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Abstract Robin criterion states that the Riemann Hypothesis is true if and only if the
inequality o(n) < e¥ x n x loglogn holds for all n > 5040, where o (n) is the sum-
of-divisors function and y ~ 0.57721 is the Euler-Mascheroni constant. We prove
in another paper that the Robin inequality is true for all » > 5040 which are not
divisible by any prime number between 2 and 953. Using this result, we show there
is a contradiction just assuming the possible smallest counterexample n > 5040 of
the Robin inequality. In this way, we prove that the Robin inequality is true for all
n > 5040 and thus, the Riemann Hypothesis is true.
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1 Introduction
In mathematics, the Riemann Hypothesis is a conjecture that the Riemann zeta func-

tion has its zeros only at the negative even integers and complex numbers with real
part % [6]. As usual o(n) is the sum-of-divisors function of n [3]:

Y d

dn
where d | n means the integer d divides to n. Define f(n) to be @. Say Robins(n)
holds provided
f(n) < e¥ xloglogn.
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The constant y ~ 0.57721 is the Euler-Mascheroni constant, and log is the natural
logarithm. The importance of this property is:

Theorem 1.1 Robins(n) holds for all n > 5040 if and only if the Riemann Hypothesis
is true [6].

It is known that Robins(n) holds for many classes of numbers n [8]. Let ¢} =2,¢> =
3,...,qm denote the first m consecutive primes, then an integer of the form [T, ¢}
with a; > ay > --- > a, > 0 is called an Hardy-Ramanujan integer [3]. A natural

number # is called superabundant precisely when, for all m < n
f(m) < f(n).
Theorem 1.2 [f n is superabundant, then n is an Hardy-Ramanujan integer [2].

Theorem 1.3 The smallest counterexample of the Robin inequality greater than 5040
must be a superabundant number [1].

We prove the nonexistence of such counterexample and therefore, the Riemann Hy-
pothesis is true.

2 Known Results

These are known results:

Lemma 2.1 [3]. Forn > 1:

f) <L @2.1)

In mathematics, the Chebyshev function 0(x) is given by

0(x) =) logg

q<x
where g < x means all the prime numbers ¢ that are less than or equal to x.
Lemma 2.2 [7]. For x > 41:
1

0(x)>(1— log(x)) X X.
Besides, we know that
Lemma 2.3 [7]. For x > 286:
11 4 ery (logx+ ————).
aoxd—1 2 x log(x)

For the counting prime function 7(x), we know that
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Lemma 2.4 [7]. Forx>17:

1 m(x) < 1.25506 x ——.
logx logx

The following lemma is crucial

Lemma 2.5 [5]. Forx> —1:
~_ <log(l+x) <
—— <o x) <x.
x+1~ & -

The smallest counterexample of the Robin inequality greater than 5040 complies with

Lemma 2.6 Ifn > 5040 is the smallest counterexample of the Robin inequality, then
q < logn where q denotes the largest prime factor of n [3].

In addition, we know that

Lemma 2.7 o(n) and f(n) are multiplicatives [3]. Besides, for a prime number
-1 [3]. We know that

q and a positive integer a > 0, we have that 6(q%) = qa;_ 1
f(g®t") > f(q*) for all primes q and all a > 0.

In basic number theory, for a given prime number ¢, the g-adic order of a natural
number 7 is the highest exponent v, > 1 such that ¢"¢ divides n. This is a known

result:

Lemma 2.8 In general, we know that Robins(n) holds for a natural number n > 5040
that satisfies v2(n) < 19, where v, (n) is the g-adic order of n [4].

Moreover, we have that

Lemma 2.9 Robins(n) holds for all 1010 > 5 > 5040 [4].

3 Useful Lemmas
We show some tools that could help us in the final proof.
Lemma 3.1 Ler g > 2 be a prime and let b > 0 be a positive integer. If ¢°||n, then

b qa+b+l -1
f(q” xn) = f(n) x qa+b+1 _qb

where q°||n signifies that ¢* divides n, but ¢! does not divide n.
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Proof We assume that ¢”||n. Since 6(n) and f(n) are multiplicatives according to
the lemma 2.7, then we would only need to study f(g*"”) where we know from the

lemma 2.7 that 6(¢“) = qaq71 L Then,

f(qa+b) _ qa+b+1 -1 y qa+1 -1 y qa X (q_ 1)
gt x(qg—1) ¢*x(q—1) ¢ -1
qa+b+171 an(qfl)

= f(g") x X
1q) P x(g—1) " ¢t -1
qa+b+1 -1 1
*f(qa)x qb X qa+l —1
qa+b+1 -1

grrbTT b
Let’s see another inequalities:

Lemma 3.2 Ifn > 5040 is the smallest counterexample of the Robin inequality, then
logl 1
osboen (1)
logg 2 xlog“¢q

logloglogn  loglogg 1
logg logg 2xlog’q

when we assume that g > 953 is the largest prime factor of n.

and

Proof Let [/, ¢;" be the representation of n as a product of the first m consecutive
primes q; < --- < g, with natural numbers as exponents ap, .. .,a,. According to the
theorems 1.2 and 1.3, the primes ¢g; < - - - < g, must be the first m consecutive primes
since n > 5040 should be an Hardy-Ramanujan integer. We assume that g, > 953.
For g, > 953, we have that

9 Y
—— <e'x(loggm+——F7—
qgrlq_l ( sin ZXlog(qm)

)

because of the lemma 2.3. We use that lemma 2.1 to show that

e’ xloglogn < f(n) < A erx (loggm+ ———
ql;qu qg—1 "2 x1og(gm)

)

since we assume that 7 is a counterexample of the Robin inequality. In this way, we
obtain that

loglogn < (log g, + )

2 x log(gm)

which is the same as

log 1
oglogn _ 1
loggm 2 x log*(qm)
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Besides, if we apply the logarithm to the both sides of the inequality, then
1
logloglogn < log <logqm X (14 ——5— ))
2 x log*(qm)
that is equivalent to
1

logloglogn < loglog g, +1log(1+ ————).
2 xlog”(gm)
We use that lemma 2.5 to show that

1

log(1+ < .
2xlog*(gm)” ~ 2xlog*(qm)

Therefore, we finally have that
logloglogn  loglogg, 1
log g loggm 2 % log3 Gm

Let’s show another inequality

Lemma 3.3 For all primes q,, > 953, we have that

logl 1
Z ogogq>

q<qm qm 10g qm .
Proof This is the same as
Z loglogq > dm .
9<4m lo qm

According to the lemma 2.4, it is enough to show that

Y. loglogg > m(qm) > —
a<dm loggm

when ¢, > 953. We know that for all primes p > g,, > 953, then
loglogp > 1.

Hence, it is enough to prove that

Y loglogg > Y loglogg > m(953).
q<qm q<953

We compute that

Y loglogq >274.
q<953

However, we know that g»74 = 1759 > 953 and thus,
274 > w(953).

Therefore, the proof is done.
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4 Proof of Main Theorems

Theorem 4.1 Let [/, 4" be the representation of n as a product of the first m con-
secutive primes q1 < --- < qm with natural numbers as exponents ai,. .. ,a. We ob-
tain a contradiction just assuming that n > 5040 is the smallest integer such that
Robins(n) does not hold.

Proof According to the theorems 1.2 and 1.3, the primes ¢; < --- < g, must be the
first m consecutive primes since n > 5040 should be an Hardy-Ramanujan integer.
From the recent article [8], we know that necessarily g,, > 953. Under our assump-
tion, we know that

f(n) > e" xloglogn.

For b = 1 and the lemma 3.1, we know that

ait2 _ 1
Fln) = Flgixm) = f(m) x T —
q; —qi

for every prime ¢; that divides n where m = ql If we subtract f(m) to both sides of
the inequality, then we obtain that

f(n)— f(m) > ¢ x loglogn — f(m).

Then,

i 4
= e
= Fm) Qixclf(q?"))
= £ < 6l
I G;?Zl) o)
< Sty x 651??) a ;(QE”))

1
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a;—1
ag;’ )
> ﬁ

i i

i
where m’' = ﬁ and we know that ¢{"||n and % because of the lemma

2.7. In this way, we have that

f(m') x > e x loglogn — f(m).

a;+1
q;'

We know that Robins(m’) and Robins(m) hold, since n > 5040 is the smallest integer
such that Robins(n) does not hold. Consequently, we only need to prove that

1 1
e¥ xloglogm' x ——= > f(m') x ——
q; i

> e¥ x loglogn — f(m)
> e¥ x loglogn — e¥ x loglogm.

As result, we have that

1
loglogm’ x i loglog(g; x m) —loglogm
q;

since m = f. We know that

loglog(g; x m) —loglogm = log (log g; + logm) — loglogm

1 )
=log (logm x (1+ 084i )) —loglogm
logm
logg;
= logl log(1+—=) —logl
oglogm +log( +logm) oglogm
1 )
=log(1+ qul).
ogm
In addition, we know that
loggi, _ logg;
log(14+—==)> ==
og(1+ logm) ~ logn
using the lemma 2.5. Certainly, we will have that
I s 1 1
0g4gi logm 0gqgi 0g4gi
log(1 > = = .
og(1+ logm) - % +1 loggi+logm logn

As a consequence, we would have

1 logg;
loglogm’ x ——
oglogm’ x q?i+l > logn

which is equivalent to

logn x loglogm’ > q?"H x logg;.
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However, we know that
logn x loglogn > logn x loglogm’

and thus
logn x loglogn > qj”“ x logg;.

For n > 101010, we have that logn x loglogn > 1 according to the lemma 2.9. More-
over, for ¢; > 3, then q?"ﬂ x logg; > 1. In addition, for ¢; = 2, we have that qTIH X
loggi > 1 since a; > 20 due to the lemma 2.8. Since the both sides of the inequality is
greater that 1 for all primes ¢g; which divides n, then we can multiply the inequalities
to obtain

m

(logn x loglogn)™ ") > n x N, x [ Jlogg;

i=1
where N,, =[]/, ¢; is the primorial number of order m. If we apply the logarithm to
the both sides of the inequality, then we would have

m
7T(gm) x (loglogn +logloglogn) > logn+logN,, + Z loglog g;
i=1

=
which is equivalent to

m

7(gm) % (loglogn +1logloglogn) > logn+ 6(gm) + Zloglogqi.
i=1

If we apply the lemma 2.4, then we would have
m

x (loglogn +logloglogn) > logn+ 0(g,) + Z loglogg;.

m i=1

1.25506 x —I™
log

Let’s introduce the lemma 2.2 in this inequality and thus

m

)Xq,n—‘,—ZlOglqui.
i=1

=

1.25506 x

m_ (loglogn+logloglogn) >1logn+(1— 1

log gm 0g4qm

In addition, we can transform this into

m

m_ (loglogn+logloglogn) > gm+ (1 — ) X gm + Zloglogqi

loggm loggm =

1.25506 x

because of the lemma 2.6. If we divide the both sides by g, then

1 1 . loglogg;
1.25506 x X (loglogn+]0g]0g]0gn) >141— + 0g Og‘b.
long ]()gqm = qm

According to the lemma 3.3, we know that

] m

logloggi
- +
loggm ,; Gm

=oa>0.
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Consequently, we would have that

loglogn logloglogn

1.25506 x ( )>2+a.
log gm log g
If we use the lemma 3.2, then
1 logl
1.25506 % (1 + 08 08 g )>2+a.

2 x log? g log gm 2 x log® g
We know that
1 loglog g, 1

125506 x (1+ ; .
2xlog gy  logqm 2 xlog® g

1 loglog953 1

< 1.25506 x (1 +
- ( 2x10g?953  10g953 2 x1log?953

)

and we have that
1 loglog953 1
2x10g2953  10g953  2x1log?953

Consequently, we have that

1.25506 x (1+ ) & 1.62266460495.

1 logloggm
2xlog?qn  loggm  2xlog’qn

2> 1.25506 x (1+ )>2+a>2

and
2>2

is a contradiction. To sum up, we obtain a contradiction just assuming that n > 5040
is the smallest integer such that Robins(n) does not hold.

Theorem 4.2 Robins(n) holds for all n > 5040.

Proof Due to the theorem 4.1, we can assure there is not any natural number n > 5040
such that Robins(n) does not hold.

Theorem 4.3 The Riemann Hypothesis is true.

Proof This is a direct consequence of theorems 1.1 and 4.2
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