OG/8(gj)] (by Lemma 6.7)
1
= 1_—Qj_l[(9G/B(8j)]-
This proves the corollary. O

Recall that z; = ZJ_.l forl <j<n.

Definition 6.9. (1) For 1 < k <nand 0 <[ < k, we define Flk € (R(T) [[Q]])[zfl, co i by

Ff= % (]_[ él(j))(]_[zj)-

Jc[l,k] lSjST jeJ
J
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(2) For0 < k <nand0 <[ < 2n— k, we define FF € (R(D)[[QI)) [z, .., 2] by

Fl= ) (]_[ §J<j))(]—[z,),

JolLk+1\1<j<T jet
|J|=l

where we understand that n + 1 := n.
Note that if k = 0, then F = F; for 0 < [ < 2n.

Lemma 6.10. (1) For1 <k <nand0 <1 < k, we have l/I\‘Q(Flk) =Ff.
2) ForO0 <k <nand0 <1 <2n -k, we have l’I\‘Q(Flk) = ]:lk.

Proof. We prove only (2) since (1) can be proved by the same argument as (2). By Corollary 6.8, we

see that
PO (FF)
* 1 * 1
= > (ﬂ mn) [[ =g 10ement| || =g 10amen]
Jo[Lk+1\1<j<T I<j<n J 1<j<n Jj-1
/1=t JeJ jeJ
. 1 1 *
= Z (n {J(J)) H -0, 1_[ -0 (1_[ [OG/B(—Sj)]).
T[T \1<)<T 1<j<n I ) 1<isn = W\jes
|J|=t JjeJ jeJ

Let us take and fix J C [I,T].Forl < j < n, we set

) if j eJ,
ns(j)=11-0;
1 otherwise.

Then it follows that

ifjeJand j+1€J,
Lr(ng(j) =

ifjeJandj+1¢J,

|
—~
[
|
Q
~.
~

11 ifjed

ifjeJand j+1€J,

I
—
=
Q
~.

1 othewise

[
€
~©
<

Also, for 2 < j < n, we set

_ — ifjel,
ns(j) =y1-0j
1 otherwise.
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Then it follows that

1+M -1 1fj:{<]_1<]_1<}’
1-0j1 ~
_ _ 1-1 if j ¢ J and J is not of the above form,
/ / = l — —
Gl =q 1 ifjeJandj—1elJ,
1-0Qj-
(1-Qj1)-———— ifjeJandj—1¢J
1-0j1
1+M fJ={ <j-l<j—l<-},
. 1-0j
Rl ifjeJandj—1¢€J,
-0, J J
1 otherwise
=2 ().

From these, we conclude that

¥ = > | [] gv(jm(j))

Jc[lLk+1]\1<j<1
|J =t

H* [@G/B(—Ej)])

jel

= (ﬂ w?(j))(ﬂ*[ow(—sn])

Jo[Lk+1]\1<j<1 jeJ
ME
k
= FF,
as desired. This proves the lemma. O

By Corollary 6.4, we obtain the following.
Corollary 6.11. For 0 < j < 2n, we have Y2 (F, — E;) = 0.

Hence, the map P2 induces the R(T)[[Q]]-algebra homomorphism (not yet proved to be an isomor-
phism) W2, given by (3.3).

Also, by combining Lemma 6.10 with Corollary 6.5, we obtain an explicit expression, in terms of

line bundle classes, of the Schubert classes [O%1"5k] and [ SnSn-15k] for 1 < k < n.

Corollary 6.12. (1) For 1 < k < n, we have

[OS15K] = po

k

Z(_l)le*lé?] Flk)~
1=0

(2) For1 < k < n, we have

[OS1SnSn-1 k] = o

2n—k o
Z (_1)le*181 Flk) .
1=0
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6.3. Finishing the proof of Theorem 3.6

Let us complete the proof of Theorem 3.6. It remains to prove that the R(7T') [[ Q]]-algebra homomorphism
po, given by (3.3), is an isomorphism. For this, we make use of the following lemma, which follows
from Nakayama’s lemma.

Lemma 6.13 [6, Proposition A.3]. Let R be a Noetherian domain, I C R an ideal. Assume that R is
I-adic complete. Let M and N be finitely generated R-modules. In addition, assume that the R-module N
and the (R/I)-module N|/IN are free of the same finite rank. Then, for a homomorphism f : M — N of
R-modules, if the induced homomorphism ? :M/IM — N/IN of (R/I)-modules is an isomorphism,
then fis also an isomorphism of R-modules.

We apply this lemma to the case

R:R(T)[[Q]]’ I:(Ql""’Ql’l)s
M= RMID[zE,. ... /T°, N =0Kr(G/B). and f=¥2;

note that R is /-adic complete. Recall that N is a free R-module of rank |W|(< oo) since it admits
the Schubert basis {[O”G”/B] | w € W}. In addition, we see that N/IN =~ Ky (G/B) is also a free

R/I ~ R(T)-module of rank |W| since it also admits the Schubert basis. Hence, it remains to verify the
following:

(i) M is a finitely generated R-module.
(ii) The induced R(T)-algebra homomorphism W€ : M /IM — N/IN is an isomorphism.

Let Z be the ideal of R(T)[zE!, ..., z5'] generated by:
el(zl,...,zn,zgl,...,z?l) —-E forl<l<n.
Then, by Remark 3.4, we see that
M/IM ~ R(T)[zi',....25"1/T. (6.1)
It is well-known (see, for example, [24]) that there exists an isomorphism

¥: R(D[E,....22" /T > Kr(G/B)

6.2
Zj +7 - [OG/B(_SJ)]’ 1<j<n, 62)

of R(T)-algebras; this is just the classical Borel presentation. Now part (2) follows from (6.2). For part
(1), we can apply the following lemma.

Lemma 6.14 [8, Proposition A.5 (1)]. Let A be a Noetherian ring. Let R := A[[Q1,...,0u]l, I :=
(01,...,0,) C R, and M an R-module. If M /IM is a finitely generated (R/I)-module, then M is a
finitely generated R-module.

Proposition 6.15. (R(T)[[Q1) [zF', ..., 2E"1/Z2 is a finitely generated R(T)[[Q]]-module.

Proof. Weset M := (R(T)[[QI) [z}, ..., 25"]/Z9. By (6.1) and (6.2), M /IM is a free R(T)-module
of rank |W|(< o0); in particular, M /IM is a finitely generated R(7T)-module. Therefore, by applying
Lemma 6.14 to the case that A = R(T), we conclude that M = (R(T) [[Q]])[zfl, N - A% I
finitely generated R = R(T) [[Q]]-module. This proves the proposition. O

Thus, by Lemma 6.13, the proof of Theorem 3.6 is completed.
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Appendices
A. Proofs of Propositions 4.3 and 4.4

In this appendix, we prove Propositions 4.3 and 4.4.
First, let us recall the definition of the quantum Bruhat graph.

Definition A.1 [2, Definition 6.1]. Let W be the Weyl group of G (of an arbitrary type). The quantum
Bruhat graph QBG(W) on W is the A*-labeled directed graph with vertex set W and directed edges

x5 x§q for x € W and @ € A* such that either of the following holds:
(B) €(y)=£4(x)+1,0r
(Q () =L(x) = 2p,a”) +1,

where p = (1/2) 3 yea+ @. If (B) (resp., (Q)) holds, then the edge x 2, xsq is called a Bruhat (resp.,
quantum) edge.

For G of type C, that is, for G = Sp,,(C), we know the following useful criterion for the directed
edges in QBG(W); for 1 < j < n, we set sign(j) := 1 and sign(j) := —1.

Proposition A.2 (cf. [16, Proposition 5.7]). Let w € W.

(1) Forl <i < j < n, we have the Bruhat edge w M ws; jy in QBG(W) if and only if w(i) < w(j)
and there does not exist any i < k < j such that w(i) < w(k) < w(}j).

(2) Forl <i < j < n, we have the quantum edge w (l—])> ws(;, jy inQBG(W) ifand only if w(i) > w(j)
and alli < k < j satisfy w(i) > w(k) > w(j).

(3) For 1 <i < j < n, we have the edge w M ws(; 5 in QBG(W) if and only if w(i) < w(j),
sign(w(i)) = sign(w(})), and there does not exist any i < k < j such that w(i) < w(k) < w(j). In

this case, the edge w —(i—j>—> ws; 5 isa Bruhat edge.

(4) For1 <i < n, we have the Bruhfzt edge w ﬂ) ws(; 7 in QBC_}(W) if and only if w(i) < w(i) and
there does not exist any i < k < i such that w(i) < w(k) < w(i).

5) For1 <l <n, we have the quantum edge}v <l—l)> WS, 5 in QBG(W) if and only if w(i) > w(i)
and alli < k < i satisfy w(i) > w(k) > w(i).

Let G be of an arbitrary type. Let us briefly review the (“generalized”) quantum alcove model,
introduced in [17] (see also [20]).

We set
a ifaeAt,
la| = . N
—a ifae—-A".
Definition A.3 [20, Definition 17]. Let " = (y1, ..., y,) be a sequence of roots, and w € W. A subset
A={i,...,is} c{l,...,r}is said to be w-admissible if the sequence
lviy | [7iy | i
II(w,A) : w=wy L Wy —s - s Wy
is a directed path in QBG(W); we set
end(A) = wy,
down(A) := Z lyi, 1.
1<j<s

wj_1—wj is a quantum edge

Let A(w,T") denote the set of w-admissible subsets associated to I.
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We regard a w-admissible subset A € A(w,I") as a subset of I, and write it as A = {y;,,...,¥i,}.
Also, for a tuple (A1, ..., A,) of admissible subsets A; € A(w;,I';),1 < j <r,withw; € Wand T
a sequence of roots, we set

down(Ay,...,A,) :=down(A{) +---+down(A,).

In the following, we assume that G = Sp,,,(C). We use admissible subsets associated to the following
two types of sequences of roots for 1 < k < n:
O = (—(1,k),...,—(k—1,k));
e (k) == (=(1,k),...,—(k - 1,k),
—(k,k+1),...,—(k,n),
~(k, k),
—(k,n),...— (k,k+1)).
Let us briefly recall from [13, §4] the “second half” of the inverse Chevalley formula in type C.
Following [13, §4.1], for j,m € [1, 1] with j < m, we set

Smj =AUt i) lr=1, ji,...,jre[L1]l, m>j1>---> j. = j}L

Also,forw e Wand 1 < k <1 < n, we set
ARL = (A € A(w,0;) \ {0} | end(A) 'wey = &1},
while forw e W,and 1 < k <n, 1 <[ <k, we set

AK! = (A € A(w,Ti (k) \ {0} | end(A) w(-ex) = &1}

Theorem A.4 [13, Theorem 4.3] combined with [10, Theorem 5.8]. Forw € Wandm = 1,...,n, the
Sollowing identity holds in Krxc+(Qg):

e Wem [OQG(W)]
= Z (-U‘Bl [OQG (end(B)tdown(B>)(_8m)]

BGA(W,OM)

+ ) > S Y (bAoA Ar)

j=m+1 (j1,...,J) — = m,j Jr—1-J
JEmAL (i, jr) €555 AL e AT AVEAe;d(]A:,I)

X Z (-7 [OQG(end(B)tdown(A] Ar,m)(_gf)] (A-D

BeA(end(4,).0)) 7

+Zn: > S 3 (M g doun(an o An)

J=L(roeesfr) €5, A e AT ArEAgJ(lAJ:,,)

_1\IBl ;
X Z ( 1) [OQG (el’ld(B)tdown(Al AAAAA Ar,B))(g‘/):I :
BeA(end(A,),T;(j))

We will prove Proposition 4.4 by using Theorem A.4; since the proof of Proposition 4.3 is similar

(use [13, Theorem 4.5] instead of [13, Theorem 4.3]) and easier, we leave it to the reader (cf. the proof
of [21, Proposition 4.5]).
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ProofofProposition 4.4. Weputw = 81+ Sp—18pSu—1 -+ S¢ and m = k in Theorem A.4. Note that
w=1[2,3,...,k,1,k+1,...,n] in “window notation.” Then, by Proposition A.2, we see that

A(s1 - Sn—18nSn—1 -+ Sk, Or) = {0, {—(k - 1,k)}}. (A2)

Hence, the first sum on the RHS of (A.1) is

(=1 O (ent gy )~ |

BeA(s1+*Sn-15nSn-1"5k,0Ok)

= [OQG(SI“‘Sn—lsnsn—l“‘Sk)(_gk)] - [OQG(Sl - Spo1SnSn—1 “‘Sk—l)(_gk)] . (A.3)

B=0 B={-(k-1,k)}

In addition, we see that

A(S] o Sn—15n8Sn—-1" " Sk7rk(k)) = {0’ {_(k7 k+ 1)}» {-(k,%)}, {_(k’z)» _(k7 k+ 1)}}’ (A4)

with
end({—(k, k + 1)}) =81 Su_18nSn_l " Sk+l,
end({=(k,k)}) = 1+ sk_1,
end({~(k, k), —(k, k +1)}) = s1 - - s,
and

down({-(k,k +1)}) = ],
down({-(k,k)}) =) +---+ay,

down({-(k,k),~(k,k+1)}) =a] +---+a,.

From these, we deduce that the remaining terms in the second sum on the RHS of (A.1) correspond to
the tuples (j, (ji,-..,Jr), Al,...,A,) such that

ok+l<j<n B
o (Jir-eerjr)=(kk+1,...,j),and
o (A1,.. ,A) =({-(k,k+ DL {-(k+1,k+2)},....{-(j =1, ))}), with

end(A,;) =St Su_1SnSn—1""- 5,

\4 \%
down(Ai, ..., Ay) =ay +- - +aj_

|A(|+---+|A;|=r=j—k.
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Therefore, the second sum on the RHS of (A.1) is

n

Z q_<aj’a1¥+“'+a}/—1> Z (_1)|B| (_81')

J=k+1 BEA(S1"*Sn-1SnSn—15,0;) Q end(B)t,v v

apteta
Jj-1

=q Z (—&5)
j= Sir S1 " Sn-1SnSn—-1" S,t‘,lv+ _Hl;/l
B=0
-lo -] (AS)
QG (517 "Sn-15nSn-1-""Sj-11 afaral
J
B={-(j-1j)}

where we have used (A.2) for the above equality.
Also, for 1 <i < n, we see that

A(sy - 5,0;) ={0,{=(, i+ 1)}},
with
end({-(i,i + 1)}) =51 ---s5i-1, down({-(i,i+1)}) =q; .

By combining this with (A.4), we deduce that the remaining terms in the third sum on the RHS of (A.1)
correspond to the tuples (, (ji,.--,jr),Al,...,A,) such that

oj=1,. n,
O(Jl,...,Jr) (k, L1 —=1,...,)) for some k < [ < nwith j < I, or (ji,...,J,) =
(k,k+1,. ..,l 1_11 1,...lj)f0rsomek<l§nwithj§l,
o if (ji,.nunjr)=(k,k+1,...,,1,1-1,...,j), then
(A1, Ar) = ({=(k k+ D}, == 1,0} {=(, D},
{_(l_1’1)}""7{_(].5.]."'1)})7
with

end(A;) = s1---5j-1,
down(Ay,...,A;) = (@) +--- o) )+ (@) +--+a,) + () +--- +a)),

A+ + A =r=(U-k+1+({-j)=21-k-j+1,

o if (jio..osjr)=(k,k+1,...,1—=1,1,1=1,..., ), then
(Al’-'~’AI”) = ({_(kak+1)}a’{_(l_27l_ 1)}5{_(1_ lal_ 1)9_(1_ l’l)}’
{_(l_ lvl)}”{_(.],.]-i—l)})’
with
end(A;) =s1---5j-1,
down(Ay,...,A;) = (af +-- @) ) + (@)  +-+a,) + () +---+a)),
A+ +|Ar|=r+1=(U-k-D+2+({-j+1)=21-k—-j+2.
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Here, observe that for fixed 1 < j < mand k < [ < n with j < [, the term in the third sum on the
RHS of (A.1) corresponding to (ji,...,j,) = (E, k+1,....1,1,I—1,... ,J) and that corresponding
to (Ji,...sjr) = (E,k +1,...0-1,1,I-1,... ,J) cancel out. Hence, only the terms corresponding
to (Ji,...,Jr) = (E, k,k—1,...,J), with j < k, remain uncancelled. Therefore, the third sum on the
RHS of (A.1) is

k
D glenairron > -n'*lo

L . o QG(end(B)fdown(B)+aY+---+aV
7= BeA(sy-sj-1,T;(j)) J "

)(Sj)

ll}./+~~+(l’\{

k
:qul OQG(Sl'“Sj—lt )(gj) - OQG(S1AAASthJV,Jr...mx)(Sj) ; (A-6)

B=0 B={-(j,j+1)}
for this equality, we have used the fact that
Alstsooonsj- 1) ={0.{=(/. 7 + D}},

which can be shown by using Proposition A.2.
By combining (A.3), (A.5), and (A.6), the proof of the theorem is completed. ]

B. Proof of Proposition 5.7
In this appendix, we give a proof of Proposition 5.7.

Definition B.1. For A, B c [1,n] suchthat AN B =0, and for 0 < k < 2n, we set
jzf,B = {J C [I,T] |8_[ =&gpA—ER and |J| =k}
We have

= > D TT v ]][Ogc (=24 + )1,

A.Bc[ln]  \Jeg! \1<j<T

ANB=
k=(|Al+|B|)€2Z50

If k < n, then we can construct a bijection 7 j{ g j”gk as follows. Let A, B C [1, n] be such that
ANB=0.Wesets :=|A|, t:=|B|, and write A, B as:

A={ij <---<ig}, B={ji<--<ji}

We consider only the case jflx(B #0.Letk <nbesuchthat s+t < k and k — (s + 1) € 2Z; we set
re=(k—-(s+1)/2.1fJ € jAkB’ then there exist 1 < k; < --- < k, < n such that

J={it, .. igyu{j, ...,y u{kn, .. kY u{kn, ... k) (B.1)
Let us take my, ..., m, € [1,n] such that

{my<---<my}y=[Ln]\(AuBU{ky,....k-}),
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and define J* c [1,1] by
Jo={in, iU, e U m, o omy Y U (g )

It is easy to check that J* € J2"%.

Example B.2. Letn =7 and J = {2, 4, 5,6, 5, 5}. We see that J € J{64} 6} By decomposing J as:

J={4yu{6}u{2,5u{2,5},
we have
Jr={4yu{6yu{1,3,77u{l,3,7} € .7{84}’{6}.

We can easily verify the following lemma.

Lemma B.3. The assignment J — J* for J € ‘714]\{,3 gives a bijection jﬁ,B = jf‘gk.

To prove Proposition 5.7, we need the following lemma.

LemmaB.d4. Let J C [1,1] be decomposed asin (B.1). Assume that k, < i, ky < j;, or {max{is, j;}+1,
...,n} C J. Then, we have

[Twmh= ] a-v [] a-v0=]] v w.

1<j<1 l<jzn _25jsn 1<j<1
J&J, j+le jed, j-led

where we understand that n + 1 :=n.

Proof. The first equality follows from the definition of ;. We show the second equality. For 1 < j <
n— 1, we see that j ¢ J* is equivalent to j € J, while j + 1 € J* is equivalent to j + 1 ¢ J. Also, the
condition that n ¢ J* and n € J* is equivalent to the condition that n ¢ J and n € J. In addition, for
2 < j < n, wesee that j ¢ J* is equivalent to j € J, while j — 1 € J* is equivalent to j — 1 ¢ J. This
shows the second equality. This proves the lemma. O

Sketch of the proof of Proposition 5.7. Take A, B C [1,n] suchthat ANB = 0. We set s := |A|,t := |B]|,
and assume that s+ < k, k — (s + ¢) € 2Z (so that Jf g * 0). We write A and B as:

A={i <---<is}, B={ji<-<ji}
and set M := max{is, j;} (if A = B = 0, then we set M := 0). It suffices to prove that
SUTTww]= 2> | T] wxn) (B.2)
JeTx p\1<j<T KeggM\i<j<1
For p > 0, we set 7% ,(p)

Txg(p) = €Ty gl [In{M+1,....n}| =p}.

If we can show that for0 < p <n - M,

XAl wwl= 2 |]]vwo} (B.3)

JeTk p(p\1j<1 JeTk g (M\1<j<T

then (B.2) follows.
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IfJ e jk is decomposed as in (B.1) in such a way that k, < iy, k, < j,or {M +1,...,n} C J,

then it follows from Lemma B.4 that
[Twi=1]] v o

1<j<1 1<j<1

This shows (B.3) for p = 0,n — M. Let us consider the case that 1 < p <n— M — 1. We see that

N IEZGIEEDY D [T vkotni .. Ty () |

JeTk p(m\1<j<T Kegk 2w o) M<ki<w<kp<n\|<j<T
Z 1—[ ‘/’J*(]) = Z Z l_[ lp(Ku{kl _____ k,,,kﬁ ,,,,, kT,})*(J) .
JeJk g(p\1<j<T KeTy P (0) M<ki<-<kpsn\1<j<i
Forl<p<n-M —landKGJk 2p(O),weset
S(K,p) = Z l_[ VKU, Ty )

M<ki<--<kp<n\1<j<T

T(K,p):

Il
=
=
C
=
ko
s
<
i
=z
~~
~
p—

.....

M <k <---<kp<n lstT
We can show that
S(K,p) =T(K,p) (B.4)

forall A,B C [I,n] suchthat ANB=0,1<p<n-M-1,andK € J Tk 2"(0) in the following steps
(the details are left to the reader):

Step 1. Show (B.4) for A, B ¢ [1,n] such that AN B = 0, and K € J4 ”(0) with M € K by
induction on p > 1.

Step 2. Show (B.4) for A, B c [1,n] such that AN B = 0, and K € J, ;”(0) with M € K by
induction on p > 1.

Step 3. Show (B.4) for K = @ by induction on p > 1.

This completes the sketch of the proof of the proposition.

C. Inverse of the line bundle class associated to a fundamental weight

Let G = Sp,,,(C). We can compute the inverse [Og/p (—wj)]‘1 of the line bundle class [Og,p(-@;)]
for 1 < j < n with respect to the quantum product x in QK7 (G/B) by an argument smilar to that for
Lemma 6.7.

Proposition C.1. For 1 < j < n, the line bundle class [Og/p(—w ;)] € QKr (G/B) is invertible with
respect to the quantum product x in QK1 (G /B), and its inverse is given as:

[Og8(-w;)]™! [Og/B(@))].
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Proof. Recall the isomorphism ® : QK7 (G/B) — K7 (Qg) of R(T)-modules, given in Theorem 4.1,
such that for 1 < k <nand Z € QK7 (G/B),

O([Og/(-mi)] % Z) =[O (—mi)] ® B(Z2).

Let 1 < j < n. By [21, Proposition 5.3], we see that for Z € QK7 (G/B),

o[ 2+ 1= Oarn(@)| = 0(2) 0 100, (o)
J

Hence, we deduce that

(D([OG/B(_wj)] * (;[OG/B(wj)])) = [Oqs (=@)] ® [Oqq (@))]

1-0;
= [Oqq]
=®(1).
1
Therefore, we conclude that [Og,g(-w@;)] * (1 0 [Og/B (wj)]) = 1, as desired. This proves the
- X
proposition. i

Recall that 0 = Sy ¢ S} € --- € S, € C?" is the tautological filtration by subbundles of the
trivial bundle over G/B, with tk(S;) = j for 1 < j < n. Let C*" —» S —» -+ —» S » S8/ >0
be the dual of this sequence of vector bundles. Then, we know that [det(S;)] = [Og,p(—w@;)] and
[det(Sj\.’)] = [Og/p(w;)] in K7 (G/B) (c QKr(G/B)) for 1 < j < n. Hence, we obtain the following
corollary.

1
1-0;

Acknowledgments. The authors are grateful to Takeshi Ikeda for helpful discussions. The second author would like to thank
Leonardo Mihalcea for suggesting that we should make use of Lemma 6.14 to show the finite generation of a quotient ring.

Corollary C.2. For 1 < j < n, we have [det(S;)]™! =
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