Squaring integers as a special case of multiplication

Using the methodology described in the previous article https://www.cambridge.org/engage/coe/article-details/5eb717c¢5d7fc6400199f2159 [1], namely the use of an array of
products as an auxiliary multiplication table for calculating the squares of integers, we can obtain an additional significant positive performance effect, as the total number of
terms decreases. If we compare the product of polynomials with squaring them, it is easy to see that when squaring in comparison with multiplying polynomials, half as many
multiplications of elements are required, except for multiplications of elements with the same indices. Moreover, multiplication by 2 in the binary system is inherently the

operation of binary shift to the left by one bit.

Multiplying polynomials

Squaring polynomials

(a1 + ao)(bl + bo) = a1b1 + aobo + a1b0 + a0b1

(a1 + ao)z = a% + a% + 2a1a0

(ap + a4 + agy)(by + by + by)
= azbz + a1b1 + aobo
+ azbl + a1b2 + a2b0 + aobz + albo + aobl

(az + aq + ao)z = a% + a% + a% + 2a2a1 + 2a2a0 + 2a1a0

(az +a, +ay +ag) - (b3 + by + by + by)
= a3b3 + a2b2 + a1b1 + aobo + a2b3 + a3b2 + a1b3
+ a3b1 + a0b3 + a1b2 + azbl + a3b0 + aobz + azbo
+ agb; + a;by

(as + a; + a; + ag)?
= a% + a% + a% + a(z) + 2a3a2 + 2a3a1 + 2a3a0 + 2a2a1 + Zazao + 2a1a0

(a; +ag+as+a,+az;+a,+a; +ap)
~(b; + bg + bs + by + b3 + by + by + by)
= a;b,; + aghy + asbs; + a,b, + azb;
+ ayb, + a1by + agbg + a;bg + agb; + a;bs + asb,
+ a;by + ayb; + a;b; + azb; + a;b, + ay,b; + a;by
+ a,b; + a;bg + agb; + aghs + asbg + agby + asbg
+ agbs + asbg + agh, + a,bg + aghy + a1 b + agbg
+ agbg + asby + aybs + asbs + azbs + asb, + a,bs
+ asb; + a1bs + asbg + agbs + agbs + azb, + asb,
+ ayby + ayby + a1by + ayby + agby + aybs + azb,
+ a,b3 + azb; + agbsz + a1 b, + ayby + azby + agb,
+ aybg + agby + a1 by

(a; + ag + as + a, + az + a, + a; + ay)?
=a%+a%+ak+a3+ai+a+ad+ad+2a,0a+ 20505 + 20,0, + 20505
+ 2a,a, + 2a,a4 + 2a,ap0+2a4a5 + 2aga4 + 2a4a3 + 2a6a, + 2a4a1 + 2a4a
+ 2asay + 2asasz + 2asa, + 2asaq + 2asag + 2aza3 + 2a40, + 2a4a4 + 2040,
+ 2aza, + 2aza, + 2azaq + 2a,a, + 2a,a4 + 2a,ay

It can be seen from the table that when squaring an 8-bit integer divided into 4-bit components, as compared to multiplying the ALU adder, it is enough to perform one addition
instead of 2x, which saves one assembly of the term and one addition, i.e., a performance increase of more than 33 %

Below is a comparison of the operations of multiplying 2 numbers and squaring an integer. Let it be necessary to square a certain integer, where the highest 4 bits of this number

are - a4, and the least significant bits are - a,, using the auxiliary table (see Fig. 4 previous article) we determine the multiplications a;a;, a;ay and aya,.
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Fig.1. Separation of an integer

Digit
Stepl a,ai+ apgay
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Fig.2. Squaring as a multiplication of two numbers.

Namely, squaring (a,2* + a¢)? = a;a,28 + 2a,a42* + ayay, taking into account that the double multiplication of integers 2*a1*a0 = al*a0<< with a shift of one digit to the left,
i.e. instead of Fig.1 gives (a;2* + ay)? = a;a,28 + a,a2°% + ayay:

Digit
Stepl a,a.+ agay
+Step2 2a4a

Fig.3. Squaring of an integer.
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Consider squaring a 32-bit number, divided into four 8-bit elements, and comparing using the method of calculating the product of integers described
inhttps://www.cambridge.org/engage/coe/article-details/5eb717c¢5d7fc6400199f2159

A:a3'224+a2'216+a1’28+aoandB :b3'224+b2'216+b1'28+b0.
A'B = (a3 '224+a2 '216+a1'28+a0)'(b3 '224+b2 '216+b1'28+b0) = a3b3 '248+(a2b3+a3b2)'240+(a2b2+a3b1+a1b3)'232 +
(a3b0 + a0b3 + azbl + albz) * 224 + (albl + azbo + aobz) * 216 + (a0b1 + a1b0)28 + aobo.

In this case, squaring is performed similarly to multiplication when A = B. When using the operation of multiplication, we have 7 additions of intermediate results:

F.overflow

63 | ..

| 56

55 | ...

| 48

47 | ..

| 40

39 |.. |32

31 | ..

| 24

23 | ..

| 16

Factor A

as

a,

Factor A

as

a,

Stepl

as

as

a,

a,

a1,

AoGo

+Step2

+Step3

asa,

a;a;

a14a9

+Step4

as

a

apap

+Step5

+Step5

a,a,

+Step7

asao

RESULT

Fig.4. Squaring as a multiplication of a 32-bit integer.

When squaring a polynomial from 4 terms, we have:

A ‘ A = a3a3 ‘ 248 + a2a2 * 232 + alal * 216 + aoao + a3a2 * 241 + a3a1 ¢ 233 + (a3a0 + azal) * 225 + azao * 217 + a1a0 * 29,

which allows you to square an integer in 4 steps instead of 7 when multiplying by itself.
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Fig.5. Squaring of a 32-bit integer.

Since the terms formed at each step are independent, it is possible to organize parallel calculations, and when using 2 adders, this action can be performed in 2 steps.
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Fig.6. Parallelizing of the operation

Compare squaring a 64-bit number by dividing it into eight 8-bit parts by multiplication
A=a; 2% +ag-2*®+as-2*°+a,-2%24+a;-2** +a,-2%+a; - 28 + a5 and

B =b; 25 +bg-2%8 +bg-2%0 + b, - 232 + by - 22* + b, - 216 + b, - 28 + b,,.
A-B=(a;-2°4a5-2*®*+as-2*%+a,-23% +a;-2%*+a, 2% +a;- 28 +ag) - (b; - 250+ bg - 2*8 + b - 240 + b, - 232 + by - 22 + b, - 2 + b, - 28 + by) = a,b, -
2112 + (aybg + aghy) - 21%* + (a,bs + aghg + asby) - 2°¢ + (a;by + aghs + asbg + auby) - 288 + (a;b5 + aghy + asbs + a,bg + azb;) - 28° +

(azb, + aghs + asby + asbs + azbg + ayby) - 272 + (a;by + agh, + asbs + asby + asbs + a,bg + a;b;) - 2* + (a,by + aghy + agh, + azbs + asb, + aybs + a;bg + agh;) -
256 + (aghg + ashy + azby + azbs + ayb, + aibs + agbg) - 248 + (aghy + ashy + azhy, + azbs + ajby + aghs) - 2*° + (azby + azh, + azb, + a bs + aghy) - 232 +
(azhg + ayb; + a;by + aghs) - 22* + (ayby + a,by + aghy) - 21%+(a by + aghy) - 28 + agby.
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Fig.7. Squaring as a multiplication of a 64-bit integer.
Now consider separately squaring of an integer

(a;- 2% +ag-2*8 +ag-2*04a,-2%%2 +a;-2%*+a,- 2%+ a;- 28 +ap)? =a%-2'"2+a%-2°°+a%-2%° + a3 2% + a3 -2*8 + a3 232 + a% - 2'° + a% + aja, -
2105 + a,as - 297 + (a,a4+agas) - 28° + (a,a3+aga,) - 281 + (a,a, + agas + asay) - 273 + (a,a; + aga, + asaz) - 2°° + (asay + agay + asa, + azasz) - 2°7 + (agay +
asa; + asay) - 24° + (asag + asa, + azay) - 241 + (agaq + azay) - 233 + (aza + ayay) - 2%2° + aya, - 2V + aqa, - 2°,



which allows you to square an integer in 8 steps instead of 15 when multiplying by itself.
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Fig.8. Squaring of a 64-bit integer.

You can also increase productivity by organizing parallel calculations, for example, when using 2 adders, this operation can be performed in 4 steps, however, a further increase in
the number of adders does not give a performance gain.
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Fig.9. Parallelizing of the operation

Thus, if you use a separate micro-operation using the separate algorithm described in this article for squaring, you can achieve an additional increase in productivity.




