ON THE z—-COORDINATES OF PELL EQUATIONS WHICH
ARE SUMS OF TWO PADOVAN NUMBERS

MAHADI DDAMULIRA

ABSTRACT. Let {P,}n>0 be the sequence of Padovan numbers defined by Py =
0, P =P, =1, and P43 = P41 + P, for all n > 0. In this paper, we find
all positive square-free integers d such that the Pell equations z? — dy? = +1,
X? — dY? = 44 have at least two positive integer solutions (z,y) and (z’,y"),
(X,Y) and (X',Y"), respectively, such that each of z, ', X, X’ is a sum of
two Padovan numbers.

1. INTRODUCTION
Let {P,}n>0 be the sequence of Padovan numbers given by
Ph=0, =1, PL=1, and P43 = P11+ P, for all n > 0.

This is sequence A000931 on the Online Encyclopedia of Integer Sequences (OEIS).
The first few terms of this sequence are

{Puns0=0,1,1,1,2,2,3,4,5,7,9,12,16, 21, 28, 37,49, 65,86, 114, 151, .. ..

Let d > 2 be a positive integer which is not a square. It is well known that the
Pell equations

2 — dy? = +1, (1)
and
X2 —dy? = +4, (2)

have infinitely many positive integer solutions (z,y) and (X,Y’), respectively. By
putting (z1,y1) and (X7,Y7) for the smallest positive solutions to and (2),
respectively, all solutions are of the forms (zy,yx) and (X, Yx) for some positive
integer k, where

zn+ypVd = (z1 + VA forall k> 1,

and

X+ Yivd <X1 +Y1Vd
2 N 2

k
) for all k>1.

Furthermore, the sequences {z}r>1 and {Xj}r>1 are binary recurrent. In fact,
the following formulae

(21 + yVd)* + (z1 — 1 Vd)*
2 b
and

k k
X1 +Yivd X, —Yid
=77 *{——=—
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hold for all positive integers k.
Recently, Bravo et al. [I], 2] studied the Diophantine equation

xy =T +Th, (3)

where xy are the x—coordinates of the solutions of the Pell equation for some
positive integer ¢ and {T},},>0 is the sequence of Tribonacci numbers given by
To =0, Ty =1="1T5 and Ty,43 = Typyo + Thy1 + 15, for all n > 0. They proved
that for each square free integer d > 2, there is at most one positive integer £ such
that x; admits the representation for some nonnegative integers 0 < m < n,
except for d € {2,3,5,15,26}. Furthermore, they explicitly stated all the solutions
for these exceptional cases.
In the same spirit, Rihane et al. [16] studied the Diophantine equations

Ty = P, and X, =Py, (4)

where z,, and X,, are the x—coordinates of the solutions of the Pell equations
and , respectively, for some positive integers n and {Pp, }m>0 is the sequence
of Padovan numbers. They proved that for each square free integer d > 2, there
is at most one positive integer x participating in the Pell equation and one
positive integer X participating in the Pell equation that is a Padovan number
with a few exceptions of d that they effectively computed. Furthermore, the
exceptional cases were d € {2,3,5,6} and d € {5} for the the first and second
equations in , respectively. Several other related problems have been studied
where z; belongs to some interesting positive integer sequences. For example, see
[5l, 6l 8, 10k 111, 12], 13, [14].

2. MAIN RESULTS

In this paper, we study a problem related to that of Bravo et al.[I], 2] but with
the Padovan sequence instead of the Tribonacci sequence. We also extend the
results from the Pell equation to the Pell equation . In both cases we find
that there are only finitely many solutions that we effectively compute.

Since P, = P, = P3 = 1, we discard the situations when n = 1 and n = 2
and just count the solutions for n = 3. Similarly, Py = P5 = 2, we discard the
situation when n = 4 and just count the solutions for n = 5. The main aim of
this paper is to prove the following results.

Theorem 1. For each integer d > 2 which is not a square, there is at most one
positive integer k such that xp admits a representation as

.CCk:Pn—f—Pm (5)

for some nonnegative integers 0 < m < n, except when d € {2,3,6,15,110,483}
in the +1 case and d € {2,5,10,17} in the —1 case.

Theorem 2. For each integer d > 2 which is not a square, there is at most one
positive integer k such that Xy admits a representation as

for some nonnegative integers 0 < m < n, except when d € {3,5,21} in the +4
case and d € {2,5} in the —4 case.

For the exceptional values of d listed in Theorem [I]and Theorem 2] all solutions
(k,n,m) are listed at the end of the proof of each result. The main tools used
in this paper are the lower bounds for linear forms in logarithms of algebraic
numbers and the Baker-Davenport reduction procedure, as well as the elementary
properties of Padovan numbers and solutions to Pell equations.
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3. PRELIMINARY RESULTS

3.1. The Padovan sequence. Here, we recall some important properties of the
Padovan sequence { P, },>0. The characteristic equation

2 —x—-1=0
has roots a, 3,7 = /3, where

—(r1+72) +V=3(r1 — 12)
12

_ri+Te B
o= . 8=

ry= V108 +12v69 and ry = \/108 — 12v/69. (8)

Furthermore, the Binet formula is given by

P, =aa" + 06" + " for all n >0, (9)

and

where
a+1 B+1 v+ 1 _
TP TE-aG- Ta-ae-m
Numerically, the following estimates hold:
1.32 < a < 1.33
0.86 < |8| = |y| = a2 < 0.87 (11)
0.72 < a < 0.73
0.24 < |b] = |¢| < 0.25.
From , and , it is easy to see that the contribution the complex conjugate
roots 8 and -, to the right-hand side of @, is very small. In particular, setting

1
e(n) := P, —aa" =b3" +cy" then |e(n)| < e (12)
holds for all n > 1. Furthermore, by induction, we can prove that
A" 2< P, <a™! holds for all n > 4. (13)

3.2. Linear forms in logarithms. Let n be an algebraic number of degree d
with minimal primitive polynomial over the integers

d
apz? + a1zt + -+ ag = ag H(g; — ),
=1

where the leading coefficient aq is positive and the n(9’s are the conjugates of 1.
Then the logarithmic height of n is given by

d
h(n) :== é (logao + Zlog (max{|77(i)], 1})) .
i=1

In particular, if n = p/q is a rational number with ged(p, ¢) = 1 and g > 0, then
h(n) = log max{|p|, ¢}. The following are some of the properties of the logarithmic
height function A(-), which will be used in the next sections of this paper without

reference:
h(m £n2) < h(m) + h(n2) +log2,

h(mnz ) < h(m) + h(n2), (14)
h(n®) = |slh(n) (s € Z).

~—  —
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We start by recalling the result of Bugeaud, Mignotte, and Siksek ([3], Theorem
9.4, pp. 989), which is a modified version of the result of Matveev [I5], which is
one of our main tools in this paper.

Theorem 3. Let 11,...,m: be positive real algebraic numbers in a real algebraic
number field K C R of degree Dk, b1, ...,b; be nonzero integers, and assume that
b b

A=nt-omt =1, (15)

1s nonzero. Then
log |A] > —1.4 x 30" x t*9 x Dg (1 + log Dx)(1 + log B)A; - - Ay,

where
B > max{|b1],...,|b¢|},
and
A; > max{Dgh(n;),|logmn;|,0.16}, for all i=1,...,t

3.3. Reduction procedure. During the calculations, we get upper bounds on
our variables which are too large, thus we need to reduce them. To do so, we use
some results from the theory of continued fractions.

For the treatment of linear forms homogeneous in two integer variables, we use
the well-known classical result in the theory of Diophantine approximation.

Lemma 1. Let 7 be an irrational number, 1;—8, 2—1, 2—;, ... be all the convergents of
the continued fraction of T and M be a positive integer. Let N be a monnegative

integer such that qny > M. Then putting a(M) := max{a; : i = 0,1,2,...,N},
the inequality

T 1

R -

s (a(M) + 2)s?

holds for all pairs (r,s) of positive integers with 0 < s < M.

-

For a nonhomogeneous linear form in two integer variables, we use a slight
variation of a result due to Dujella and Pethé (see [7], Lemma 5a). For a real
number X, we write || X|| := min{|X —n| : n € Z} for the distance from X to the
nearest integer.

Lemma 2. Let M be a positive integer, g be a convergent of the continued fraction

of the irrational number T such that ¢ > 6M, and A, B, i be some real numbers
with A > 0 and B > 1. Let further € := ||uq|| — M||rq||. If € > 0, then there is
no solution to the inequality

0<|ur—v+pl < AB™Y,
in positive integers u,v and w with
log(Ag/e)
logB
At various occasions, we need to find a lower bound for linear forms in loga-
rithms with bounded integer coefficients in three and four variables. In this case

we use the LLL- algorithm that we describe below. Let 71, 79,...7 € R and the
linear form

u<M and w >

X171 + x0T + -+ 1y with x| < X (16)

We put X := max{X;}, C > (tX)! and consider the integer lattice Q generated
by

bj:=e;+ |[C7j] for 1<j<t—1 and b:=[Crnley

where C is a sufficiently large positive constant.
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Lemma 3. Let X1, Xo,...,X; be positive integers such that X := max{X;} and
C > (tX)! is a fived sufficiently large constant. With the above notation on the
lattice ), we consider a reduced base {b;} to Q2 and its associated Gram-Schmidt
orthogonalization base {b;}. We set

[[B4]] ||b || 1 ;
Pp— 1 . 1 -—_ .
c1 .—{rgl?%(tHbm, 0 := E , and R.—2<1+;1XZ>.

If the integers x; are such that |z;| < X, for 1<i<tand®?>Q+ R?, then we

have
\/ R

iTi| =

For the proof and further details, we refer the reader to the book of Cohen.
(Proposition 2.3.20 in ([4], pp. 58-63)).
Finally, the following Lemma is also useful. It is Lemma 7 in [9].

Lemma 4. Ifr > 1, H > (4r%)", and H > L/(log L)", then
L <2"H(logH)".

4. PROOF OF THEOREM [I]

Let (x1,y1) be the smallest positive integer solution to the Pell quation . We
Put

=z +y1Vd and o=z —yVd (17)
From which we get that
§-0=a2—dy} = ¢, where e {£1}. (18)
Then
1
xR = 5(5”C +o"). (19)
Since § > 1+ /2, it follows that the estimate
(5k
— S < 6% holds for all k> 1. (20)
a

We assume that (k1,7n1,m1) and (kg, n2, mg) are triples of integers such that
1‘k1 = Pnl + Pml and ka = Pn2 + ng (21)

We asuume that 1 < k1 < ko. We also assume that 3 < m; < n; for i =1,2. We
set (k,n,m) := (k;,n;,m;), for i = 1,2. Using the inequalities and , we
get from that

5k
A <zp=P,+P,<2"' and o 2<P,+ P, =ux <"

The above inequalities give
(n—2)loga < klogd < (n+ 3)log o + log 2.
Dividing through by log a and setting co := 1/log «r, we get that
—2 < coklogd —n < 3+ colog?2,
and since a® > 2, we get

|n — coklog 0| < 6. (22)
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Furthermore, k < n, for if not, we would then get that
6 n
o" < 6% <203, implying <a) < 203,

which is false since 6 > 1+ /2, 1.32 < a < 1.33 (by (T1)) and n > 4.
Besides, given that k; < k2, we have by and (21)) that
Q™2 < Py < Py + Py = xp, < Tpy = Py + Py < 2P, < 2a™7L
Thus, we get that
ny < ng + 4. (23)
4.1. An inequality for n and k (I). Using the equations (9) and and (21,

we get

1
5((5’c +0%) = Py + Py, = aa™ + e(n) + aa™ + e(m)

So,
1 k n m 1 k
55 —a(a" +« ):—50 + e(n) + e(m),
and by , we have
1 e 1 2|
514: 2 1 n(1 m—ny—1 1‘ <
‘ (2a) " a7 (1 + ™) = 20ka(am 4+ a™)  an/2a(am + a™)
2[b|

am/Qa(an + am)
L1, 2, 2 _ L5
aa™ \ 26k Oén/2 am/? an’

1.5

am’

Thus, we have

*(2a) a1 + ™)L - 1( (24)
Put
Ay =682a)ta "1+ o™ )1
and
Iy :=klogd — log(2a) — nlog a — log(1 + ™™ ").

Since |A1]| = [e!* — 1| < 1 for n > 4 (because 1.5/a’ < 1/2), since the inequality
ly| < 2[e¥ — 1| holds for all y € (—1,1), it follows that el < 2 and so

Ty < elMljel — 1) < %

Thus, we get that

3
|klog § — log(2a) — nloga —log(1 4+ o™ ™)| < x (25)
We apply Theorem (3| on the left-hand side of with the data:

m—n

L= 47 m = 5) 2 = 2@, N3 = Q, 14 1= I+« )
b1 =k, by:=—-1, bg:=-—-n, by:=-—1.
Furthermore, we take the number field K = Q(v/d, o) which has degree D = 6.

Since max{1, k,n} < n, we take Dg = n. First we note that the left-hand side of
is non-zero, since otherwise,

o = 2a(a™ + a™).
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The left-hand side belongs to the quadratic field Q(v/d) while the right-hand side
belongs to the cubic field Q(«). These fields only intersect when both sides are
rational numbers. Since 6* is a positive algebraic integer and a unit, we get that
to 6 = 1. Hence, k = 0, which is a contradiction. Thus, A; # 0 and we can
apply Theorem
We have h(n;) = h(5) = 2logd and h(ns) = h(e) = 1loga. Further,

~ 2a(a+1)

321"

the mimimal polynomial of 2a is 2323 — 4622 + 24z — 8 and has roots 2a, 2b, 2c.
Since 2|b| = 2|¢| < 1 (by (1)), then

2a

h(ns) = h(2a) = %(log 23+ log(2a)).
On the other hand,
h(ng) = h(1+a™ ") <h(1)+h(@™™")+log2
= (n—m)h(a)+log2 = é(n —m)loga + log 2.
Thus, we can take A; := 3logd,
Ag = 2(log23 + log(2a)), Asz:=2loga, A4:=2(n—m)loga+ 6log?2.
Now, Theorem [3] tells us that
log|A1| > —1.4x307 x 45 x 62(1 +1log6)(1 + logn)(3logd)
x(2(log 23 + log(2a))(2log @) (2(n — m) log o + 61og 2)
> —2.33 x 1017(n — m)(log n)(log §).
Comparing the above inequality with , we get
nloga —log1.5 < 2.33 x 107 (n — m)(logn)(log d).
Hence, we get that

n < 8.30 x 10" (n — m)(logn)(log ). (26)
We now return to the equation z = P, + P,, and rewrite it as
1 1
55]"’ —aa” = —iak +e(n) + Py,
we obtain
1 1 1 1 2.5
k -1, -
0"(2a) e — 1‘ = aa"—m <a * amtn/2 + 25kam> = an-m’ (27)
Put

Ay :=06F(2a)"ta™ — 1, Ty:=klogd —log(2a) — nlog .

We assume for technical reasons that n —m > 10. So |’ — 1| < 1. It follows
that
)

aqn—m :

|klog & — log(2a) — nlogal = [Ty| < elf2l|efz — 1] < (28)

Furthermore, Ag # 0 (so T'y # 0), since §* € Q(a) by the previous argument.
We now apply Theorem |3[to the left-hand side of with the data
t:=3, m:=90, mMm:=2a, mn3:=0«, by:=k by:=-1, bg:=-—n.

Thus, we have the same Aj, Ao, A3 as before. Then, by Theorem |3 we conclude
that

log |A] > —9.82 x 10*(log 6) (log n) (log cv).
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By comparing with , we get

n—m < 9.84 x 10" (log 6) (logn). (29)
This was obtained under the assumption that n —m > 10, but if n — m < 10,
then the inequality also holds as well. We replace the bound on n—min

and use the fact that 6% < 20”3, to obtain bounds on n and k in terms of
logn and logd. We now record what we have proved so far.

Lemma 5. Let (k,n,m) be a solution to the equation xy = P, + Py, with 3 <
m < n, then

k<25 x10%(logn)*(logd) and n < 8.2 x 10**(logn)*(logs)?.  (30)
4.2. Absolute bounds (I). We recall that (k,n,m) = (k;,n;, m;), where 3 <
m; < n;, fori=1,2and 1 < k; < kg. Further, n; > 4 for ¢ = 1,2. We return to
(28) and write

; )
’Fg) = |k;logé —log(2a) — nijlogal < ———, for i=1,2.
a

n;—mg’
1)

We do a suitable cross product between I'y 7, Fg) and k1, ko to eliminate the term
involving log § in the above linear forms in logarithms:

ITs| = |(ks — k2)log(2a) + (king — kany) log o = [koTSY — kT8
(1) (2) 5ks ok 10n2
R B - )
where
A= 1r£i1£2{n2- —m;}.
We need to find an upper bound for A. If 10ny/a? > 1/2, we then get
log(20
A< log(20n2) < 4log(20ny2). (32)
log
Otherwise, |T's| < %, so
_ _ 20n
leFs — 1] = ‘(2@)’“ Frohimaham 1) < ofDy| < =2, (33)

We apply Theorem [3| with the data: t := 2, 1 := 2a, 12 := «, by = k1 — ko,
by := king — kany. We take the number field K := Q(a) and D = 3. We begin
by checking that e® — 1 # 0 (so I's # 0). This is true because o and 2a are
multiplicatively independent, since « is a unit in the ring of integers Q(«) while
the norm of 2a is 8/23.

We note that |k; — ka| < k2 < ng. Further, from , we have
| log(2a)| 10ks

log o a*log o
given that A > 1. So, we can take B := 11ns. By Theorem [3| with the same
Aq :=1log23 and As :=log «r, we have that

log|et® — 1| > —1.55 x 10! (log no)(log ).
By comparing this with , we get
A < 1.56 x 10" log ns. (34)

Note that is better than , SO always holds. Without loss of generality,

we can assume that A = n; — m;, for i = 1, 2 fixed.
We set {i,7} = {1,2} and return to to replace (k,n,m) = (k;,n;, m;):

’k‘gnl — k‘lng‘ < (k‘Q — k‘l) < 11k < 1lng

S (3)

'

<

\I‘gi)| = |kilog 6 — log(2a) — n;loga — log(1 4 o™i~ ™)
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and also return to , replacing with (k,n,m) = (kj, n;, m;):

‘ng)‘ — ‘kj log§ — 10g(2a> —n; log CM‘ < (36)

We perform a cross product on and in order to eliminate the term on
log d:

Tl = [(kj — ki) log(2a) + (kjn; — kinj)log o + k;log(1 + o™ 7")
= |kr§” - kT ?| <k 08| + & T
5/6‘1' 4 Bkj < 8712

anj —my ani al/

< (37)

with v := min{n;,n; —m;}. As before, we need to find an upper bound on v. If
8ng/a” > 1/2, then we get

log(16
< 1o8(l6n2) _ 4100 16m). (38)
log o
Otherwise, [I'4| < 1/2, so we have

16n2
ar

leht — 1| < 2|1y < (39)

In order to apply Theorem (3] first if e'* = 1, we obtain
(2a)ki—k]' — akjni—kinj(l + O[—)x)kj.

Since « is a unit, the right-hand side in above is an algebraic integer. This is a
contradiction because k1 < kg so k; — k; # 0, and neither (2a) nor (2a)~! are
algebraic intgers. Hence e'* # 1. By assuming that v > 100, we apply Theorem
with the data:

t:=3, m:=2a, m:=a n:=1+a?
by :=kj — ki, by:=kjn; —kin;, b3:=kj,
and the inequalities and . We get
v =min{n;,n; —m;} < 1.14 x 10"\ logny < 1.78 x 10**(log n2)>. (40)

The above inequality also holds when v < 100. Further, it also holds when the
inequality holds. So the above inequality holds in all cases. Note that the
case {i,j} = {2,1} leads to n; —my < n; < ng+4 whereas {3, j} = {1,2} lead to
v = min{ni, ne — ma}. Hence, either the minimum is n, so

ny < 1.78 x 10% (log n2)?, (41)

or the minimum is n; —m; and from the inequality we get that
—mj} < 1. 10%(1 2, 42
jax {nj —m;} < 1.78 x 107 (log ny) (42)

Next, we assume that we are in the case (42). We evaluate ini=1,2 and
make a suitable cross product to eliminate the term involving log é:

ITs| = |(ke — k1)log(2a) + (kani — k1n2) log a
+kylog(l 4+ ™™ ™) — k1 log(1 + amrm)‘

6ny

= |l = kol | <k [0 4 8 110 < (43)

a™

In the above inequality we used the inequality to conclude that min{ni,ny} >
n1 — 4 as well as the fact that n; > 4 for ¢« = 1.2. Next, we apply a linear form in
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four logarithms to obtain an upper bound to ny. As in the previous calculations,
we pass from (43]) to

12
|efs — 1] < =2, (44)
a™
which is implied by (43|) except if n; is very small, say
ny < 4log(12ny). (45)

Thus, we assume that does not hold, therefore holds. Then to apply
Theorem [3, we first justify that e'> # 1. Otherwise,

(2a)k1—k2 _ ak2n1—kz1n2(1 + anl_ml)kQ(l + Och_mQ)_kl,

By the fact that k1 < kg, the norm Ng(,)/g(2a) = = and that o is a unit,
we have that 23 divides the norm Ny /g(1 + a™7™). The factorization of the
ideal generated by 23 in Og,) is (23) = pipa, where p1 = (23, o + 13) and
p2 = (23, a+ 20). Hence py divides o™ ™™ + 1. Given that o = —20 (mod p2),
then (—20)"~™ = —I1(mod py). Taking the norm Ng(,)/q, we obtain that
(—20)"~™ = —1 (mod 23). If ny —my is even —1 is a quadratic residue modulo
23 and if n; — mq is odd then 20 is a quadratic residue modulo 23. But, neither
—1 nor 20 are quadratic residues modulo 23. Thus, e's # 1.

Then, we apply Theorem |3| on the left-hand side of the inequalities with
the data

mi1—ni m2—n2
9y )

t:=4, m:=2a, mMm:=a n:=1+a« m =1+«
b1 := ko — ki, by :=kony —kino, bg:=ky, by:=k.
Together with combining the right-hand side of with the inequalities
and , Theorem |3| gives
ny < 3.02 x 1016(n1 —mz1)(ng — mso)(logng)
< 8.33 x 10%%(log no)*. (46)
In the above we used the facts that

. L 11 o 25 2
121%12{”1 m;} < 1.56 x 10" logng and 112%)(2{711 m;} < 1.78 x 107’ (log n2)~.

This was obtained under the assumption that the inequality (45 does not hold. If
holds, then so does . Thus, we have that inequality holds provided
that inequality holds. Otherwise, inequality holds which is a better
bound than . Hence, conclude that holds in all posibble cases.
By the inequality ,
logd < k1logd < njloga +log6 < 2.38 x 10°2(logny)?.

By substituting this into we get ng < 4.64 x 1037 (logno)'?, and then, by
Lemma [ with the data r := 10, H := 4.64 x 10137 and L := no, we get that
ng < 4.87 x 10", This immediately gives that n; < 1.76 x 10%3.

We record what we have proved.

Lemma 6. Let (k;i,ni,m;) be a solution to xy, = Ppn, + Pp,, with 3 < m; < n;
forie{1,2} and 1 < ki < ka, then

max{ky,m1} < ny < 1.76 x 10%,  and max{ko, ma} < ny < 4.87 x 101%.
5. REDUCING THE BOUNDS FOR nj AND n2 (I)

In this section we reduce the bounds for n; and ne given in Lemma |§| to cases
that can be computationally treated. For this, we return to the inequalities for
Fg, F4 and Fg,.
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5.1. The first reduction (I). We divide through both sides of the inequality
by (ko — k1) log . We get that

log(2a)  koni — k1na 3619 ) .
— th A= i — My }. 47
log o — kg — k1) join {ni —mi}. - (47)
We assume that A > 10. Below we apply Lemma We put 7 := kiig:)’ which is
irrational and compute its continued fraction
lag,a1,a9,...]=11,3,3,1,11,1,2,1,1,1,3,1,1,1,2,5,1,15,2,19,1,1,2,2,.. ]

and its convergents

[100 b1 P2 }

o @ @ 7371071371537 166 485’ 6517 1136° 1787 6497" " '|

Furthermore, we note that taking M := 4.87 x 10'6® (by Lemma @, it follows
that

qsi5 > M >ng > ko —k; and a(M) :=max{a; : 0 <1i < 315} = aggs = 2107.
Thus, by Lemma [I| we have that
‘  kong — king - 1
ko — k1 2109(ko — k1)2’
Hence, combining the inequalities and , we obtain
o < 75924ny(ky — k1) < 1.75 x 1033,

so A < 2714. This was obtained under the assumption that A > 10, Otherwise,
A < 10 < 2714 holds as well.
Now, for each n; —m; = X € [1,2714] we estimate a lower bound |I'4|, with

'y = (kj —ki)log(2a) + (kjn; — kinj)loga + k;log(l + a™ ™)  (49)

given in the inequality via the procedure described in Subsection (LLL-
algorithm). We recall that "y # 0.
We apply Lemma [3] with the data:

[ 4 13 17 200 217 634 851 1485 2336 8493

(48)

t:=3, 71 :=log(2a), m:=loga, 73:=log(l+a?),
Tr1 = k‘j — k?l', o = kjni — k:mj, xIr3 = k?j.
We set X := 5.4 x 10'% as an upper bound to |z;| < 11ng for all i = 1,2, 3, and

C := (20X)°. A computer in Mathematica search allows us to conclude, together
with the inequality , that

2x 1075 < min  |Ty| < 8nga™, with v :=min{n;,n; —m;}
1<A<2714

which leads to v < 6760. As we have noted before, v = ny (so n; < 6760) or
v =mnj —m,.
Next, we suppose that n; —m; = v < 6760. Since A < 2714, we have

A= 1%1%12{7% —m;} <2714 and x:= 112%)(2{711 —m;} < 6760.

Now, returning to the inequality which involves
[5: = (ke —Fky)log(2a) + (kani — k1n2) log a
+kolog(l 4+ ™ ™") — kylog(1 + a™27"2) £ 0, (50)
we use again the LLL-algorithm to estimate the lower bound for |I's| and thus,

find a bound for n; that is better than the one given in Lemma [6
We distinguish the cases A < y and A = x.
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5.2. The case A < x. We take A € [1,2714] and x € [A + 1,6760] and apply
Lemma [3] with the data: ¢ := 4,
11 :=1og(2a), mo:=loga, 73:=log(l+a™ ") 714:=log(l+ a™27"2),
xT1 i — kz — kl, T = k2n1 — klnz, T3 i — kQ, Ty 1= —]61.

We also put X := 5.4 x 10'% and C := (20X)°. After a computer search in
Mathematica together with the inequality we can confirm that

8§x 1072 < min  |T's| < 6nga™ ™. (51)
1<AL2714
A+1<x <6760

This leads to the inequality
™ < 7.5 x 1083 p,, (52)

Subsitituting for the bound ng given in Lemma [6] we get that ny < 12172.

5.3. The case A = x. In this case, we have
As = (k2 — k1)(log(2a) +log(1 + o™ ™ "™)) + (kan1 — kine) log a # 0.
We divide through the inequality 43| by (ko — k1) log a to obtain
log(2a) + log(1 + o™~ 1) B koni — k1na 21ng

53
log a ko — k1 a™ (ky — k1) (53)
We now put
log(2a) + log(1 + o)
Ty =
A log
and compute its continued fractions [a[())‘), ag)‘), ag)‘), ...] and its convergents

[p((])‘) /q(())‘),pg)‘) /q](f‘),pé)‘) /qé)‘),...] for each A € [1,2714]. Furthermore, for each
N > M =487 x 101 > ny > ky — ky and

case we find an integer ¢y such that g,

calculate

= WN.o<i< }
a(M) : 1;){122)%14{% 0<i<tye.

A computer search in Mathematica reveals that for A = 321, ¢, = 330 and 7 = 263,

we have that a(M) = ag;?io) = 306269. Hence, combining the conclusion of Lemma

and the inequality , we get
™ < 21 x 306271ng(ky — k1) < 1.525 x 1073,

so n1 < 2730. Hence, we obtain that ny < 12172 holds in all cases (v = ni, A < x
or A = x). By the inequality , we have that

logd < kilogd < njloga+logb < 3475.

By considering the second inequality in , we can conclude that ng < 9.9 x
10%?(log n2)?, which immediately yields ny < 3.36 x 10**, by a simple application
of Lemma {4, We summarise the first cycle of our reduction process as follows:

np < 12172 and ny < 3.36 x 104 (54)

From the above, we note that the upper bound on ng represents a very good
reduction of the bound given in Lemma [6] Hence, we expect that if we restart
our reduction cycle with the new bound on n9, then we get a better bound on n;.
Thus, we return to the inequality and take M := 3.36 x 10*. A computer
search in Mathematica reveals that

qss > M >ng > ko —k; and a(M):=max{a;:0<1i <88} =as =373,
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from which it follows that A < 752. We now return to and we put X :=
3.36 x 10* and C := (10X)% and then apply the LLL-algorithm in Lemma (3| to
A € [1,752]. After a computer search, we get

533 x 1071 < min_ |Ty| < 8nga™”,
1<A<T752

then v < 1846. By continuing under the assumption that n; —m; = v < 1846,
we return to (50)) and put X := 3.36 x 10**, C := (10X)? and M := 3.36 x 10*
for the case A < x and A = x. After a computer search, we confirm that

2x107%% < min || < 6nga™™,
1<AL752
A1<x<1846

gives n; < 3318, and a(M) = a§27055) = 206961, leads to nq < 772. Hence, in both

cases n1 < 3318 holds. This gives no < 5 x 1042 by a similar procedure as before,
and k1 <
We record what we have proved.

Lemma 7. Let (k;i,n;,m;) be a solution to X; = Py, + Pp,,, with 3 < m; < n; for
1=1,2 and 1 < k1 < ko, then

mi <mnp <3318, ky <3125 and ng <5 x 10%2.

5.4. The final reduction (I). Returning back to and and using the
fact that (x1,y1) is the smallest positive solution to the Pell equation , we
obtain

1 k
T = 5(5’“4—0 = <x1+y1 —i—( —ynﬂ))

2
= % <<x1+ > < x1¥1>k> = Qj (1)

Thus, we return to the Diophantine equation z, = F,, + P, and consider the
equations

Qi (x1) = Puy + Py, and - Q. (21) = Py, + Py, (55)

with k; € [1,3125], m; € [3,3318] and n; € [m; + 1,3318].

Besides the trivial case k1 = 1, with the help of a computer search in Math-
ematica on the above equations in , we list the only nontrivial solutions in
Table [Il We also note that 3 + 2v/2 = (1 + 1/2)?, so these solutions come from
the same Pell equation when d = 2.
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Qp, (z1)
ki x1 d J
Qp (z1) 2 1 1 2 1++2
ki 1 wn d ) 2 2 1 5 2++/5
2 2 1 3 2443 2 3 1 10 3410
2 3 2 2 3+2v2 2 4 1 17 44++/17
2 4 1 15 4++/15 2 5 1 26 54 /26
2 5 2 6 5+ 26 2 9 1 82 9+ /82
2 21 2 110 21 +2V110 2 10 1 101 10 + /101
2 22 1 483 22 + /483 2 17 1 290 17 + /290
2 47 4 138 47+ 4138 2 42 1 1765 42+ +/1765
2 47 1 2210 47+ /2210
2 63 1 3970 63+ /3970

TABLE 1. Solutions to Qfl (x1) = Pp, + P,

From the above tables, we set each § := §; for t = 1,2,...17. We then work
on the linear forms in logarithms I'y and 'y, in order to reduce the bound on
no given in Lemma m From the inequality , for (k,n,m) := (k2,n2, ma), we
write

log 5t log(2a) ) —(ng—mg)

k o na2—mso 56

*log o mz + log(a~1) < log a “ ’ (56)

fort=1,2,...17.
We put
log 0, log(2a) 5
= = d (A4, By) = —— .
T loga’ e log(a=1) and  (Ar, By) log o’ “

We note that 7; is transcendental by the Gelfond-Schneider’s Theorem and thus,
T¢ is irrational. We can rewrite the above inequality, [b6| as

0< |kory —mo + | < AB; ™7™ for t=1,2,...,17. (57)

We take M := 5 x 10*?2 which is the upper bound on no according to Lemma
and apply Lemma [2| to the inequality . As before, for each 74 with ¢ =
& @) (@)

1,2,...,17, we compute its continued fraction [ay’,a;’,a5’,...] and its conver-
gents p(()t) / q(()t), pgt) / qgt) , pg) / qét), .... For each case, by means of a computer search

in Mathematica, we find and integer s; such that
qg) >3 x 108 =M and € 1= ||Mtq(t)|| _ M||th(t)| 5 0.

We finally compute all the values of b; := Llog(Atqg) /€t)/log By|. The values of
b; correspond to the upper bounds on ng —mg, for each t = 1,2,...,17, according
to Lemma [2] The results of the computation for each ¢ are recorded in Table 2]
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t (St St qs; €t > by
1 2++3 85 8.93366 x 10** 0.3100 374
2 44415 90 3.90052 x 10%* 0.3124 371
3 54+2V6 80 3.16032 x 10% 0.0122 382
4 2142110 88 6.33080 x 10%3 0.2200 374
5 22+4+/483 75 4.19689 x 10** 0.2361 372
6 47+ 4138 96 7.76442 x 10*3 0.3732 373
7 1442 78 1.46195 x 10** 0.3328 375
8 2445 94 1.48837 x 10* 0.2146 377
9 34410 88 4.21425 x 10** 0.1347 374
10 4++17 92 1.11753 x 10* 0.2529 375
11 5++26 98 3.23107 x 10*® 0.1043 374
12 9+ /82 74 5.25207 x 10%3 0.2181 373
13 10++101 94 1.86122 x 10** 0.2672 377
14 174290 87 1.06422 x 10** 0.0193 384

15 42+ +/1765 78 3.81406 x 10*3 0.1768 373
16 47+ /2210 94 3.92482 x 10*3  0.4476 370
17 63 ++/3970 85 6.00550 x 10*3 0.4056 371

TABLE 2. First reduction computation results (I)

By replacing (k,n,m) := (ka,n2,msz) in the inequality (25]), we can write

3
—n2 H8
< (loga) o, (58)

log o log(2a(1 + a*(nZ*mQ)))
k2 — N2 —
log v log(a~1)

fort=1,2,...,17.

We now put
log &; log(2a(1 + a~(m2=m2))) 3
= Ly = d (A4, By) = —— .
t IOgOé y Mt no—mo log(a‘l) an ( 1) t) log 0[7 o
With the above notations, we can rewrite as
0< |/<:27't—n2+,ut,n2_m2\ < AtBt_nQ, for ¢t= 1,2,17 (59)

We again apply Lemma [2| to the above inequality , for
t=1,2,...,17, ng—mo=1,2,...,b;, with M :=5x10%.
We take
Ctma-ma 1= [l = M]irg 2] > 0,
and
bt = b ng—my = [10g(Aq{""7™2) /€1 1,y )/ log By).
With the help of Mathematica, we obtain the results in Table

t 1 2 3 4 5 6 7 8 9
bt no—ms, | 388 389 394 394 393 394 396 392 392
t 10 11 12 13 14 15 16 17
bt na—ms | 396 392 408 390 396 396 388 389

TABLE 3. Final reduction computation results (I)
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Thus, max{bp,—m, :t=1,2,...,17 and ng—mo =1,2,...0} <408.

Thus, by Lemma [2], we have that ny < 408, for all t = 1,2,...,17, and by the
inequality we have that n; < ng + 4. From the fact that 6 < 2a™3, we
can conclude that k; < ky < 133. Collecting everything together, our problem is
reduced to search for the solutions for in the following range

1<k <k <133, 0<mi;<ni€ [3,408] and 0<mg <ng€ [3,408].

After a computer search on the equation on the above ranges, we obtained
the following solutions, which are the only solutions for the exceptional d cases
we have stated in Theorem [T}
For the +1 case:
(d=2) r1=3=Fs+FPh=P;+ P, x2=17= Pjs+ Ps;
(d=3) m=2=PR+Pi=P3+ P, v2=7T7=PFPy+ Py=P;+ P,
x3 = 26 = P35 + Fs;
(d=6) z1=5b=P+P =P+ P3="F+Ds,
g =49 = Pig + Po = P15 + P12 = Piy + Pi3;
(d =15) 11=4=P;+Py=Ps+P3=Ps+P5, x9=231= P14+ Ps;
(d=110) 21 =21=Pi3+ Py = Pia+ Py = P11 + P,
9 = 881 = Pog + P17 = Pos + Pao;
(d = 483) 21 =22=Pi3+ P3, x9=2967= Pog+ Pog = Pos + Pos.

For the —1 case:

(d=2) m=1=P+PF, 22=T=PFP+Py=FK+P=PFP+Fs,
x3 =41 = Pi5 + P = Piy + Pio = P13 + Pr2;

(d=5) @1=2=Ps+Py=P3+ Py, w2=238=Py+ Ps;

(d:10) 11 =3=Fs+FPy=PFPs+ P3, zo=117= P9+ Fs;

(d=17) a1 =4=P,+Py=PFPs+P3=PFPs+P5, x2=Pn+Fs

This completes the proof of Theorem O

6. PROOF OF THEOREM

The proof of Theorem [2| will be similar to that of Theorem [I] We also give the
details for the benefit of the reader. Further, for technical reasons in our proof,
we assume that d > 5 and then treat the cases d € {2,3} during the reduction
procedure.

Let (X1,Y1) be the smallest positive integer solution to the Pell quation .
We Put

X1 +Yivd X1 —Yivd
poXienvd X nvd (60)
2 2
From which we get that
X% —dY?
pro= % =:¢, where €€ {£1}. (61)

Then
X, =+ 0" (62)
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Since p > 127‘/5, it follows that the estimate
o
5 <X <2p%  holds forall k> 1. (63)
a

Similarly, as before, we assume that (k1,n1,m1) and (k2,n9,mg) are triples of
integers such that

Xkl = Pnl + Pml and Xk2 = Pnz + sz (64)

We asuume that 1 < k1 < kp. We also assume that 4 < m; < n; for j = 1,2. We
set (k,n,m) := (kj,n;,m;), for j =1,2. Using the inequalities and , we
get from that

k

% <Xy =P+ Pn<2a"1 and " 2< P, + Py = X; < 20"
The above inequalities give
(n—2)loga —log2 < klogp < (n+1)loga+ log2.
Dividing through by log o and setting ¢; := 1/ log «, as before, we get that
—2—clog2 < ciklogp —n <1+ cylog?2,
and since a® > 2, we get
|n — c1log p| < 5. (65)
Furthermore, k < n, for if not, we would then get that

n
P < pF < 20"t implying (B) < 2a,
a

which is false since p < 1+2\/5, 1.32 < a<1.33 and n > 5.

Besides, given that k; < k2, we have by and that
Q™2 < Py < Py, + Py = Xpy, < Xgy = Py + Py < 2P, <2271
Thus, as before, we get that
ny < ng + 4. (66)
6.1. An inequality for n and k (II). Using the equations @ and and
, we get,
pF + 0" = P, + Py, = aa™ + e(n) + aa™ + e(m)
So,
o — a(a™ + a™) = —g* + e(n) + e(m),
and by , we have
‘Pkaflof"(l +a™ M - 1‘ pka(an1+ am) a"/2a(i’:|+ am)
2|b|

am/2a(an + am)
Lo(1 2], 2 25
aa™ pk a™/2 am/2 am™’

2.5
an’

Thus, we have

pPa a1 4+ o™ ) — 1’ (67)

Put

/

A= pfa a1+ am ) -1
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and
| :=klogp—loga —nloga —log(l+a™™ ™).

Since |A}| = | — 1| < 0.83 for n > 4 (because 2.5/a* < 0.83), it follows that
el < 4 and so

Ty < eMiljel —1) < =
aTL

Thus, we get that
10
‘klogp—loga—nloga—log(l—i—am_")‘ < —. (68)
an
We apply Theorem (3| on the left-hand side of (@ with the data:

m—n

t:= 47 m:=p, MN2:=a 7"N3:=0, 174 =1+« y
by =k, by:=—-1, bg:=—-n, by:=-—1.
Furthermore, we take same the number field as before, K = Q(v/d, a) with degree
D = 6. We also take Dg = n. First we note that the left-hand side of is
non-zero, since otherwise,
PF = a(a™ +a™).
By the same argument as before, we get a contradiction. Thus, A} # 0 and we
can apply Theorem [3| Further,
ala+1)
302 —1"7
the mimimal polynomial of a is 2323 — 2322 + 62 — 1 and has roots a, b, c. Since
max{a,b,c} < 1 (by (I1))), then h(n2) = h(a) = %log23. Thus, we can take
A :=3logp, Az :=2log23, A3 :=2loga, and Ay :=2(n —m)loga + 6log2.
Now, Theorem [3] tells us that
log |[A]] > —1.4x30" x 45 x 6%(1 +10g6)(1 + logn)(3log p)
x(2log 23)(21og a)(2(n — m) log a 4 61og 2)
> —2.08 x 1017(n — m)(log n)(log p).
Comparing the above inequality with , we get

nloga —log2.5 < 2.08 x 10" (n — m)(logn)(log p).
Hence, we get that
n < 7.40 x 101" (n — m)(log n)(log p). (69)
We now return to the equation X, = P, + P, and rewrite it as
P —aa” = o + e(n) + P,

we obtain

1 1 1 1 3
k —1_—n
pa o - 1‘ < aqn—m (a + O/rLJrn/Z + pkam) < Oénfm' (70)

Put

/ 1

2::pka_ a " —1, 5 :=klogp —loga — nlog a.

We assume for technical reasons that n —m > 10. So |e}? — 1] < % It follows

that
6

aqn—m :

klogp —loga — nloga| = |Th| < el2ljef2 — 1| <
2

(71)

Furthermore, A} # 0 (so Ty # 0), since p* € Q(a) by the previous argument.
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We now apply Theorem |3[ to the left-hand side of with the data
t:=3, m:=p, Mm:i=a, M=« b=k by:=-1, bz:=—n.
Thus, we have the same Ay, Ay, A3 as before. Then, by Theorem [3] we conclude
that
log|A| > —9.50 x 10! (log p)(log n)(log cv).
By comparing with , we get
n—m < 9.52 x 10*(log p)(log n). (72)

This was obtained under the assumption that n —m > 10, but if n — m < 10,
then the inequality also holds as well. We replace the bound onn—m in
and use the fact that p* < 2a™*!, to obtain bounds on n and k in terms of
logn and log p. We again record what we have proved.

Lemma 8. Let (k,n,m) be a solution to the equation Xy = P, + P, with 3 <
m < n, then

k < 1.98 x 10%%(logn)?(log p) and n < 7.03 x 1032(logn)*(log p)®. (73)

6.2. Absolute bounds (II). We recall that (k,n,m) = (k;,n;,m;), where 3 <
mj < nj, for j =1,2 and 1 < k1 < kp. Further, n; > 4 for j = 1,2. We return to
and write
oy 6
‘I‘éj) ‘ = |kjlogp —loga —njloga| < ———— for j=1,2.

P L)
aiTmy

We do a suitable cross product between Fgl)l, ng)/ and k1, ko to eliminate the

term involving log p in the above linear forms in logarithms:

T4 = (k1 — ko) loga + (k1ng — kany)logal = [keTSY — kTR
1) 2)’ 6k2 6k1 12n2
< kW 4+ r? < i Ve S o (T4)
where
/ P 1 P .
A= 11%1]%12{”] m;}

We need to find an upper bound for . If 12ny/a* > 1/2, we then get

log(24
N < log(24nz) < 4log(24ns). (75)
log
Otherwise, || < 3, so
/ 24
‘er _ 1‘ - ‘akl_kQaklm_kQ"l —1| <2y < 2. (76)
e
We apply Theorem [3| with the data: ¢t := 2, n; := a, 12 = «, b1 := k1 — ko,
by := king — kany. We take the number field K := Q(a) and D = 3. We begin
by checking that els — 1 # 0 (so I'y # 0). This is true because o and a are
multiplicatively independent, since « is a unit in the ring of integers Q(«) while
the norm of a is 1/23.
We note that |k; — ka| < k2 < ng. Further, from , we have
|log a| 12ks
+
logae  a*loga
given that A > 1. So, we can take B := 13ny. By Theorem [3| with the same
Aq :=1og23 and A, := log o, we have that

log €' — 1] > —4.63 x 10'°(log n2)(log ).

|k2n1 — k1n2| < (k:g — kl) < 13k < 13n9
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By comparing this with , we get
N < 1.62 x 10" log no. (77)

Note that is better than , SO always holds. Without loss of generality,
we can assume that X' =n; —m;, for j = 1,2 fixed.
We set {j,i} = {1,2} and return to to replace (k,n,m) = (ki,n;, m;):

1
<0 (78)

o'

\ng)/| = |kZ log p — loga — n;log o — log(1 4 o™ ")

and also return to (71)), with (k,n,m) = (kj,n;,m;):

\ng)l\ = |k;jlog p —loga — njlog af < (79)

anj—mj .
We perform a cross product on and in order to eliminate the term on
log p:
Ty = |(kj — ki)loga + (kjn; — kin;)log o + k; log(1 4 o™~ ")
king), - kjrgl)/ <k ng)/ + kj ’Fgl)/
6]{2 4 10]@ < 1672/2

Qvi—mj alvi aV

(80)

with v/ := min{n;,n; —m;}. As before, we need to find an upper bound on v/. If
16n3/a” > 1/2, then we get

J < log(32n2)

41 2n2). 1
oz o < 4log(32n2) (81)
Otherwise, |I')| < 1/2, so we have
/ 32712
‘eF4—1‘ <2y < =52, (82)

In order to apply Theorem |3, first if et = 1, we obtain
aki*kj — O[k]‘nifk‘inj(l 4 af)\/)kj‘
Since « is a unit, the right-hand side in above is an algebraic integer. This is a

contradiction because ki < kz so k; — kj # 0, and neither a nor a~! are algebraic

intgers. Hence !4 % 1. By assuming that v/ > 100, we apply Theorem [3| with
the data:

t:=3, m=a, mi=a n=1l+a¥,
by :=kj — ki, by:=kjn; — kinj, bz:=kj,
and the inequalities and . We get
v =min{n;,n; —m;} < 1.85 x 10"3X logny < 3 x 10**(logna)?. (83)

The above inequality also holds when v/ < 100. Further, it also holds when the
inequality holds. So the above inequality holds in all cases. Note that the
case {i,j} = {2,1} leads to n; —m1 < ny < ng +4 whereas {i,j} = {1, 2} lead to
V' = min{ny,ny — ma}. Hence, either the minimum is nj, so

ny < 3 x 10**(logng)?, (84)
or the minimum is n; — m; and from the inequality we get that

max {n; —m;} < 3 x 10**(logna)?. (85)

1<j<2
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Next, we assume that we are in the case (85)). We evaluate (78) in i = 1,2 and
make a suitable cross product to eliminate the term involving log p:

‘FH = |(k2 — k1) loga + (kany — king)log a
+kalog(1+a™ ™) — kylog(1 + a™27"2)|
20
ol <n el < B

In the above inequality we used the inequality to conclude that min{ni,ny} >
n1 — 4 as well as the fact that n; > 4 for ¢« = 1.2. Next, we apply a linear form in
four logarithms to obtain an upper bound to ny. As in the previous calculations,
we pass from (86| to

40”2
am™

‘eF% - 1‘ < 2nz (87)

which is implied by except if ny is very small, say
ny < 4log(40ns). (88)

Thus, we assume that does not hold, therefore (87)). Then to apply Theorem
we first justify that e's # 1. Otherwise,

afri—Fk2 — ak2n1—k1n2(1 + anl—ml)k2(1 + an2—m2)—k’1_

By a similar argument as before, we get a contradiction. Thus, e!'s £ 1.
Then, we apply Theorem |3| on the left-hand side of the inequalities with
the data

mi1—ni m2—na2
) )

t:=4, m:=a, mMm:=a n:=l+ta ny=1+a
b1 = k‘Q — k‘l, bQ = k‘gnl — ]{71712, b3 = k‘g, b4 = ]{71.

Together with combining the right-hand side of with the inequalities
and , Theorem |3| gives

ny < 4.99 x 1015(n1 —my)(n2 — ma)(log na)
< 243 x 10°* (log na)™. (89)

In the above we used the facts that

024

min {n; — m;} < 1.62 x 10" logns and  max {ni—m;} <3x1 (logng)z.

1<i<2 1<i<2

This was obtained under the assumption that the inequality (88|) does not hold. If
holds, then so does . Thus, we have that inequality (89)) holds provided
that inequality holds. Otherwise, inequality holds which is a better
bound than . Hence, conclude that holds in all posibble cases.

By the inequality ,
log p < k1logp < nyloga +logh < 6.92 x 10°°(log no)*.

By substituting this into we get ng < 3.67 x 10'3*(logns)!?, and then, by
Lemma with the data r := 10, P := 3.67 x 10'3*, L := ny, we get that
ng < 3.07 x 10'%2, This immediately gives that ny < 4.76 x 106!,

We record what we have proved.

050

Lemma 9. Let (k;,nij,m;) be a solution to Xy, = P, + P, with 3 < m; < n,;
forie{1,2} and 1 < ky < ka, then

max{ki,m1} < ny < 4.76 x 100, and max{ky, mo} < ny < 3.07 x 10162,
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7. REDUCING THE BOUNDS FOR m; AND ng (II)

In this section we reduce the bounds for n; and ngy given in Lemma [f] to cases
that can be computationally treated. For this, we return to the inequalities for
I's, I')y and T'%.

7.1. The first reduction (IT). We divide through both sides of the inequality
by (ke — k1) log . We get that

‘ |loga|  keni — king

42
ke with N = min {n; —m:}. (90)

loga ]{72 — k?l Oé’\/(kig — kl) 1<e

We assume that A > 10. Below we apply Lemma We put 7/ := \11C<)>ggg|7 which
is irrational and compute its continued fraction

[ag,a1,a9,...] =11,6,2,1,18,166,1,2,13,1,2,5,1,5,1,2,3,1,1,31,1,3, .. ]
and its convergents

[po P1 P2 } [ 7 15 22 411 68248 68659 205566 2741017

w0 @ @ '67 13197 355" 58949 59304 177557’ 2367545 "

Furthermore, we note that taking N := 3.07 x 10'62 (by Lemma@), it follows that
q296 > N >mng > ko — ki and a(N) :=max{a; : 0 < j <296} = aigg = 1028.
Thus, by Lemma [I| we have that
, kong — kine 1

T ke —k1 | 1030(ky — k12
Hence, combining the inequalities and , we obtain

o < 4326009 (ks — k1) < 4.08 x 10°%,

so M < 2661. This was obtained under the assumption that X' > 10, Otherwise,
N < 10 < 2661 holds as well.
Now, for each n; — m; = X € [1,2661] we estimate a lower bound ||, with

Iy = (kj—ki)loga+ (kjn; — kinj)loga + kjlog(1 4 ™™™ (92)
given in the inequality via the same procedure described in Subsection [3.3

(LLL-algorithm). We recall that Iy, # 0.
We apply Lemma [3] with the data:

(91)

t:=3, 7 :=loga, m:=loga, 73:=1log(l+ a_)‘/),
r1 = k‘j — ]ﬂi, o = k‘jni — kmj, T3 = k‘j.
We set X :=3.99 x 10'63 as an upper bound to |z;| < 13ny for all i = 1,2, 3, and

C := (20X)°. A computer in Mathematica search allows us to conclude, together
with the inequality , that

. —_— / . .
8§x 10790 < min |I)| < 16nga™", with o' :=min{n;,n; —m;}
1<A<2661

which leads to v/ < 6643. As we have noted before, v/ = nj (so n; < 6643) or
vV =n; —m;.
Next, we suppose that n; —m; =1/ < 6643. Since X' < 2661, we have

li= i P — L <2661 g A < 43.
A 11%1%12{7% m;} <2661 and x 11;1%)(2{711 m;} < 6643

Now, returning to the inequality which involves
. = (ko—ky)loga+ (kany — king)log «
+kolog(1l 4+ ™™ ™) — kylog(1 +a™27"2) # 0, (93)
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we use again the LLL-algorithm to estimate the lower bound for |I';| and thus,
find a bound for ny that is better than the one given in Lemma [9}
We distinguish the cases \' < x’ and \' = /.

7.2. The case X < x/. We take X' € [1,2661] and x' € [\ + 1,6643] and apply
Lemma [3] with the data:

t:=4, 7 :=loga, m:=loga, t3:=log(l+a™ ™) 74:=log(l+ a2 "2),

I = ]{32 — kl, To = k2n1 — klng, T3 i— kQ, Ty = —/{?1.

We also put X := 3.99 x 1063 and C := (20X)Y. As before, after a computer
search in Mathematica together with the inequality we can confirm that

9.9x 107187 < min  |TL| < 20npa™ ™. (94)
1<A<2661
AF1<x<6643

This leads to the inequality
™ < 2.02 x 101317n,. (95)
Subsitituting for the bound ng given in Lemma [0} we get that ny < 11948.

7.3. The case) = ). In this case, we have
AL := (k2 — k1) (loga + log(1 + ™ ™)) + (kany — kinz) log a # 0.
We divide through the inequality 86| by (k2 — k1) log « to obtain

|loga +log(1l 4+ ™ ~™)|  koni — king 70no
- < (96)
log ko — Kk Oénl(kg - kl)
We now put
|loga + log(1 +a=)|
Ty =
log

and compute its continued fractions [a(()x), agx), agx), ...] and its convergents

pé)‘)/q(()/\/),pg’\l)/qg)‘l),pg)‘/)/qéx), ... for each N € [1,2661]. Furthermore, for each
case we find an integer )/ such that qt(j,) > N :=3.07x 1012 > ny > ky — k; and
calculate

N) = {Q'); <i< }
a(N) 1§§}2§661 K Osesty

A computer search in Mathematica reveals that for X' = 2466, ty = 298 and

i = 295, we have that a(N) = a%é%) = 2818130. Hence, combining the conclusion

of Lemma |1| and the inequality , we get
Q™ < 70 x 28181320 (ke — k1) < 1.86 x 10333,

so n1 < 2690. Hence, we obtain that ny < 11948 holds in all cases (V' = ny,
N < x' or X =x). By the inequality (65]), we have that

logp < k1logp < njloga+logh < 3410.

By considering the second inequality in , we can conclude that ng < 8.17 x
10%?(log n2)?, which yields ny < 2.76 x 10*, by a simple application of Lemma,
as before. Below, we summarise the first cycle of our reduction process:

np < 11948 and ny < 2.76 x 1044, (97)

As in the previous case, from the above, we note that the upper bound on ns
represents a very good reduction of the bound given in Lemma [9] Hence, we
expect that if we restart our reduction cycle with the new bound on no, then
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we get a better bound on ny. Thus, we return to the inequality and take
N :=2.76 x 10**. A computer search in Mathematica reveals that

qss > N >ng > ko — k1 and a(N) = max{ai : O§i§88} = as; = 397,

from which it follows that A < 738. We now return to and we put X :=
2.76 x 10* and C := (10X)® and then apply the LLL-algorithm in Lemma (3| to
A € [1,738]. After a computer search, we get

8.6 x 1071 < min |I'}] < 16na™",
1<\ <738

then ©/ < 1838. By continuing under the assumption that n; —m; = v < 1838,
we return to and put X := 2.76 x 10%, C := (10X)? and N := 2.76 x 10%
for the case N < x’ and X = x/. After a computer search, we confirm that

§x1073% < min  |T%| < 6nga™™,
1<AL738
A+1<x <1838

gives n1 < 3304, and a(N) = ag12650) = 155013, leads to n; < 774. Hence, in both

cases n; < 3304 holds. This gives ny < 4 x 10*2 by a similar procedure as before,
and k1 <.
We record what we have proved.

Lemma 10. Let (k;,n;,m;) be a solution to X; = P, + Py,,, with 3 < m; < n;
fori=1,2 and 1 < k1 < ko, then

my <nyp <3304, ky <3108 and ng <4 x 10%2.

7.4. The final reduction (IT). Returning back to and and using the
fact that (X7, X7) is the smallest positive solution to the Pell equation , we
obtain

k k
X1+ Y1vd X1 - YiVd
Xp = o = <( : 2“[> +<1 21f>

k k
<X1+ X%M) +<X1_ Xf“) = Ry (X1)
v v : .

2

Thus, we return to the Diophantine equation Xy, = P,, + Py, and consider the
equations

R (X1) = Puy + Py, and Ry (X1) = Py, + Py, (98)

with &y € [1,3108], m; € [3,3304] and n; € [m1 + 1,3304].
A computer search in Mathematica on the above equations in shows that
there are only finitely many solutions that we list in Table 4] below. We note that

3+\/5:<1+\/5>2 and 2+\/5=<1+\/5>3

2 2 2

so these come from the same Pell equation with d = 5. Similarly,

2 2
11+\/ﬁ_<3+\/ﬁ> and 51+7\/§_<7+\/§>

2 2 2 2

these also come from the same Pell equation with d = 13 and d = 53, respectively.
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R, (X1)

R (X1) bk X, Y1 d p
kX, Y d p 2 1 1 5 (1+5)/2
2 3 1 5 (3+5)/2 2 2 2 2 142
2 4 2 3 2+3 2 3 1 13 (3++13)/2
2 5 1 21 (5++/21)/2 2 4 2 5 2+5
39 1 77 (94 V77)/2 2 6 2 10 3+10
2 10 4 6 5+2v6 2 7 1 53 (7++/53)/2
2 11 3 13 (11 4+ 3V13)/2 2 8 2 17 4++/17
2 12 2 35 64 v/35 2 10 2 26 54 /26
2 13 1 165 (13 + 21/165) /2 2 11 5 5 (11 + 5v/5)/2
3 15 1 221 (15 4 /221) /2 2 19 1 365 (19 +V/365) /2
2 25 3 69 (25 + 31/69)/2 2 22 2 122 11+ /122
2 44 2 483 22 + /483 2 30 2 226 15 + /226
2 51 7 53 (51 + 7v/53) /2 2 58 2 842 29 + /842
2 88 6 215 44 + 3+/215 2 88 2 1937 44 + /1937
2 2570 4 412806 1285 + 21/412806 2 178 2 7922 89 + /7922

2 3480 2 3027601 1740 + /3027601

TABLE 4. Solutions to Ri (X1) =Py, + P,

From the above tables, we set each p := p; for t = 1,2,...25. We then work
on the linear forms in logarithms I’} and I}, in order to reduce the bound on ng
given in Lemma From the inequality (71)), for (k,n,m) = (k2,na,ms), we
write

log p¢ loga 6 (e
Lk _ (n2—mg2)
*log o "2 log(a—1) < log @ ’ (99)
fort=1,2,...25.
We put
log pt loga 6
= = — d A B = .
Tt IOgO[ ) ot log(a‘l) an ( 1) t) 10g0[7a

We note that 7y is transcendental by the Gelfond-Schneider’s Theorem and thus,
T¢ is irrational. We can rewrite the above inequality, [99| as

0 < |kor — ma + pe| < AB; ™7™ for t=1,2,...,25. (100)
We take N := 4 x 10*? which is the upper bound on ny according to Lemma

and apply Lemma [2] to the inequality (100). As before, for each 7 with
® ) @)

t = 1,2,...,25, we compute its continued fraction [ay’, aj’, ay’,...] and its
convergents p[()t) / q(()t), pgt) / qgt), pét) / qgt), .... For each case, by means of a computer

search in Mathematica, we find and integer s; such that
qg? > 2.4 x 108 = 6N and e = [|ug™|| — N|jmg®| > 0.

We finally compute all the values of by := Uog(Atqg) /€t)/log By|. The values of
b; correspond to the upper bounds on ng —mg, for each t = 1,2,...,25, according
to Lemma [2l We record the results of the computations for each ¢ in Table
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t St qs; € > by
1 14++2 78  1.46195 x 10** 0.1578 379
2 2443 100 8.93366 x 10%3 0.3147 374
3 (1++/5)/2 82 2.96985 x 103 0.4479 369
4 5426 80 3.16032 x 10** 0.1940 372
5 34++10 88  4.21425 x 103 0.2358 373
6 (3++13)/2 91  6.62314 x 10" 0.0666 379
7 4417 92  1.11753 x 10** 0.2387 376
8 (5++21)/2 73 2.44965 x 103 0.0400 377
9 54426 98 3.23107 x 10** 0.2333 372
10 6++/35 83  1.87425 x 10** 0.1172 381
11 (7++/53)/2 96  1.82440 x 10** 0.3875 376
12 (25+3v69)/2 80  2.40911 x 10% 0.2013 371
13 (9+V77)/2 82  2.54747 x 10* 0.1470 373
14 11++122 76 4.91937 x 10** 0.4004 380
15 (13+2V165)/2 86 2.61323 x 10% 0.1664 372
16 44+ 3v/215 80 3.14146 x 10*® 0.3298 371
17 (15 ++/221)/2 75 5.70467 x 10%3  0.4661 371
18 15+ /226 79  4.78438 x 10*3 0.4046 371
19 (19++/365)/2 78  3.05270 x 10* 0.1985 372
20 22+ /483 75 4.19689 x 10*3  0.1559 374
21 29+ /842 87  8.14707 x 10** 0.2964 382
22 44 ++/1937 87  4.70884 x 10* 0.1191 376
23 89 + /7922 79 243413 x 10*®  0.4418 369
24 12854 2/412806 85 2.22078 x 10* 0.4501 385
25 1740 + /3027601 77 2.33761 x 10** 0.3352 378

TABLE 5. First reduction compuation results (II)

26

By replacing (k,n,m) := (ka,n2, mg) in the inequality (68)), we can write

log 575

ks
log

na

log(a(1 + a~(2=m2)))

log(a~

fort=1,2,...,25. We now put

_ log d;

Tt ©

~ loga’

Htng—mo =

_log(a(1 + a~(r27m2)))

Y

and

log(a~

Y

With the above notations, we can rewrite (101)) as

0< ‘]{327} — N9 + ,utm_,nQ\ < AtBt_nQ,

for t

- < 10 >a_”2,
log o

(At, Bt) == (

=1,2,...25.

We again apply Lemma [2] to the above inequality (102)), for

t=1,2,...,25,

We take

and

ng—m2:1,2,...,bt,

with

N =4 x 103,

€tnz—ma = |leg™"> || = Nl|mg 272 > 0,

bt,m—m2 = Uog(Atqg?m*mQ)/675,712—7712)/log Btj'
With the help of Mathematica, we obtain that

(101)

10 >
—, .
log

(102)
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t 1 2 3 4 b} 6 7 8 9 10 11 12 13
bt no—mo | 398 404 399 413 390 398 401 397 390 413 401 396 396
t 14 15 16 17 18 19 20 21 22 23 24 25
bt no—ms, | 402 393 395 392 401 396 392 400 401 392 414 395

TABLE 6. Final reduction computation results (II)

max{bp,—m, :t=1,2,...,25 and ng—mg=1,2,...d;} <414.

Thus, by Lemma [2, we have that ny < 414, for all t = 1,2,...,25, and by the
inequality we also have that ny < ng +4. From the fact that pk < 2a™t we
can conclude that k; < ko < 248. Collecting everything together, our problem is
reduced to search for the solutions for in the following range

1<k <ky<248, 0<my <mng €[3,414] and 0<my <ng € [3,414].
After a computer search on the equation on the above ranges, we obtained
the following solutions, which are the only solutions for the exceptional d cases
we have stated in Theorem [2}

For the +4 case:

(d=3) X1=4=P+Py=Fs+ P3=PFP;+ Ps,
Xo=14=P1+Ps=Pyo+ P, X3=52= P+ Ps;

(d=05) Xi1=3=F+FPh=P+P, Xo=7=PFPy+ Py= P+ F;s,
X3 =18 = P1g + Ps;

(d=21) X1 =5=PFP+Py=P+P3=PF+PFs,

Xo=23=Pis+ P =P+ Py, X3=2525= P53+ Pi;.

For the —4 case:

(d=2) X1 =2=P+P=Ps3+P;, Xo=14= P+ P5s= P+ F;

(d=5) Xi=1=P+PFP, Xo=4=P+Py=Fs+P3=PF;5+PF,

Xs=11=Pog+ P =P+ P, X4=29= P4+ Ps.
This completes the proof of Theorem O
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