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ABSTRACT

Let h : V — 'V be a Cohomological Expanding Mappin of a smooth complex compact
homogeneous manifold with dim¢(V) = k > 1 and Kodaira Dimension < 0. We study
the dynamics of such mapping from a probabilistic point of view, that is, we describe the
asymptotic behavior of the orbit Oy (xz) = {h"™(xz),n € N or Z} of a generic point.
Using pluripotential methods, we have constructed in our previous paper [1]] a natural
invariant canonical probability measure of maximal Cohomological Entropy v}, such that
Xo " (R™)*Q = vy, as m — oo for each smooth probability measure € in V. We
have also studied the main stochastic properties of v}, and have shown that 1/, is a smooth
equilibrium measure , ergodic, mixing, K-mixing, exponential-mixing. In this paper we
are interested on equidistribution problems and we show in particular that v, reflects a
property of equidistribution of periodic points by setting out the Third and Fourth Main
Results in our study. Finally we conjecture that
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1 Introduction

Note that in this paper we will generalize some results on Complex Dynamics due to Nessim Sibony, Tien-
Cuong Dinh, Duc-Viet Vu and other authors. For this, we will use a new Method called the Cohomological
Method introduced in our preview paper [1]. This new Method is based on the Concepts of Cohomological
Degree, Cohomological Entropy and Cohomological Quocient which were introduced in ours preview pa-
pers [1]l, [42]]. Let v be the equilibrium measure of an endomorphism h. If ¢ is an observable, ({ o h™),>0
can be seen as a sequence of dependent random variables. As the measure is invariant, these variables are
distributed in an identical way, that is, the Borel sets {¢ o h™ < b} have the same measure v for any fixed
constant b. We recall some general facts of ergodic theory and probability theory. We refer to [38,40] for
the general theory. Consider a dynamic system of a map h : V — V, measurable against a o-algebra F on
V. The direct image of a probability measure v by h is the measure of probability h.(v) defined by

he(v)(B) = v(h~\(E))
for each measurable set . Likewise, for any positive measurable function ¢, we have

(ha(v),¢) := (v, Cohy.

The measure v is invariant if h,(v) = v. When V is a compact metric space and h is continuous, the set
M(h) of invariant probability measures is convex, compact and not empty: for any sequence of probability
measures vy, the limit values of

1 N-1
& 2 (). (vw)
j=0

are invariant probability measures. A measurable set E is totally invariant if v(E\ h~=(E)) = v(h~1(E) \
E) = 0. An invariant probability measure v is ergodic if any totally invariant set is of measure v zero or
complete . It is easy to show that v is ergodic if and only if ¢ o h = ¢, for ¢ € L!(v), then ( is constant.
Here, we can replace L!(v) by LP(v) with 1 < p < +o00. The ergodicity of v is also equivalent to the fact
that it is extremal on M(h). We remember Birkhoff’s ergodic theorem, which is the analogue of the law of
large numbers for independent random variables [40].

Theorem 1.1 (Birkhoff). Let h : V — 'V be a measurable map as above. Suppose that v is an invariant
ergodic probability measure . Let ( be a function on L*(v). Then

1 N-1 .
¥ 2 St @) = . 0)

n=0
almost everywhere in relation to v.

When V is a compact metric space, we can apply Birkhoff’s theorem to continuous functions ¢ and deduce
that for v almost all =

1 N-1
N Z 5hn(w) — U,
n=0

where §,, indicates the mass of Dirac at 2. The sum
N-1
Stn(¢) == > (oh"
n=0

is called Birkhoff sum. Therefore, Birkhoff’s theorem describes the behavior of % St (¢) for an observable
(. A stronger notion than ergodicity is the notion of mixing. An invariant probability measure v is mixing
if for each measurable set ', F’

lim v(h""(E)NF) =v(E)v(F).

n— oo

Clearly, mixing implies ergodicity. It is not difficult to see that v is mixing if, and only if, for any test
functions ¢, 7 on L>(v) or on L?(v), we have

lim <l/, (C o hn)ﬁ> = <Va C><V’ 77>'

n—oo

The Quantity
Wi (C,m) = (v, (Co h™)m) — (v, O){v,m)|



is called the correlation on time n of ¢ and 7. Thus, mixing is equivalent to the convergence of W,,({,n)
to 0. We say that v is K-mixing if for each n € L?(v)

sup  Wy(¢,m) — 0.
”C”LQ(,,)Sl

Note that K-mixing is equivalent to the fact that the o -algebra F, := Nh~"(F) contains only sets zero
and complete measures. This is the strongest form of mixing for observables on L?(v). However, it is of
interest to obtain quantitative information about the mixing speed for more regular observables, such as
smooth functions or Holder continuous. Now consider an endomorphism h of degree 7 > 2 of P* as above

and its equilibrium measure v. We know that v is totally invariant: h*(v) = 7%v. If { is a continuous
function, so

(v,Coh) = (r7"h*(v),Coh) = (v, 7 *h.(Coh)) = (v, ().

We use the obvious fact that h.(¢ o h) = TkC . Thus, v is invariant. Mixing for measure v was proved
in [27].

Theorem 1.2. Let h be an endomorphism of degree T > 2 of P*. So its measure of Green v is K-mixing.

The equilibrium measure v satisfies remarkable stochastic properties that are quite difficult to obtain in
the real dynamic systems scenario. Pluripotential methods replace the delicate estimates used in some real
dynamic systems. Consider a dynamic system b : (V,JF,v) — (V,JF,v) as above, where v is an invariant
probability measure. Therefore, h* defines a linear operator of norm 1 on L?(v). We say that h has the
Jacobian limited if there is a constant x > 0 such that v(h(FE)) < kv(FE) for each E € F. When V
is a complex mamifold, it is necessarily orientable . Let V be a smooth complex compact homogeneous
manifold with dim¢ (V) = k& > 1 and Kodaira dimension < 0 and 2 : V — 'V be a dominant surjective
meromorphic endomorphism, that is, whose Jacobian is not identically null in any local chart. Let w be a
(1,1)-strictly positive Hermitian form on V. Let £ be a prime number.

Definition 1.3. The i-th Cohomological Degree x;(h) of h is defined as the spectral radius of the pullback
action h* in the cohomology group ¢ -adic étale H},(V, Q) independent of £ by: (cf [42] [6] [43] [2] [30]
for more details)

Xﬁ(h) = p(h* }H;(V,Qz)) .
Definition 1.4. We define the (I, n)-th Cohomological Quotient £'(h) of h as follows:
x21-1(h) } !
xau(h)
Definition 1.5. The Cohomological Entropy of & is defined by

g =|

hy (h) = maxlog x2:(h).

Definition 1.6. We say that & is a Cohomological Expanding Mapping when & is dynamically compatible
(thatis (h™)* = (h*)™ ) and there is [ € {1, ..., k} such that :

&) > 1.

We will write x; for x;(h) and & for £ (h) if there is no confusion.

Let (V,J,v) be a probability space and h : V — 'V be a measurable map that preserves v, that is, v is A, -
invariant: h,v = v. The measure v is ergodic if for any measurable set ' such that h1 (E) = E, we have
v(E) = 0or v(E) = 1. This is equivalent to the property that v is extremal on the convex set of invariant
probability measures (if v is mixing, so it is ergodic). When v is ergodic, Birkhoff’s theorem implies that if
7 is an observable on L!(v) then

o1 n—

lim — [n(@) +n(h(@)) + -+ n(h" " (@))] = (v.0)
n—oo N

for v - almost all 2. Suppose now that (v,n) = 0. Then, the previous limit is equal to 0. The theorem of

limit central (TLC), when it occurs, provides the speed of this convergence. We say that ) satisfies the TLC

if there is a constant o > 0 such that

= [n@) (b)) £ -+ 00 @)



converges in distribution for the Gaussian random variable N(0, o) of mean 0 and variance . Remember
that 7 is a coboundary whether there is a function ’ on L?(v) such that 7 = 1’ — 7’ o h. In that case, it is
easy to see that

1 1
lim = [n() () + -+ (@) = Jim o) ol @) = 0

n—oQ n—oo

in distribution. Therefore, n does not satisfy the TLC (sometimes it is said that n satisfies the TLC by
o = 0). The TLC can be deduced from strong mixing, see [31135/(37,39]. In the following result, Et(n|F,,)
indicates the expectation of 1) in relation to F,,, that is, n — Et(n|JF,,) is the orthogonal projection of L?(v)
in the subspace generated by the measurable functions J,.

Theorem 1.7 (Gordin). Consider the decreasing sequence F,, := h™™(F), n > 0, of algebras. Let 1) be a
function with real value on L?(v) such that (v,n) = 0. Suppose that

> B (M|Fn) | 2wy < oo

n>0

So, the positive number o defined by
0% = (v, ?) +2)_(v.n(noh™))

n>1
is finite. It vanishes if and only if 0 is a coboundary. Furthermore, when o # 0, then 1 satisfies the TLC
with variance o.

Note that o is equal to the limit of n=1/2|p+- - - +noh™~1||12(,). The last expression is equal to ||| £2(,)
if the family (1 o h™),,>¢ is orthogonal on L?(v). We refer to [38,40] for the notion of Lyapunov exponent.
Definition 1.8. An invariant positive measure is hyperbolic if its Lyapunov exponents are non-zero.

A function guasi-p.s.h. on V is a function of V on [—00, 00), which is locally the sum of a plurisubharmonic
function and a smooth function. For a given (1, 1) -continuous form 7, denote by PSH (1) the set of quasi-
p.s.h. functions ¢ such that dd°¢ + 1 > 0 and supy, ¢ = 0. Endow PSH (1) with induced distance of
L'(V) using natural inclusion PSH® (1) € L'(V). Remember from [33] that a complex measure v on V is
considered PC if each quasi-p.s.h. function is v-integrable and for each sequence ((,)nen of quasi-p.s.h.
functions converging to ¢ on L' , so that dd®(,, +7 > 0 for some smooth form 7 independent of n, we have
(v, Cn) — (v,¢). A pluripolar set onV is a subset of V contained on {{ = —oo} for some quasi-p.s.h.
function {. Any locally pluripolar set on 'V is pluripolar, cf [34]. In particular, this implies that there are
profusely quasi-p.s.h singular functions on V. Note that every PC measure has no mass on pluripolar sets.
Next, we will consider the dynamics of h with & ' (h) > 1. The Third Main Result is as follows.

Theorem 1.9. Let h : V — V be a Cohomological Expanding Mapping with | = k. Let vy, be the
equilibrium measure of h. Let E, (resp. RE,) be the set of isolated periodic points (resp. periodic
repellent) of period n. Let A, be the set E,, , RE,, or their intersections with the support of vy,. Then A,, is
equidistributed asymptotically with respect to vy,: we have

1
—foﬁuh when n — 00,

where Iy, indicates the mass of Dirac on x. In particular, we have #A\,, = x5, + o(x%;,) when n — oo.

In fact, when A admits positive dimensional analytical sets of periodic points, the classic Lefschetz formula
does not allow estimate the number of isolated periodic points. The upper limit #A,, < x5, + o(x3;) is,
in fact, obtained using a recent theory of the density of positive closed currents developed by Sibony-Dinh
in [[14]. See too [24], [26], [46], [23], [17]. Let .J’ be the second set of indeterminacy of h, that is, the set
of points z such that h~1(z) have a positive dimension. It is an analytical set of codimension at least equal
to 2. The open set of Zariski V \ .J' is the set of points z such that the fiber h~1(x) contains exactly yas,
contains exactly A~ * on subsets of V. Define Jj) := J', J! ., := J)Uh(J}) forn > 0 and J_ := U,>0J},.
Note that the set J_ is characterized by the following property: the sequence of probability measures

vy =Ty, vl =g h*(vE) forn>0
is well defined if and only if ¢ J.,. We have v = x,,"(h")*(T'z). Thus , v} is the probability

measure equidistributed on the fiber h~™(z) where the points on that fiber are counted with multiplicity. Tt
is necessary to distinguish J/ with the set U,,>oh™(J’), which is a priori minor. Let J be the (first) set of
indeterminacy of h. Also define Jy := J, Jy41 := Jo U h(J,) forn > 0 and J := Up>oJ,. The set
Joo \ JLo consists of points x & J., so that the support of v/ intersects .J for some n > 0. Let’s consider
x & Jx U J. . The Fourth Main Result is as follows.



Theorem 1.10. Let h : V — V and vy, be as in Theorem So there is a proper analytic set (possibly
empty) T of V, so that for © & Joo U J. we have

1

m
2k

(™) T, — vy when m — 00
ifand only if x € 7.

Many meromorphic maps with J' = & are not holomorphic. For example, if f : PF — PF is an explosion

of P* and 7 : P — P* is a finite holomorphic map, so 7 o £~ is not holomorphic, but its second set of
indeterminacy is empty. For holomorphic maps on P¥, we have J = J' = @.

2 Third and Fourth Main Results

Recall that in this paper we generalize some results on Complex Dynamics due to Nessim Sibony, Tien-
Cuong Dinh, Duc-Viet Vu and other authors. For this, we use a new Method called the Cohomological
Method introduced in our previous paper [ 1|]. This new Method is based on the Concepts of Cohomological
Degree, Cohomological Entropy and Cohomological Quocient which were introduced in ours previous
papers [S[], [1], [42] . Let V be a compact Kihler manifold with dimension & and w be a Kihler form on V
normalized such that w* define a probability measure on V. Let b : V — 'V be a Cohomological Expanding
Mapping. The iterated of order n of h is defined by h"™ := h o --- o h, n times, on a dense open set of
Zariski and extends to a dominant meromorphic map on V. We refer the reader to [[12}|13}24] for details.
The first main result of this paper is as follows.

Theorem 2.1 (Theorem ”Third Main Result”). Let h : V — 'V be a Cohomological Expanding
Mapping with | = k. Let vy, be the equilibrium measure of h. Let E,, (resp. RE,,) be the set of isolated
periodic points (resp. repellent points) of period n. Let A, be any of the sets E,, , RE,, or their intersections
with the support of un. Then A, is equidistributed asymptotically with respect to vy: we have

1
—foc%uh when n — oo,

where I'y, denotes the mass of Dirac on x. In particular, we have #A\,, = x5, + o(x5,) when n — oo.

In Theorem [2.1], the last statement is an important point in its proof. Therefore the classical Lefschetz for-
mula does not allow to estimate the number of isolated periodic points when h admits positive dimensional
analytical sets of periodic points. So the upper limit #A,, < X3, + o(x%,) is obtained using the theory of
the density of positive closed currents developed by Sibony and Dinh in [[14]. One may need to construct
enough periodic repellent points on the support of . To this end, we will construct on Section [] good
enough inverse branches of balls for 2™ with controlled size, cf Proposition below. This construction
will be a generalization of the construction in [30]. The construction of inverse branches for holomorphic
discs on projective varieties can be achieved using a method developed by Briend-Duval in [41]]. Here
we follow the approach developed by Dinh-Sibony in [46] which also allows the construction of discs and
spheres on varieties of Kdhler. An idea from Buff allows to get periodic repellent points [44]. Mas the
presence of indeterminacy sets for Cohomological Expanding Mappings is the source of several delicate
technical points . For example, the obstruction to the existence of inverse branches for balls, at least in this
approach, may be greater than the orbits of critical values and locus of indeterminacy. One may construct
and use a (1, 1)-current U closed and positive that allows to control this obstruction. Note that when V is
a projective variety, a weaker version of Theorem was stated in [24]. When h is a holomorphic endo-
morphism of P¥, a similar version of the above theorem was obtained by Briend-Duval in [26]. His proof
heavily uses the continuity of Holder of the dynamical function of Green. For Cohomological Expanding
Mappings, Green’s dynamical function, even when it exists, is generally not continuous. A similar result
for polynomial maps of dominant topological degree, in particular for a large family of rational maps on
P, was obtained by Sibony and Dinh [46]. For the case of dimension 1, see Brolin [23], Freire-Lopes-
Maié [47]], Lyubich [47] and Tortrat [50]. This construction of inverse branches of balls also allows to
study the equidistribution of pre-images of points by h™. Let J’' be the second set of indeterminacy of h,
that is, the set of points z such that h~!(z) has a positive dimension. It is an analytical set of codimension
at least equal to 2. The open set of Zariski V \ J’ is the set of points « such that the fiber h~!(x) contain
exactly ok points counted with multiplicity, see Section for the definition of the action of  and h~' on
subsets of V. Define Jj, := J', J),,; := Jy U h(J),) for n > 0 and J/, := U,>0J},. Note that the set J/_ is
characterized by the following property: the sequence of probability measures

vy =Ta, vy = o h*(VE)  forn >0



is well defined if and only if « ¢ J._. We have vf = x,," (h™)*(T'z). Then v/ is the measure of probability
equidistributed on fiber h~" () where the points on this fiber are counted with multiplicity. It is necessary
to distinguish J._ with the set U,,>oh™(J’) which is a priori minor. Let .J be the (first) set of indeterminacy
of h. Also define Jy := J, Jp41 := Jo Uh(J,) forn > 0 and Jo, := Up>oJy,.The set J \ J. consists
of points = ¢ J’_ such that the support of v/Z intercepts J for some n > 0. Let’s consider © & Joo U J._.

Theorem 2.2 (Theorem [1.10] "Fourth Main Result”). Let h : V — V and v, be as in Theorem So

there is a proper analytic set (possibly empty) T of V such that for v & Joo U J._ we have
1
— (") Ty — vy when m — 00
Xak

ifand only if v & T.

When V is projective, was shown by Guedj in [24] that T is a finite or enumerable union of analytical sets,
see also [[13] in the case of compact varieties of Kihler . A similar result to the theorem above was obtained
for holomorphic endomorphisms of P* in [29}41,/46]. It also applies to maps of the polynomial type with
topological dominant degree. For the case of dimension 1, see [[17,[23/{47./50].

3 Current density

Suppose | < k. In this section, we define several operations for Cohomeological Expanding Mappings and
positive closed currents on compact varieties of Kihler. We also recall some elements of the theory of closed
positive current density and establish a preparatory result. We refer the reader to Armand [3|], [[30f], [[8]] and
also to Demailly [[11]], Dinh-Sibony [[15)20] and Voisin [49] for basics of positive closed currents and quasi-
plurisubharmonic functions (quasi-p.s.h. ) and basic facts about the geometry of Kihler. Let V be a compact
Kihler manifold with dimension & and w be a Kéhler form on 'V as above. If @) is a current on V and ( is a
test form of the right degree, the pairing (@, ¢) denotes the value of @ on (. If ) is a (p, p)-positive current
on V, its mass is given by the formula
Q] = (@, ")

Note that when () is, moreover, closed, its mass depends only on its class of cohomology {Q} on
HP?(V,R). Here HP4(V,C) denotes the Hodge cohomology group of bidegree (p,q) of V and
HPP(V,R) := HPP(V,C) N H*(V,R). Let’s write Q < Q" and Q' > Q for two (p, p)-real currents
Q, Q" if Q' — @ is a positive current. We also write ¢ < ¢’ and ¢ > ¢ for ¢,¢’ € HPP(V,R) when ¢’ — ¢
is the class of a (p, p)-closed positive current. If V' is an analytic subset of pure dimension k¥ — p on V,
denote by [V] the positive closed current of integration on V and {V'} its cohomology class on H??(V,R).
The cup product on H*(V,C) is denoted by -« . Now consider a Cohomological Expanding Mapping
h :V — V. Remember that & is holomorphic on an open Zariski set and the closing I of its graph on V x 'V
is an irreducible analytical subset of dimension k. Let 7; and 72 be the canonical projections of V x V
on its factors. If Z is a subset of V, define h(Z) := my(7; ' (Z) NT) and h=*(Z) := m1(m5 1 (Z) NT).
The (first) set of indeterminacy J of h is the complement of the set of all points z € 'V such that h(z)
is of dimension 0, or equivalently, that i(z) contains only one point. The second set of indeterminacy J'
of h is the complement of the set of all points z such that h~*(z) is of dimension 0, or equivalently, that
h~1(z) contains exactly y2) points counted with multiplicity. Both .J and .J’ are analytical subsets of V of
codimension at least equal to 2. The Cohomological Expanding Mapping h induces linear operators on
forms and currents. The presence of locus of indeterminacy makes these operators more delicate to handle.
If ¢ is a (p, ¢)-smooth form on V, then h*(¢) is the (p, ¢)-current defined by

h*(€) := (1)« (3 (¢) A [I]).
One can see that h*(¢) is a L'-smooth form out of J. Its singularities throughout of .J do not allow iterate
the operation in the same way. However, the operation commutes with & and 0. In particular, when ¢
is closed or exact, so is h*(¢) . Therefore, h* induces a linear operator on H?*%4('V,C). One can iterate
the previous operator and since h is a Cohomological Expanding Mapping, we have (h*)" = (h™)*.
Similarly, the (p, q)-current h, (¢) is defined by

hi(€) = (m2)x (77 (¢) A [T7]).

This is a L'-smooth form out of the critical values of 7o r. The operator h, also commutes with 9, 0 and

induces a linear operator h, on H?¢(V C). Let us now consider two particular cases of the pull-back
operator h* on currents that will be used later. If  is a continuous function on 'V then h.(() is a limited
function on V, that is continuous outside J'. So if v is a positive measure without mass on J’ we can define

(h*(¥),¢) = (v, h(C))-



One can see that h*(v) is a positive measure whose mass is equal to xof times the mass of v since o
restricted to I" defines a branched covering of degree xo, on V \ J'. If v is the mass of Dirac at one point
x ¢ J', then h*(v) is the sum of the Dirac masses on the fiber 4! (z) counted with multiplicity. If v has
no mass on J, the positive measure h, () given by

(ha(v), Q) == (v, 7(C))

for each continuous function ¢ on V, is well defined and has the same mass as v. If v is the mass of Dirac
onz ¢ J, then h,(v) is the mass of Dirac on h(z). The second situation concerns the (1, 1)-closed positive
currents . If () is such a current on V, we can write Q = « + dd“u where « is a (1, 1)-closed smooth form
on class {@} and w is a function quasi-p.s.h. . Then u o 75 is a function quasi-p.s.h. on I" and we define

h*(Q) = h*(a) + (m1). (dd°(uw o moyr)).

Using local regularization of @), one can see that 2*(Q) is a (1, 1)-closed positive current. The operator
is linear and continuous on Q. So, using Demailly’s regularization of (1, 1)-currents on V [10], we can
verify that the operator is compatible with the cohomology, that is, we have {h*(Q)} = h*{Q}. The
operator h, is defined in the same way on currents (1, 1) closed positive and is also compatible with the
cohomology. We will recall basic facts about positive closed currents density theory and provide an abstract
result that will allow us to ignore Lefschetz’s fixed point formula to limit the number of periodic points.
We will restrict ourselves to the simplest situation necessary for the present paper. The reader is invited to
consult [14]] for more details. Let V be an irreducible subvariety of V of dimension /. Let7m : X — V
be the normal vector bundle of V on V. For a point x € V, if Tan,V and Tan,V denote, respectively,
the tangent spaces of V and of V on z, the fiber X, := 7~ (x) of X over z is canonically identified with
the quotient space Tan,V/Tan, V. The zero section of X is naturally identified with V. Denote by X the
natural compactification of X, that is, the projectivization P(X @ C) of the vector bundle X & C, where C
is the trivial line bundle over V. We still denote by 7 the natural projection of X to V. Denote by Zy the
multiplication by A on the fibers of X where A € C*,i.e. Z)(u) := Au, u € X,,, € V. This map extends
to a holomorphic automorphism of X. Let Vj an open subset of V' which is naturally identified with an
open subset of section 0 on X. A diffeomorphism 7 of a neighborhood of V;; on V to a neighborhood of V
on X is called allowable if it satisfies the following essential three conditions: the restriction of 7 to Vj is
the identity, the differential of 7 at each point = € 1} is C-linear and the composition of

X, — Tan,(X) — Tan, (V) —» X,

is the identity, where the morphism Tan, (X) — Tan, (V) is given by the differential of 7=* on z and the
other maps are canonical, see [|14] for details. Note that an allowable map is not necessarily holomorphic.
When V} is small enough, there are local holomorphic coordinates in a small neighborhood U of V on V
so that over V{y we naturally identify X with V; x C¥~! and U with an open neighborhood of Vj, x {0} on
Vo x CF=! (we reduce U, if necessary). In this image, identity is an allowable holomorphic map. There
are always allowable maps for Vj := V. However, such an allowable global map is rarely holomorphic.
Consider an allowable map 7 as above. Let ) be a (p, p)-positive current closed on V without mass on
V for simplicity. Define Qy := (Z)).7.(Q). The family (Q,) is relatively compact on 7~1(V;) when
A — 0o we can extract convergent subsequences A — co. The limit currents U are (p, p)-closed positive
currents without mass on V' that are V-conical , that is, (Z)).U = U for any A € C*, in other words, U is
invariant by Z). Such a current U depends on the choice of A — oo but it is independent of the choice of .
This property gives us great flexibility to work with allowable maps. In particular, using allowable global
maps, we obtain (p, p)-closed positive currents U on X. It is also known that the class of cohomology of U
depends on @, but it does not depend on the choice of U. This class is denoted by x" (Q) and is called the
total tangent class of @) in relation to V. The currents U are called fangent currents of () along V. The mass
of U and the norm of k" (Q) are limited by a constant times the mass of (). Let —h be the (1, 1)-tautological
class on X. Remember that H*(X,C) is a free H*(V, C)-module generated by 1, h, ..., h*~ (the fibers
of X are of dimension k — [). So, we can write

min(l,k—p)

Q= Y m(R(Q) W
j=max(0,l—p)
where 1) (Q) is a class on H'~9'=3(V, C) with the convention that £} (Q) = 0 out of range max(0,[—p) <
j < min(l,k — p). Let s be the maximum integer such that k¥ (Q) # 0. We call it tangential h dimension
of Q along V. The class Y (Q) is pseudo-effective, that is, it contains a positive closed current on V. The
tangential h dimension of () is also equal to the maximum integer s > 0 such that U A 7*(wy,) # 0, where
wy is any form of Kéhler on V. In addition, if Q),, and @ are (p, p)-positive currents closed on V such that



Qn — Q, then £} (Qn) — 0 for j > s and any limit class of s} (Q,) is pseudo-effective and is less
than or equal to Y (Q). The following result will allow us to limit the number of periodic points isolated

from a meromorphic map. We identified here the cohomology group H2*(V, C) with C using the integrals
differential forms of high degree on V.

Proposition 3.1. Let '), be complex submanifolds of pure dimension k—1 on'V. Suppose there is a sequence
of positive numbers K, such that K,, — oo and K, *[T',,] converges to a (1,1)-current Q closed positive on
V. Suppose also that the h-tangent dimension of Q in relation to V is 0 and that {Q} —« {V'} = 1. So the
number 6, of isolated points at the intersection ', NV, counted with multiplicity, satisfies 0, < K, +o(K,)
when n — 0.

Proof. We use the Lemma in this proof . Define Q,, := K, ![[',]. Extracting a subsequence allows
us to assume that " (Q,) converges to a class x. As the h-tangent dimension of @ is zero, the above
discussion implies that x = AL, where L is a fiber class of E and \ is a positive number. We also have
£V (Q) = 7 (ky (Q)). In the above construction of " (Q) with an allowable global map, we see that
Rham’s class of cohomology of () on a neighborhood of V x {0} does not depend on A\ when A — oo.
It follows that {Q} — {V'} = kV(Q) — {V'}. This together with the hypothesis {Q} — {V} = 1 implies
that ¥ (Q) = L. The above discussion about the superior semi-continuity of Y (Q,,) implies that A < 1.
By Lemma we can write KV (Q,,) = 8, K;; 1L + L,, where L,, is a pseudo-effective class. As " (Q,,)
converges to Kk = AL, we deduce that the limit values of L,, are also equal to positive constants times L and
then limsup 4, K, * < \. The proposition follows. |

We have used the following lemma.

Lemma 3.2 ( [30]). Let I" be a submanifold of pure dimension k —l on V. Let x1, . ..,xN be the isolated
points on T'NV and m; be the multiplicity of the intersection of I' NV on x;. So, any tangent current of [I']
along V is greater than or equal to > m;[m = (z;)].

Proof. Consider a small open set Zy on V that contains only one point ;. As above, we identified E
(resp. E) on Zy with Zy x C*~! (resp. Zy x P*~!), and a small neighborhood of Z; on V with an open
neighborhood of Zy x {0} on Zy x C*~! and 7 with the canonical projection of Zy x P*~! on its first
factor. Identity is then an allowable map. It is clear in this context that any tangent current of [I'] along V'
constructed as above is greater than or equal to m;[7*(z;)]. The lemma follows.

4 Branches Constructing

Note that this section is a generalization of the construction in [2f] , [30] .

Let h : V — 'V and v, be as in Theorem The purpose of this section is to construct for generic small
balls an almost maximum number of inverse branches in relation to 2™ and that we control the size. Remem-
ber that J, J', d,,, x2x, I’ denote the sets of indeterminacy, the dynamic degree of order p, the cohomological
degree and the closing of the graph of h on V x V. By definition, the dynamic degree of order p and the
cohomological degree of h™ are equal to dj; and X3, respectively. Denote by J(h"), J'(h"),T',, the inde-
terminacy sets and the closing of the graph of h"™. Natural projections of V x 'V in their factors are denoted
by 71 and my. Also remember that Jg := J', J) . := JyUh(J)) forn > 0 and J  := Up>0J),. One
must distinguish J7 with the set U,>oh™(J’) and the union of J'(h™) which are a priori minor. Choose
an analytical subset ¥ of V containing .J, J/, h(J), h~'(J’) such that 75 restricted to T' \ 75 * () defines
an unrestricted covering over V \ X,. Let Z be a connected subset of V, for example, a holomorphic ball,
a holomorphic disc or a family of discs through a point on V. We call an inverse branch of order n of Z
any continuous bijective map f : Z — Z_,, with Z_,, C V such that if we define Z_; := h(Z_;_1) with
0<i<n—1LthenZ_;NYy=for0<i<n h:Z_; = Z_ ;41 isabijective map for 1 < ¢ < n,
Zy = Zand h™ o f = id on Z. Note that h" "o g : Z — Z_; is an inverse branch of order i of Z and
Z admits at most x5, inverse branches of order n. The condition B_; N Yy = & implies that the inverse
branch can be extended to any open set small enough containing Z using local inverses of the map h™. We
say that the inverse branch above is of size smaller than X if the diameter of Z_,, is smaller than A. We also
call Z_,, the image of the inverse branch f : 7 — Z_,.

Proposition 4.1 ( [2[], [30]). There is a (1, 1)-closed positive current U on 'V satisfying the following prop-
erty. Let €,v be strictly positive numbers with v < 1 and let x© be a point on 'V so that Lelong’s number
v(U, z) of U on x is smaller than v. So there is a constant v > 0 such that the ball B(x,r) with center x and
radius v admit at least (1 —v)x3, inverse branches of order n and smaller in size than (Xa2k—1/X2k + £)/?
for eachn > 0.



Proof. A Siu theorem says that {v(U,z) > c} is a proper analytical subset of V for each ¢ > 0 [43].
Thus, the above proposition applies to generic points x on V. In the construction of U, we will see that the
set {v(U,z) > 0} contains the orbits of critical values and points of indeterminacy that are obviously an
obstruction to obtain inverse branches of balls. However, {v(U,z) > 0} contains a priori other analytic
sets which are a less obvious obstruction to the existence of inverse branches. It can be seen as a local of
accumulation of the orbits of the points of indeterminacy. We now give the proof of the above proposition.
The first step is to define the current U. Remember that operators (h™). act continuously on currents (1, 1)
positive closed and these actions are compatible with the actions of (h™), on H»(V,R). If Q is a (1, 1)-
positive current closed on 'V, its mass depends only on the class of cohomology {Q}. Therefore, for a fixed
norm in cohomology, the mass of () is comparable to the norm of {Q}. We then deduce the existence of a
constant Ly > 0 independent of @, h and n so that

1(A™)« (@) < Lol (h™)ull 11 (v ) 1€l

By definition of x2—1, one can fix an integer /N > 1 large enough such that

Lol[(h™)allmra(vry < (Yxar)™, where xor—1/Xox < T < Xok—1/Xa2k + € is any fixed constant strictly
less than 1. Define 3,11 := h(%;) for 0 < ¢ < N — 1 and ¥ := Up<,<n%;. Therefore, any connected
and simply connected set outside 3. admits the maximum number X2} of inverse branches of order N with
images outside >y. Choose a desingularization 7 : T — T whichisa composition of explosions of I" along
smooth centers on or over 7; 1(¥) N T and 7, *(X) N T. Define 7; := m; o m. One can choose 7 so that
7, *(X) and 7, *(X) are pure codimension 1 on T. By Blanchard’s theorem [9], " is a compact variety of
Kihler . Fix a form of Kihler & on I that is bigger than 77 (w). We also assume that & is large enough that
each ball of radius 1 on I in relation to the metric & biholomorph to C*. Denote by ¥’ and X respectively,
the union of codimension components 1 and the union of the components of codimension > 2 of . Define

N
Pyi= LY N2+ (12).@)),  Pi=Y (h)"(P)
n=0
and
Z szk —mN hN> (P)
m>0
Here L; > 07 ! is a constant satisfying Lemma n below and 4; is a constant whose exact value will

be determined after the Lemma below. By definition of T, the last current is well defined. Note that
one must distinguish operators (h™)™ and (hV™),. The orbit of ¥ is the obstruction to build inverse

branches of balls. Now we apply Lemmaand the Proposmonfor do = v/4. Let x( ) e (S) with
0 < s < x5, the distinct points on h~"(x) such that h'(z 7n) gXforall0 <i<n and 1 g Jj < s,
If f: A, — A, —p is an inverse branch as in the Lemma. 4.6 then A, _,, contains exactly one of the
points :c(] ) We say that :c(J ) is the center of Ay, —n. Denote by I () the set of A € F such that A, admits

an inverse branch of order n as in the Lemma H with center x(] ) Let P, be the set of all j such that

L£(FU)) > v/4. Let j be an element of P,,. We show that B(z,r) admits an inverse branch of order n of

U ) for a suitable constant » > 0 independent of n. Let T7) be the intersection of

(4)

size < Y™/2 with center 2"/
F0U) with B(x, o). The inverse branches of A,,, with A € FU) with images centered on "’
common intersection point  and form a map f : T — T(] ) where TV G ) is the umon of A,, _, centered
on z9) with A € F. Define as above 2) = hn=i(z9), TV = p=i(TY)) for 0 < i < n and

(_]Z) =Ty ( (_]Z) 1) T(J) =Ty (Tg‘)—ﬁ for0 <i<mn-—1.By Lemma we have Tg) NY = o for

0 <% < n. So the map 7, 1o hn==1 o g extends holomorphically to a neighborhood of 7). In addition,
) (J)

,, agree at the

the image of 7% is equal to T(] that is contained in the ball of radius 1 Tl/ 2 < 1 centered on 7’/ and does

not intercept the hypersurface 7; *(X) U 7, *(X). Remember that the metric & on ' is chosen so that any

ball of radius 1 is contained on an open set bihomorphic to a ball on C*. So Propositioncan be applied
to this map. According to this proposition, for r small enough (equal to ry times a constant independent
of n,1, §), all maps h"~% o f and Tf o h"~=1 o f extend holomorphically to B(xz,). Furthermore, his

images, denoted by B(z, r)( ) and B (x r)( 9 respectively, have diameters less than or equal to Y*/2. We
also have B(x r)(J) N Y(T) = @ and B(x r)(j) N7y 1(8) = @ for 0 < i < n— 1. It follows that

B(z, r)( DAY =g for0 < 7 < n. Then the extension of g defines an inverse branch of order n and size
< Y™2 on B(x,r). It now remains to show that P, contains at least (1 — v/)x%, elements. By Lemma
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we have -, £(FU)) > x5, (1 — v/2)2. Since £L(FU)) < L(F) = 1, we deduce that the last sum is
limited by #P,, + (x5, — #Pn)v/4. It follows that # P, + (x5, — #Pn)v/4 > x5.(1 — v/2)2. Thus,
#P, > (1 — v)x5,.. This completes the proof of the proposition. [ |

The following Lemma shows that it is visible using the current U.

Lemma 4.2. If L, is big enough, so for each x € ¥ Lelong’s number v(Py, ) of Py on x is bigger than 1.

Proof. The Lemma is clear for z € ¥’. Now consider a point z € X" \ ¥'. As the function v(FPp, x) is
semi-continuous superior on z regarding Zariski’s topology, just check that v( Py, z) is positive on generic
points z € ¥\ ¥/. We then choose L; large enough to obtain Lelong numbers greater than 1. Therefore,
we can assume that z is a regular point of X \ ¥’ and there is a point Z € 7, '(x) such that 7, *(X") is
a smooth hypersurface on Z. Choose local coordinates z = (Z1, . .., 2;;) on a neighborhood of Z such that
Z =0on7Z and 72_1(2”) is given by z; = 0. As X" has codimension > 2, we can choose Z so that the

hyperplanes ﬁg = {2, = £} parallel to {Z}, = 0} are sent to hypersurfaces, denoted by H, that contain
¥’ on a neighborhood of x. The average of [H¢| with respect to the Lebesgue measure on £ is a smooth
form ©. So it is limited by a constant times &. On the other hand, as [H¢| has a positive Lelong number on

o~

x, (72)«(©) has a positive Lelong number on . We concluded that (73). (@) has a positive Lelong number
on z. This completes the proof of the lemma. |

We show that U satisfies the Proposition Fix a point z on V such that v(U, ) < v. Also fix local holo-
morphic coordinates close to x. First, construct inverse branches for flat holomorphic disks through = and
then we will extend these inverse branches to a small ball centered on x. We will identify a neighborhood
of - for the unit ball on C* for simplicity. The following version of the Sibony-Wong theorem is the tool
for this extension. Let B,. be the ball of center 0 and radius  on C*. The family F of complex lines through
0 is parameterized by the projective space P*~!, which is endowed with the natural Fubini-Study metric.
This metric induces a natural probability measure on J that we denote by £. If A is an element of F, denote
by A, its intersection with B;..

Proposition 4.3 ( [2], [30]). Let 0 < §y < 1 be a constant. Let ' C F be such that L(F') > o, and A the
intersection of F' with B,.. Let h : A — C! be a map that is holomorphic on each A, for A € F' and that
can be extended holomorphically to a neighborhood of 0. Then h can be extended to a holomorphic map of
By, for C, where 0 < \ < 1 is a constant that depends on &y but independent of |, F' e r. Furthermore, if
the extension is still denoted by h then

sup [ — h(0)]| < sup ([ = h(O)]-

Ar

In particular, if ||h — h(0)|| < p and if h(A) does not intercept a complex hypersurface Z the ball of center
h(0) and radius p, then h(B),) satisfies the same property.

Proof. Forl = 1 a similar result is due to Sibony-Wong [48]]. One can deduce from their result the holo-
morphic extension of h for any dimension /. To obtain inequality in the proposition, assume h(0) = 0
for simplicity. Let z be a point on B(0, Ar) we have to show that ||h(z)|| < sup, ||h||. Composing h
with a rotation on C! lets assume that h(z) = (||h(2)][,0,...,0). One obtains the desired inequality using
the Sibony-Wong theorem for the first function of coordinates of h. For the last statement, one can write
Z = {f = 0} where f is a holomorphic function on the ball of center /(0) and radius p. The Sibony-Wong
theorem applied to 1/ f o h implies that 1/ f o h is holomorphic on By,.. Thus h(B),) does not intercept Z.
The proposition follows. |

To control the size of holomorphic discs, one needs the following lemma, see [[15] for the case of any
compact complex manifold C'.

Lemma 4.4. Let C be a compact complex manifold with a fixed Hermitian metric. Let 61 > 0 be a small
enough constant, depending on C. Let f : A, — C be a holomorphic map of the center disc 0 and radius
r on C for C. Suppose the area of f(A,), counted with multiplicity, is less than §,. So, for any € > 0,
there is a constant 0 < \ < 1 independent of f and r such that the diameter of f(Ax,) is at most equal to

ey/area(f(A)).

We will apply it to C' = T So from now on, we fix a constant J; satisfying the last lemma for T. Note that
the current U constructed above can be seen as obstructing the existence of good inverse branches for balls
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in the spirit of the Proposition[d.I] To measure the obstruction of the inverse branches of the disks through
a point z, we must divide this current using complex lines through z. We will need the following known
technical result, cf [[15]].

Lemma 4.5. Let Q) be a (1,1)-positive current closed on V. So, for any constant 0 < 02 < 1 there is a
constant r > 0 and a family ' C F, such that L(F') > 1 — 69, and for each A € F' the measure Q N [A,]
is well defined and with a mass less than or equal to v(Q,x) + d2. Here, v(Q,x) indicates the Lelong
number of Q) on x.

Remember that we can write locally Q@ = dd°q with ¢ a p.s.h. function . The measure Q@ A [A,] is
well defined if ¢ is not identically —oo on A,. This property is valid for £-almost every A and we have
Q N [A,] := dd°(g[A,]). Now we are ready to construct inverse branches for disks through the point x
under the assumptions of the Proposition Fix a constant value ¢; > 67 !in the definition of P satisfying
the lemma4.2] We have the following lemma.

Lemma 4.6 ( [2]}, [30]). There are a number ro > 0 and a family Fo C F with L(Fo) > 1 —v/2 satisfying
the following property. For each complex line A € Fy and for each n > 0, the disk A, admits at least
(1 —v/2)x35, inverse branches f : Ap, — Ay _y, of order n so that if we define Ay, _; == h" (A 1)

for0<i<nand A, _; = Tfl(ATO,,i,l)forO <i<n-—1,then A, NY=afor0<i<nand
the diameters of A, _; for 0 < i < n — 1 are smaller than %Ti/Q.

0,—1

Note that as A, _; N X = @ for 0 < ¢ < n, 7 defines a biholomorphic map between /A\m_i and
Ay, —i—1 and 75 defines a biholomorphic map between ZTO,,Z' and A, _;. Furthermore, as @ > 7/ (w)
and & > 75 (w), the diameter of Zrm_i is greater than or equal to the diameters of A, _;_; and of A, _;.
So the diameter of A, _; is smaller than %T“Q for 0 <4 < n.

Proof. Note that if f is an inverse branch of order n that satisfies the properties of the lemma, so h o f is
an inverse branch of order n — 1 that satisfies the same properties. So, we just hay\e to prove the lemma
to n = mN where m is an integer. By Lemma we just need to limit the area A, _; by Ti Je1 < 0y
and then reduce the radius ry to get the control of the diameter . The rest of the lemma is obtained by
induction on m. We will only consider disks A,. through z that are not contained in the orbit of . This
property applies to almost all discs. By Lemma applied to U and for d2 := v/2, we can choose a
number r and a family Fy C F with £L(Fy) > 1 — v/2 such that for A € F; the measure U A [A,]
is well defined and less than 2v. Let v, be the mass of x5 " (h™)™(P) A [A,]. By definition of U,
we have > Y-Nmy,, < v/4. By definition of m, for each A € F; the disk A, admits at least

Ym = (1 =23 gc;cp T V0)x5™ inverse branches f&i A — AS)_Nm of order Nm so that the

area of Af,s)ﬂ is smaller than Y*/c; and Af,s)ﬂ NY = @ for0 < i < Nm. Here we use notation
similar to that introduced in the lemma of the statement. The index s satisfies 1 < s < s,, for some
integer s, with v,,, < s, < Xé\fcm. So the above discussion implies the result. Assume this property for
m. The case m = 0 is clear since the choice of F, implies that A, is out of 3. We construct inverse

branches of order N(m + 1). The property A(S_ Nm (12 = & and the definition of X allows us to define

L)
55), Nm- Composing them with inverse

branches of order Nm of A gives v,,, X3}, inverse branches of order N(m + 1) for A. We will count and
remove those which do not satisfy the area control. We call them large size inverse branches. We also
have to remove posterior inverse branches whose images intersect ¥. First, we count the number of large

the maximal number Y2 inverse branches of order N for each A

size inverse branches of order N of Agf)_ N for each s. For the matter of simplicity, we drop the letter
s at the moment. Consider all inverse branches g : A, _np — Ay _nm—pn of order 1 < n < N of
A, _Nm so that the area of A, _ ny,—; is limited by YNm+i /e for i < n — 1 but not for i = n. They
are completely disjoint in the sense that these two different branches are not extensions of the same lower-

order branch of A, _n,. The extensions of order N(m + 1) of these branches are exactly those of large

size. Therefore, the number of large branches of order N(m + 1) extending g is Xé\f”. Note that the

area /A\r,_Nm_n is the mass of [A; _Nm—n] A (72)«(@). This mass is less than or equal to the mass of
[Ar _Nm] A (hi)™(72).(W0) because A" defines a biholomorphic map of a neighborhood of A, _ny,—p
for a neighborhood of A, _n,. Therefore, the sum of these areas in all these branches f (exist at most
ch of such maps) is limited by cflTN times the mass of P A [A, _nm]. As the area of A, _npy—yp, 1S
bigger than Y™+ /¢, the number of maps considered f is at most equal to Y~N™ times the mass of
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P A [A,_Nm]. The number of large inverse branches of order N of A, _, to remove is at most equal
to T~V mxé\,; times the mass of P A [A, _ny,]. Now the number M of all large size inverse branches of
order N(m + 1) of A, to remove is limited by T~ times the mass of Y, P A [Aigle] By the
definition of inverse branches, the last mass is limited by one of the (h™Y)™(P) A [A,] which is equal to
X" Vim. We concluded that M < T—Nm X;\gmﬂ) V. Therefore, the number of inverse branches of order

N (m + 1) satisfying the control of the area is greater than or equal t0 vy, X2, — M > Y41 + megc(mﬂ).

It remains to remove the inverse branches whose images intercept 2. Denote by ¢,,,+1 the number of inverse
branches f : A, — A, _n(m41) of order N(m + 1) such that A, _np,—; VY # & forsome 1 <4 < N.
By Lemma the intersection of [A, _n,—;] with the current Sy is a positive measure of mass at least
equal to 1. By definition of inverse branches, the map A" is holomorphic and injector on a neighborhood
of A, _, with image on a neighborhood of A, for each n < N(m + 1). We deduce then that the mass of
(RN)Y™(P) A [A,] is at least equal to t,,,+1. It follows that ¢, 11 < v, x2™. We conclude that the number
of inverse branches of order N (m + 1) satisfying the properties of the Lemma is at least equal to Y, +1.
This completes the proof of the Lemma.

5 Proof of Theorem 2.2

In this section, we give the proof of Theorem 2.2] In what follows, we only consider points = outside of
Joo U JL.

Proof. Let x be a point out of Jo, U J._. If z is on T, is clear that v* does not converge to v. So assume
that x ¢ T. We have to show that ¢, = 0. Fix a constant ¥ > 0. Just prove that ¢, < 4v. Define
F := {v(U,-) > v}. By Siu’s theorem, this is a proper analytical subset of V. By Lemma the
case where x ¢ F' is clear. From now on, assume that x € F. By Lemma applied to F', we have
Am(z) < vx3;, for some integer m big enough. Consider all the backward orbits of = of order I < m of
form

0 :={xp,x_1,..., 2} with zg=z,h(z_j—1)=a_;for0<i<[-1

suchthat x_; € F fori <[ —1and x_; € F unless [ = m. These orbits are counted with multiplicity.
Using that v/ is the measure of probability equidistributed on A" (x), one can see that

T __ -1, T
Vn = Z XokVn—1
o
for each n > m. When considering the masses of measures in the above identity, we have
-1
D X =1
o
We deduce from the same identity that
—1
S < Z XogSz_;-
o

Let 33, 3’ be the sets of O with z_; € F (consequently [ = m) and with xz_; ¢ F respectively. By definition

of \,,, we have
> xak = xa Am(@) < v
Oex

On the other hand, we have ¢, , < 2 for each O and by Lemma So_, < 2vfor O € X', It follows that
oS D XapSeot D XawSe T2 XaiH W Y xgp S WA= dv.
0ex 0exr vex vexr

This completes the proof of the theorem. |

We need the following result obtained in [[13]] in a more general scenario.
Lemma 5.1. There is a pluripolar subset E of V containing J._ so that if x is out of E, then vZ converges
to v when n goes to infinity.

Foreach z ¢ J!_, define ¢, := sup ||v* — v||, where the supreme is assumed over all cluster values v* of the
sequence V... So we have v — v if and only if ¢, = 0. We deduce from the above lemma and proposition

M.T]the following property.
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Lemma 5.2. Let x be a point out of J._. So we have <, < 2v(U, ). In particular, v:, — v if v(U,z) = 0.

Proof. We saw that the condition = ¢ J._ is needed to define v/%,. As always we have ¢, < 2, we just need
to consider the case where v(Q,z) < 1. Fix a constant v(U,z) < v < 1. Let B(z,r) be a ball as in the
conclusion of the Proposition Also choose a point y on B(x,r) \ E. This choice is always possible,
since I is pluripolar. Write

() =o)L 20

—m? ) —m
and (1) ( ’HL)
W7 (Y) = Y- Yo
where each point is repeated according to its multiplicity. The Proposition . T]implies that we can organize
these points so that the distance between 29 and y(],)n be less than (yox_1/X2r + €)™/ for at least
(1 — v)x3}, indexes j. Here ¢ > 0 is a fixed constant small enough. Since (x2r—1/Xx2k + £)™/2 tends to
0, we deduce that any cluster value in the sequence v;;, — v/¥, is a measure of mass at most equal to 2v.
The property is valid for all v > v/(U, z). Therefore, the result follows from Lemma [5.1] which implies that
vy — . |

The set T in Theorem [2.2]is given in the following proposition.

Proposition 5.3. There is a proper analytical subset T of 'V, possibly empty, satisfying the following three
conditions:

(1) no component of T is contained on Joo U J._;

(2) =Y T\ J) CT;

(3) any proper analytic subset of V satisfying (1) e (2) is contained on T. In addition, we have

T=h"(T\J)=hT\J).

Proof. Consider the set Fyy := {v(U,z) > 1}. By Siu’s theorem, Fy is a proper analytic subset of V [43].
Denote by n > 1 the analytical set F;, which is the closing of the set

{2 JoUJL, h7'(z)€ Ffor0<i<n}.

Since the sequence F), is decreasing, is stationary: we have F,, = F),;; for n big enough. Denote by
T := F,, for n big enough. Is clear that T satisfies the property (1). We have by definition

AT\ (Joo UJL)) C 7.

As b~ YT\ (Joo U JL.)) is dense on h=1(T \ J’), the set T satisfies (2). Denote by T, the closing of
h=™(T\ (Jso U JL.)). This is a decreasing sequence of analytical sets that satisfy the property (1). So it’s
stationary: we have T,, = T,, 1 for m big enough. As h(T,,41 \ J) is dense on T,,, we deduce from the last

identity that T,,_; = T,, and therefore, by induction, T3 = T It follows that T = h~1(T "\ J’) which also

implies that T = h(T\ J). Let 7’ be a proper analytic subset of V satisfying (1) and (2). We have to show
that 77 C 7. Property (2) implies that if = is a point on I \ J._ then any cluster value of v/ is supported
by J”. As v has no mass on 7', we deduce that ¢, = 2. Lemma[5.2]implies that « is on Fy. So we have
T’ C Fy. Property (2) also, together with the definition of T, implies that 7’ C T This completes the proof
of the proposition. |

We need the following characterization of the set 7.

Lemma 5.4. Let F be a proper analytic subset of V. Let x be a point on F that doesn’t belong to Joo U J_.
Let A\, () be the number of orbits backwards xo,x_1,...,x_, counted with multiplicity with xy = z,
o1 € hNa_y) for0<i<n—1landx_; € F for0 < i < n. Ifzis not on T then x5;' \p(z) — 0
when n — Q.

Proof. Note that, as z is out of J,, U J/_ the same property applies to x_;. By definition, the sequence
Xan An(2) is decreasing because each orbit backwards of order n + 1 is one of y2j, orbit extensions back-
wards of order n. As the functions ), are semi-continuous superior in relation to the Zariski topology
induced on F'\ (Jo U J.), the function A := lim x5, A, is also semi-continuous superior in relation to
this topology. Let m be the maximum value of A on F'\ (Joo U J. U T). Just show that m = 0. Suppose
that m > 0. Denote by Z* the set of points © € F'\ (Joo U J, U T) such that A(x) > m. The closing
Z of Z* is an analytical subset of F'. No irreducible component of 7 is contained on J. Consider a point
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x € Z*. The invariance properties of T imply that h=!(2) N T = @. Using the definition of A and of m,
we have
m=Xz)=xy Y. A
yEh=1(z)NF

As \(y) < mand #h~*(z) = X2k, we deduce that b~ (z) C Z and A(y) = m fory € h™'(x). Therefore,
h=Y(Z*) C Zand h=Y(Z\ J') C Z as h=*(Z*)is dense on h~*(Z \ J’). The Proposition|5.3|implies that
Z C 7. This is a contradiction. The lemma follows. |

Remark 1. Set by induction T := T, T), := h(T),—1) and Te, := Up,>0T,. If zis a point on T, \ J., then
v has positive mass on T for some n > 0. It follows from the invariance properties of J that > does not
converge to v as v has no mass on 7. Lemma still applies to & T U J. . We can show that v¥ — v
for those points x. This property is little stronger than Theorem 2.2}

We recall the following result from our previous paper [1]] in order to formulate ours conjectures.

Theorem 5.5. Let V be a smooth compact complex homogeneous manifold with dimc(V) = k > 1 and
Kodaira dimension < 0 and h : V — V a Cohomological Expanding Mapping. Let v be a complex
measure with density L?*** on 'V such that v(V) = 1. Let 1) be a (1,1)-strictly positive Hermitian form on
V. So the sequence ﬁ(hm)*y converges weakly to a measure of probability PC vy with Cohomological

Entropy > log x2; independent of v as m — oo so that Xgllh*yh, = vy, = hwvyp, and if b is holomorphic,
then for each Hermitian metric n on 'V, vy, is Holder continuous on PSHO(n).

6 Conjectures

Here is the First Conjecture.

Conjecture 6.1. Let V, h, v, as in Theorem Let %1, ...,y be the Lyapunov exponents of v, and
=3 wi its inverse sum. So the Hausdorff dimension of v, satisfies

dim;.[(yh) = \I/hx (h)

Here is the Second Conjecture.
Conjecture 6.2. Let V., h, vy as in Theorem So there are TZJr and 7, such that v, is defined by :
Vp = T[" AN,

where TlJr is a positive invariant closed current of bidegree (I, 1), i.e.

1
7(h7n)*wl SN Tl+
Xai
and 7,_, designates a positive invariant closed current of (k — [,k — 1), i.e.
1

— (™) Wkt — T, -

X2 (k1)

Here is the Third Conjecture.

Conjecture 6.3. Let V., h, v, as in Theorem and TlJr as in Conjecture Let 91,...,1 be the

Lyapunov exponents of v, with ¢, = max;<;<x ;. So the Hausdorff dimension of the Support of TIJr
satisfies
log 21

(0

Here is the Fourth Conjecture.

dimy (SuppT;") > 2(k — 1) +

Conjecture 6.4. Let V, h, v, be as in Theorem and T a maximal proper algebraic subset possibly
empty and totally invariant, and v}, := x5, (h™)*(I';.). There is a constant v > 1 such that if « is a point
out of T, so v/, converges exponentially to v, , this is, if ¢ is a function €% on V with 0 < 8 < 2, so

6/ .
D(.’I) T):| ||<||(3ﬂ7 s /27

where M > 0 is a constant independent of m, z , ¢, log™ (-) := max(0, log(+)) and D(x, T) := dist(z, T)

m

(v, = v O < M1+ log*
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An algebraic set is the set of zeros of a family of polynomials.

Here is the Fifth Conjecture.

Conjecture 6.5. Let V, h, v}, be as in Theoremand vE = o (h™)*(Ty). Let 1 < v < (xar)'/* be
a fixed constant. There is a proper algebraic subset E., possibly empty, on V such that if x is a point out
of E, and if { is a function €% on V with 0 < 3 < 2, so

1

B/2
—Bm/2
D(l‘,EV)} ||C||GB7 )

[(vE —uvp, C)| < M[l +1log™
where M > 0is a constant independent of m, z, ¢, log™ () := max(0, log(-)) and D(x, E,) := dist(z, E)
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