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Abstract

There are numerous proofs on infinitude of primes using various tools. Starting from
Euclid[1] to the analytical proofs given by Euler[2] and Paul Erdos[3]. The attractive proofs like
one line proof by Northshield[4] and topological proof by Furstenberg[5] also fascinated
the readers. We give here another proof of infinitude of primes using group theoretic argument.

Lemma. If there are finitely many primes namely p1, p2, p3, ..., pr, and n = p1.p2.p3....pr−1, also

n − 1 = p1.p2.p3...pr−1 − 1 then | U(n) |= 2, ∀n > 2 where, the group of units U(n) is the set

of numbers less than n and relatively prime to n under the operation multiplication modulo n and

n ∈ N.

Proof. Assume that, | U(n) |> 2.

Then there exists at least one k ∈ U(n) other than n− 1 such that k is not a new prime.

Since, gcd(k, n) = 1 =⇒ k 6=
r∏

i=1

pi
mi , (mi ∈ Z

+).

Otherwise, gcd(k, n) 6= 1 =⇒ k /∈ U(n)

It’s only possible if k = n−1 or k is a new prime. Both of these cases contradicts our assumption.

Since, k is arbitrary there is no such k ∈ U(n) =⇒ | U(n) |= 2.

Theorem. There are infinitely many primes.

Proof. From the preceding section, it’s clear that, | U(n) |= 2, if the number of primes are finite.

It’s known that, there are infinitely many U(n) groups where the number of non-identity elements
in U(n) that satisfy the equation,

x4 = 1.

is a multiple of 4 i.e. | U(n) |= 4s+t, for infinitely many n where s and t are arbitrary constants.

But, here in this case, ∀n, | U(n) |= 2 i.e. there is only one non-identity element that satisfies
the equation. (contradiction)

Hence, it is proved that, primes can not be finite. So, there are infinite number of primes.
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Summary:

The upper proof looks quite similar in flavor with Euclid’s proof. But, in that proof the basic idea
was - greatest common divisor of two consecutive natural numbers is one. Thus, there exists at
least one more distinct prime.

We have constructed our proof in such a way that, it does not required the G.C.D of two
consecutive numbers. Also, we have used a little bit different approach to show that there must
exist at least 3 different primes rather than {p1, p2, ..., pr} that satisfy x4 = 1 in U(n).
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