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Abstract:

Collatz's Conjecture, enunciated in 1937, remains, to this day, one of the simplest problems to enunciate and yet one of the most
difficult to solve. In this work a complete proof of the Collatz Conjecture is presented. The solution assumes as hypothesis that
Collatz's Conjecture is a consequence. We start with the inverse of the Collatz’s function and manipulate it. We found that every
natural number n; € N can be calculated starting from 1, using the function n; = (2% — €) /3%, where: i > 0 represents the number
of steps (operations of multiplications by two subtractions of one and divisions by three) needed to get from 1 to n;, Q = 0 represents
the number of multiplications by three required and 0 < € < Zi’lél — 2(imod 3>3[§J is an accumulative constant that takes into account
the order in which the operations of multiplication and division have been performed.

Reversing the inversion, we have obtained the function: (3%n; + €)/2=% = 1 that proves that Collatz Conjecture it’s a consequence
of the above and also proofs that Collatz Conjecture it’s true since (3%n; + €) /21~ is the recursive form of the Collatz’s function.
The works has shown that for each n; ; € O; is meets that 20™4%) < n, ; < 2%, Moreover, it’s also proofed that there is no loop other

than1,2,4,1...
1. Introduction:

Let the following operation applicable to any natural number:
n

fmy=1 2’
3n+1; nodd

The Collatz Conjecture states that, regardless the number n that is chosen, after applying the function f(n)

neven

a certain number of steps, the result always tends to 1, being a single loop of 4, 2, 1.

Previous works so far had not been able to prove the Collatz’s Conjecture. Different approaches has been
taken: Reduced Collatz Conjecture [1], Clustering [2], Orbits [3], Convergence [4], etc. On the other hand,
authors as [5] and [6] had worked in the reverse form of the conjecture.

In our current understanding of positive natural numbers, we assume that the way to obtain the next natural
number in the sequence is n;,; = n; + 1.

Starting with n, = 1, we can generate all natural numbers using the above formula. So, the question to
answer is whether this is the only possible way to generate all the natural numbers.

This paper explores the possibility that all natural numbers can be expressed according to:

20941 —C
ni=3—n

where: i > 0 represents the number of steps (operations of multiplications by two subtractions of one and

,Vn; € NF; 20741 — € = 0 (mod3)

divisions by three) needed to get from 1 to n;, Q = 0 represents the number of multiplications by three

i—|& ; i . .
requiredand 0 < C < ZL'IEJ — 2(imod 3)3131 is an accumulative constant that takes into account the order
in which the operations of multiplication and division have been performed.
If we clear the 1 in the above equation, we have:

3Qni +C

2ia = LV € N*; 3%n; + € = 0 (mod2)



This implies that any natural number could be reduced to 1 after a given number of multiplications by 3
and sum of 1 and divisions by 2. This is precisely what Collatz's Conjecture states.

So, for this demonstration we are going to assume as hypothesis that Collatz's Conjecture is a consequence.
We will focus our efforts to demonstrate that that all natural numbers can be expressed according to:

202 _ ¢
m=Tza

2. Theorem 1. (Paucres-Collatz Theorem):

vn; € N*; 2172 %1 — C = 0 (mod3)

Let N be a positive natural number (N € N*) in the Orbit 0;, then N meets that:

3ON 4+ C

sin = LVYNE N*; 32N + € = 0 (mod2)

After 2 multiplications by 3 and sum of 1, i — divisions by 2 where C = 2%(2v*0+++v 4

20+ P30-04 4 L4 2¥30-2 4 3071, ¢ > 0 js an accumulation constant that takes into account the

number and the order in which the operations have been performed.

Proof:
2.1. (Part I): Preliminaries

Let's take the following function defined for natural numbers:
n

fay =1 2’
3n+1; nodd

neven

Let's calculate the inverse of the function:

Let:
n
y =g7;neven
Then
y1=2n;,vneN
Let
y=3n+ 1;nodd
Then:
n—1
y ! =3 Vneven € N; n—1 =0 (mod3)
Therefore, the inversion of Collatz's Conjecture implies that:
2n; vn € Nt
n)={n—1
fa — Vneven €EN; n—1 =0 (mod3)
Proposition:
Zni; Vni € N+
n;)=<n;—1
f(n) l3 ; Vn;even €N; n; —1 =0 (mod3)
Or in its recursive form:
200 ¢

n; = vn; € N*; 2079 %1 — C = 0 (mod3)

3¢ 7
Can be used to calculate any natural number n; starting from 1.



2.2. (Part Il). Definition of Orbit, Multifunction and Path
Let define as Paucres’s Orbit i and denoted as 0; the set of all natural numbers that share the condition of
being i steps (operations) from 1. This implies that:
1€0,
2€0,
4€o0,
(8,1) € 0,
(16,2) € 0,
(32,5,4) € 05
And so on.
Let define as n; ; each of the natural numbers that belongs to the Orbit 0;
n;; € 0;
Let define a Multifunction M(0;) that allows to calculate the set of the n;, 4 ; positive natural numbers that
belongs to the Orbit 0;,, from all the n; ; numbers of O; and therefore n;,, ; are at i + 1 steps from 1.
0i41 = M(0y)
Therefore:
Ny = 20;;Vn, ; € 0;

M(0;) n;—1 _
e vV n,;;even € 0; ny; —1 =0 (mod3)

According to the above:
e Every ancestor n; ; has an even n;,; ; successor
e Every ancestor n; j, has, at most, two n;,, ; successors (one even and one odd)
Let’s define as Path to the succession of terms n; ;,n;_, j,n;_5 ;, ..., 1 required to calculate the term n;, ;

applying the Multifunction M (0;).

2.3. (Part 111). Lemma 1.: Any positive natural number can be expressed in the form 2% where S is
an odd natural number greater than or equal to 1 and a is a natural number greater than or equal
to 0.
Proof:

Let J, an even natural number, then it can be expressed as:

Jo=2%];
Where J; = ]2—0
If J; even, then it can be expressed as:

Ji=2%];
Where J, = ];1
This implies:

Jo=2%2%],=2%%],
Repeating this process until we find an odd J,, we have:
Jo=2"*],



Thus, it is true that any even number can be expressed as 2%, where g is an odd natural number greater
than or equal to 1 and o an natural number greater than or equals to 1.
Let J, an odd natural number, then it can be expressed as:

Jo=2%+],
Thus, it is true that any odd number can be expressed as 28 where § is an odd natural number greater than
or equal to 1 and o an natural number equals to 0.
Thus, it is true that any natural number can be expressed as 2¢ where £ is an odd natural number greater

than or equal to 1 and o is a natural number greater than or equal to 0.

2.4. (Part IV). Lemma 2.: Every odd number obtained by the multifunction M (0;) depends, indirectly,
on an odd ancestor.
Proof:
Any odd number n;,. ; obtained from the multifunction M (0;) depends on an even n; ; ancestor that meets
the condition:

n;;i—1
Nippj = ”T Vn;jeven € 0; n;; —1 = 0 (mod3)

But, since n; ; is even, it can be written as 2% . Therefore, the above expression can be rewritten as:
298 —1
Mit1j =5 2%f —1 =0 (mod3)

But g is an odd natural number greater than or equal to 1, so every odd number depends, indirectly, on an

odd number.

2.5. (Part V). Lemma 3.: 1 is the only odd natural number that depends on itself after a single division

by three.
Proof:
Let
_2°p -1
3
Solving for g from the equation above we have:
g = 1
2 —3
Since B is an odd natural number greater than or equal to 1, it has to be met that:
29—-3>0
2¢-3<1
Solving the previous inequalities for a we have:
a > log, 3
a <log, 4
Thus:
a=2
And therefore:
=1



Therefore, the only odd natural number that depends on itself after a division by three is 1.
In other words, 1 is the only odd natural number with the ability to self-generate after a division by three.
Lemma 3.
Let 8 be an odd natural number, it is satisfied that g = 1 is the only odd that meets the condition:
_2p-1

3

B

i-Q_ .
2.6. (PartVl). Lemma 4.: n; ; = 2 a C; 2179 — ¢ = 0 (mod3) is a general expression for M(0;) .

Proof:
Denote A as the number of multiplications by two, denote Q as the number of divisions by three required
to obtain a number from 1.
Let’s define a Paucres’s root as:

20=1
Let’s define as a Paucres’s even to any even natural number that can be obtained from the root according
to:

285200
M =——7 —

Where A =i is the index of the Orbit of the even generated. A > 1 since 2 = 2 is the first even positive
natural number.
Let’s define as a Paucres’s odd to any odd natural number obtained from a Paucres’s even as:

24%2°-0 30

Natq,) = 1T; 24 —1 =0 (mod3)
Where A + 1 = iis the index of the Orbit of the odd generated. A (even) > 2 since 22 = 4 is the first even
natural number that generates an odd natural number. Let’s denote 1 = () because there is a single division
by three. Thus, A + Q =i is the Orbit of the odd generated. Then:
24x20-0

~ T _30_2A*20_0_3ﬂ—1_2A*20_3ﬂ—1_2A_3ﬂ—1.2A_3Q_1=0 B3
Na+a,j = 31 - 30 - 3Q - 30 ’ = 0 (mod3)
, _ 2Y(na4q, )1 . .
Let’s take a npyy 4041, = — odd natural number obtained from n, . q ; after a given a number of

multiplications by 2, a subtraction of 1 and a division by three.

28301 _ 2¥(na+n )1

Substituting na,q ;j = —a INt0 Npyyrai1,j = —, o we have:
2A _ 39.—1
2V ——©5——1 Aty _ oy Q
30 2 27 +3%) _
Mpsy+0+1) = 3 - 3041 ; 24% — (27 +3%) = 0 (mod3)

Updating the value of A+ y = Aand Q + 1 = Q, the above expression can be written as:

24 — (2 + 3971
Navq,j = ( 30 ); 24— (2¥ 4 3%) = 0 (mod3)

Let’s call 2¥ + 3?1 = (C, then C is an accumulation constant that takes into account the number operations
of multiplication performed before dividing by three:

24—¢C
Mavn) = 3 24— C = 0 (mod3)

Now let's define a new odd that depends on the updated n, ., q ; according to:



0
_2%(nasn,) -1
Na+o+0+1,j = 3

Substituting, we have:

24 — (2 + 397
20 < 30 > -1 2A+6 _ 29(2y + 30—1) —30
NA+6+0+1,j = 3 = 30+1

2A+9 _ 2y+9 _ 2939.—1 _ 3Q
Nato+0+1) = 37 ; 2470 —2v+0 _ 2030-1_ 39 = 0 (mod3)

Updating the value of A + 6 = A and Q + 1 = Q, the above expression can be written as:

24—¢
Mar) = 35 24 — C = 0 (mod3)

With
C = 2y+9 + 2939.—2 + 3Q—1
Recursively, then any odd natural number n,..q ; can be expressed according to:

2A—-¢
nA+Q‘j = 3—0, 2A —-C=0 (m0d3)

With

C = 2y+6+-~-+l+1/; + 26+~-+A3Q—Q+1 4ot 2939—2 + 30-1
On the other hand, as all n,.q ; has been obtained after applying the multifunction M (0;), this implies that
the sum of the number of multiplications by two plus the number of divisions by three has to be equal to
the index i of the Orbit 0;.
This impliesthat A+ Q =i, thus, A =i — Q.
In this way, the above expression can be written as:

20 ¢
My =3

Which is a valid expression to obtain all odd natural numbers for any Orbit 0;.

;2070 — € = 0 (mod3)

Moreover, if n; ; is odd, then it can be used to generate an even number according to 2%, then:

2% — ¢
Mitaj = 2" g 21=% — ¢ = 0 (mod3)
2i+a—.Q —Da ]
Mivaj = —3q 2ita=Q _2aC =0 (mod3)
Rewriting the above expression to refer to n; ; we have:
zi—ﬂ —_Jac o o
nij =g 27" = 2%C = 0 (mod3)
Updating 2*C = C we have:
200 ¢
N =35 270 — ¢ =0 (mod3)

l_n— i - - -y .
Therefore, the expression n; ; = 23—nc; 2172 — ¢ = 0 (mod3) is valid to represent any positive natural

number obtained from M (0;).
Where:
i represents the Orbit of n; ;

Q represents the number of divisions by three needed to obtain n; ;



C =20 (2v¥0FA+ 4 O0+A+430-041 | ... 4 2¥30-2 4 3071) s an integer accumulation constant
greater than or equal to zero that takes into account the number and order in which the operations of

multiplication by 2 and subtraction of 1 and division by three have been performed.

2%
30

2.7. (Part VII). Lemma5.: n; ; = ; 2079 — ¢ = 0 (mod3) is bounded from above.

Proof:
Let

Then
21'—.0. —-C 21'—0 21’ )
nj=—3a <33 Sza=?%

Therefore, n; ; < 2% and then Max(n; ;) = 2°

Solving for i we have:

i =log, ng;
But i must be an integer greater than or equal to 0, then:

i= [logz ni‘jJ
The above proof has great connotation for the demonstration of the Collatz Conjecture, since it implies that,
for any positive natural number N it is possible to find an 0;, from whichany n; ; € 0; is less than or equal
to N.

VN € N* 3i; vn;; € 0;,n;; <N

Where:

{ = |log; N|

i-0

2.8. (Part VIII). Lemma 6.: n; j = ZS—Q_C is bounded from below.

Proof.
For an Orbit i, with i = 0 and a number 2 of divisions by three it is satisfied that:

270 —¢
My =R

According to the constraints in the statement of the problem, every n; ; is a positive natural number,
therefore, it has to meet that:

200 — ¢
n; = 38 >1
This implies:
Min(ni‘j) =1
Min(n;;) =1
The constraints of the problem cause the function to be bounded from below.
However, it was shown that the value of 1 is reached infinite times in the loop 1, 2, 4, 1.... However, only

for some values of i it’s meet that n; ; = 1.



This implies that there must be a function that generates the appropriate succession of terms of the 1, 2, 4,
1... loop for each value of i.

For fixed values of i, Q it has to be meet that:

_ 2179 — Max(C)
Mln(ni,j) = BT E—
Previously it has been shown that:
1 22-1 _4-1
-3 3

Rewriting the above equation in the form of the general equation we have:
|- 2179 — Max(C) _ 28711 _ 22 -1

39 3t 3
Multiplying by 2 on both sides of the equal sign we have:

22121 282
EE
Multiplying again by 2 on both sides of the equal sign we have:

23¥1—242x1 2*—4

2

4
31 3
But 4 can be used to generate 1, subtracting 1 and dividing by three. Therefore:
4 _
2 ; Y1 ey
1 = =
3t 32

This implies that, recursively, all the terms of Max(C) can be calculated for a given values of i, Q.
We will proceed to establish a calculation method for 2 as a function of i for these conditions.
The loop 1, 2, 4, 1... has 3 steps (two multiplications by 2 and a division by three). After these steps, the

value of Q is increased by 1. Let's then define a way to calculate Q as a function of i.

Let:
0=
I3
We will now proceed to find an expression for Max(C) for each values of i:
~[3]
278l — Max(C) _
3ls]
Clearing Max(C) we have:
L i
zl‘lil — 3[5] = Max(C)
Taking a common factor of 2° in the member of the left we have:
~[3] _ 3l3]
20 (Zl 3l — 313 ) = Max(C)
The above equation allows to calculate the values of Max(C) for:
i=0+3kkeNKk=0
For the second case we have:
~[3]
2"l — Max(C)
3l

Clearing Max(C) we have:



~[3] 5
27131 — 2 % 313l = Max(C)
Taking a common factor of 21 in the member of the left we have:
2! (21"1‘[%] - 3%]) = Max(C)
The above equation allows to calculate the values of Max(C) for:
i=14+3k;keN k=0
For the third case we have:
~[3]
275l — Max(C)
3l
Clearing Max(C) we have:
~[3] H
2713l — 4 % 368 = Max(C)
Taking a common factor of 22 in the member of the left we have:
22 (zi‘z‘léj - 3[%]) = Max(C)
The above equation allows to calculate the values of Max(C) for:
i=2+3k;keN k>0
Now we will proceed to find a general expression for Max(C) Vi = 0 by combining the above three

equations:

2(imod 3) (zi‘(i mod 3)‘%1 — 3[%]) = Max(C)

21-_[%] _ o(imod 3)3[%] = Max(C)

In such a way that:

21‘—[%] _ <2i‘[%J — 2(imod 3>3EJ)

Min(ni_]-) = 5
3l3]
z(i mod 3)3[%]
Min(nl-‘j) = T
3l3]
Min(n; ;) = 2(imed )
Then, # is bounded:
3
2(imod 3) < Zi_:ﬂ_ ¢ < 2i
With:
i
<0<|-
<0<l
And:
.|l i
0 < ¢ < 27l — gmoas3l3]
, 2i7%_¢
2.9. (Part IX). Lemma 7.: LlTEl = 1
L=
Proof:

Let’s define the following functions in R:



fl) =2%
g(x) — z(x mod 3)

A
h(x)==——,0<a< [fj,o < ¢ < 275 — peemoa s3]
3a 3
Let's calculate the limit when x — 0 for the three functions:
lim2*=2°=1
x—0
lim2*med3) = 20 = 1
x-0
Applying the intermediate function theorem, then:
20—
=1
Thus:
200 —C
s =g =1

The result of the limit above shows that, for all n; ; € O;, there is a Path n;_; j,n;_5 j, .. Ni_(i-3) 4 2, 1

that converges to 1.

2.10. (Part X): Lemma 8.: All positive natural numbers can be expressed as
N = zi_:—;‘f‘”,\ﬂv € N*
Proof:
Let's suppose that:
27%%1—-C
N#——g—
With:
i
o<as|]
And:

0 < C < 2713l — 2amoanls]
Clearing for i we have:
i # log,(62N + 29C)
Let’s define:
y = f(x) =log,(6% +29C); x > 1
Under this conditions, it’s meet that:
6% +2%C >1,vx>1;QC=0
As f(x) is a logarithmic function then its domain is:
D={x)|6%%+2%C >1}={x e Rjx > 1}
In addition, all logarithmic functions are continuous throughout their domain, then f(x) is continuous
throughout its domain.
The range of f(x) is:
Range(f(x)) ={y € R;y = 0} = [0, )

As f(x) is a logarithmic function, then the range of f(x) is also continuous.



Then:

y # log,(6%x + 29C) vy =0
Is a contradiction.
Thus:

i # log,(6%N +22C) Vi = 0
Is also a contradiction.
Then:

i =log,(6%N +2%C)Vi=0
This implies that:

VN e Nt 3Q,C>0; 62N +29C = 2!

After the previous proof we can state the following:
Lemma 8.

Let N be a positive natural number; then N meets that:

27 x1-¢ +. 9i-Q
N = ——g— VN €N*; 2%« 1~ C = 0 (mod3)
2.11. (Part XI): Lemma 9.: There is no loop other than 1, 2, 4, 1...

Proof:

If there is a loop other than 1, 2, 4, 1..., this implies that a number has the ability to auto-generate after a
certain number of multiplications by two, subtractions of one and divisions by three.

Applying the general expression, we will investigate if there is an odd that depends on itself after an «
number of steps with « — y multiplications by 2 and y subtractions of 1 and divisions by 3:

Let:

21—.0. -
nj= 3Q

Let’s define a new n;,, ; = n; ; obtained from n; ; after « number of steps with a — y multiplications by 2

and y subtractions of 1 and divisions by 3 as:

Za_yni‘j — Cy

Nitaq,j = 3v
I 2070 ¢, . 2%n; i—c
Substituting n; ; = ~—g= iNto n;,4 ; = —2— we have:

i-Q
a-y 2 —C1

2 30 Cy
Nita,j = 3v
Then:
2i+a—(ﬂ+y) -C
Mivaj =7 38y

Solving for C we have:

C = 2i+a—(ﬂ+y) _ ni+aj39+y
Earlier we showed that:
i , i
21715l — 26moan3lsl = max(c)
For the Orbit 0;.., the above equation can be expressed as:

2i+a_[i+T“] _ 2((i+@) mod 3)3li+TaJ = Max(C)



Then:
gita—(Q+y) _ ni+a,j39'+y < 2i+06—ll+TaJ — 2((i+a) mod 3)3[HTaJ
Solving for n;, ;:

2i+a—li+TaJ — 2((i+a) mod 3)3[HT‘X] — pi+ta—(Q+y)

Niygj < — 30+y
Then:
oita—(Q+y) _ <2i+a—[i+T“] _ 2((i+a) mod 3)3li+TaJ)
Niygj < 304y
But:
2i+a |59 _ preymoa 35 = pax(c)
Then:
i+ta—-(Q+y) _ Max(C)
Nita,j S 30+y
But in Lemma 6 we had proofed that:
Min(ni_j) = w
Then for n;, . ; We have:
Min(ni+a.j) = G (“”;;;Max(C)
Thus:
Niygj < Min(ni+a_]-)
Then:
Niva; = Min(niq ;)
Niygy = 20FOMAS) =1 2 4.1
But:
Nitva,j = Nij
Then:

ng; =20mod3 =1,241..
This proof allows to extend the Lemma 3.
Lemma 9.
Let N € N* be a positive natural number, then it is satisfied that N = 1, N = 2 and N = 4 are the only

natural numbers that meets the condition:

29YN - C
N=——27—" 297N —-C=0(mod3)
after an a number of steps with @ — y multiplications by 2 and y subtracts from 1 and divisions by 3
2.12. (Part XI1): Final Remarks of the Proof of the Collatz Conjecture:

After all the previous Lemmas we can now Proof the Collatz Conjecture
In Lemma 8 we have proofed a general expression for N,¥N € N*. Then in Lemma 9 we have proofed

that there is no loop other than 1, 2,4, 1...



Then, let:

27%x1-C +. 5i-0 —
N=——g— ¥NEN* 27+ 1-C=0(mod3)
Clearing the 1 in the expression above we have:
3N +C a0 _
Zii_ﬂzl,VNEN ; 3*N 4+ C =0 (mod2)
Which is precisely the proof that Collatz's Conjecture it’s true. i
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