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Abstract Robin’s criterion states that the Riemann hypothesis is true if and only if
the inequality o (n) < e x n x loglogn holds for all natural numbers n > 5040, where
o (n) is the sum-of-divisors function of n and y ~ 0.57721 is the Euler-Mascheroni
constant. We show that the Robin inequality is true for all natural numbers n > 5040
that are not divisible by some prime between 2 and 1771559. We prove that the Robin

inequality holds when %2 x loglogn’ < loglogn for some n > 5040 where n’ is the

square free kernel of the natural number n. The possible smallest counterexample n >
> 630'99733785, 1< 1.25><log53.7312714399) +
2Gm

eNn (169 1)P < 1.0501395952 x log(N,,) and n < (4.7312714399)™ x N, where

logn
Npm =TI%, ¢; is the primorial number of order m, g,, is the largest prime divisor of
aj+1 )
and B =TI, Zﬁrill when 7 is an Hardy-Ramanujan integer of the form [T, ¢;".
q; -

5040 of the Robin inequality implies that g,,
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1 Introduction

In mathematics, the Riemann hypothesis is a conjecture that the Riemann zeta func-
tion has its zeros only at the negative even integers and complex numbers with real
part % [3]. As usual ¢ (n) is the sum-of-divisors function of n [4]:
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2 F. Vega

where d | n means the integer d divides n and d { n means the integer d does not divide
n. Define f(n) to be ( ) Say Robins(n) holds provided

f(n) < e’ xloglogn.

The constant ¥y ~ 0.57721 is the Euler-Mascheroni constant and log is the natural
logarithm. The importance of this property is:

Theorem 1.1 Robins(n) holds for all natural numbers n > 5040 if and only if the
Riemann hypothesis is true [§].

It is known that Robins(n) holds for many classes of numbers n. Robins(n) holds for
all natural numbers n > 5040 that are not divisible by 2 [4]. On the one hand, we
prove that Robins(n) holds for all natural numbers n > 5040 that are not divisible by
some prime between 3 and 1771559. We recall that an integer # is said to be square
free if for every prime divisor ¢ of n we have ¢° { n [4].

Theorem 1.2 Robins(n) holds for all natural numbers n > 5040 that are square
free [4].

In addition, we show that Robins(n) holds for some n > 5040 when %~ x loglogn’ <
loglogn such that n’ is the square free kernel of the natural number 7. Let q1=2,q0 =
3,...,qm denote the first m consecutive primes, then an integer of the form [T, ql‘
with a; > ay > --- > a, > 0 is called an Hardy-Ramanujan integer [4]. A natural

number 7 is called superabundant precisely when, for all natural numbers m < n

f(m) < f(n).
Theorem 1.3 If n is superabundant, then n is an Hardy-Ramanujan integer [2].

Theorem 1.4 The smallest counterexample of the Robin inequality greater than 5040
must be a superabundant number [1].

On the other hand, suppose that n > 5040 is the possible smallest counterexample of
30.99733785 | - 1.25x10g(4.7312714399) |
< loggm

kl’fg]\;m, (logn)P < 1.0501395952 x log(N,,) and n < (4.7312714399)" x N,,, where

Ny, =T1/%, gi is the primorial number of order m, g,, is the largest prime divisor of n
a +1
and B =TI, o +1 When n is an Hardy-Ramanujan integer of the form [, ¢7".

the Robin inequality, then we prove that ¢, > e

2 A Central Lemma

These are known results:

Lemma 2.1 [4]. Forn > 1:

fo <J[1-L @.1)



Robin’s criterion on divisibility 3

Lemma 2.2 /5]
1 T

kI:IlPL:C(z):g- (2.2)

a

The following is a key lemma. It gives an upper bound on f(n) that holds for all
natural numbers n. The bound is too weak to prove Robins(n) directly, but is critical
because it holds for all natural numbers n. Further the bound only uses the primes
that divide n and not how many times they divide n.

Lemma 2.3 Letn > 1 and let all its prime divisors be q1 < --- < qn. Then,

2><m6]i+1

T
f(n) < 3 1 S

Proof Putting together the lemmas 2.1 and 2.2 yields the proof:

s mn 2 m
H qi qi+1 1 T gi+1
7t ,-=1<61i—1> i W 6 I._I :

S

3 Robin on Divisibility

We know the following lemmas:

Lemma3.1 [6]. Letn > e "

then

and let all its prime divisors be q1 < -+ < g,

ﬁ ai < 1771561 x e¥ x loglogn
Lo =1) = 1771560 glogm:

Lemma 3.2 Robins(n) holds for all natural numbers 1010 > 5 > 5040 /7.

Theorem 3.3 Suppose n > 5040. If there exists a prime g < 1771559 with q 1 n, then
Robins(n) holds.

Proof We have that f(n) Eé%}égéﬁﬁizzx loglog(n) for any number n > 11071

T > is satisfied. Note that f(n) < &5 =TIyn paa}
from the lemma 2.1, where ¢@(x) is the Euler’s totient function. Suppose that 7 is not
divisible by some prime ¢ < 1771559 and n > 101" Then,

since the inequality 10'°"

n
n) <
_ nxgq ><q—l
p(nxq)  q
1771561 q—

1
etV SV
< 7771560 < 7 x e’ x loglog(n x q)
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and
f(n) 1771561 " g—1 " loglog(n x q)
e¥ xloglog(n) ~ 1771560 q loglog(n)
< 1771561 " g—1 " loglog(n x q)
1771560 q loglog(n)
1
_ 1771561 g1 loglog(n) +log(1+ 2£4)
1771560 © ¢ loglog(n)
1
_imsel g-1 log(1+ (&4
~ 1771560 T ¢ loglog(n)
So
1
7(n) 1771561 g—1 log(1+ 54

1
e x loglog(n) 1771560 q “(t loglog(n)

for n > 109" The right hand side is less than 1 for ¢ < 1771559 and n >
1010 Therefore, Robins(n) holds.

4 On the Greatest Prime Divisor

We know that

Lemma 4.1 [9]. For x > 286:

HLl<eV><(logx+ ).

g d— 2 x log(x)

Theorem 4.2 Let []7 q?i be the representation of n as a product of primes q; <
.-+ < gy with natural numbers as exponents ay,...,any. If n > 5040 is the smallest
integer such that Robins(n) does not hold, then g, > 399733785,

Proof According to the theorems 1.3 and 1.4, the primes ¢; < --- < g, must be
the first m consecutive primes and a; > a; > --- > a,, > 0 since n > 5040 should
be an Hardy-Ramanujan integer. From the theorem 3.3, we know that necessarily
qm > 1771559. So,

e’ xloglogn < f(n) < 4 <e'x (loggm +———
qlé—qlm q—1 " 2 xlog(gm)

)

because of the lemmas 2.1 and 4.1. Hence,

loglogn — ) < loggm.

2 x log(qm
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However, from the lemma 3.2 and theorem 3.3, we would obtain that

1

loglogn — S
oglogn 2 % log(1771559)

 >13.11485 x log(10) +loglog 10 —
2 log(an) g(10) +loglog

> 30.99733785.

Since, we have that

1
1 > logl ——— >130.99733785
OB dm = OBTOR T 9% log(gm)
then, we would obtain that g,, > €3%9733785 under the assumption that n > 5040 is

the smallest integer such that Robins(n) does not hold.

5 Some Feasible Cases

In basic number theory, for a given prime number p, the p-adic order of a natural
number 7 is the highest exponent v, > 0 such that p*» divides n. This is a known
result:

Lemma 5.1 In general, we know that Robins(n) holds for a natural number n > 5040
that satisfies v2(n) < 19, where vy,(n) is the p-adic order of n [6].

We can easily prove that Robins(n) is true for certain kind of numbers:
Lemma 5.2 Robins(n) holds for n > 5040 when q <7, where q is the largest prime
divisor of n.

Proof This is an immediate consequence of theorem 3.3.

The next theorem implies that Robins(n) holds for a wide range of natural num-
bers n > 5040.

Theorem 5.3 Let %2 x loglogn’ < loglogn for some n > 5040 such that n' is the
square free kernel of the natural number n. Then Robins(n) holds.

Proof Let 1’ be the square free kernel of the natural number n, that is the product of
the distinct primes qy,...,g,. By assumption we have that
2

n
X loglogn’ < loglogn.

For all square free n’ < 5040, Robins(n’) holds if and only if n’ ¢ {2,3,5,6,10,30} [4].
However, Robins(n) holds for all n > 5040 when n’ € {2,3,5,6,10, 15,30} due to the
lemma 5.2. When n’ > 5040, we know that Robins(n") holds and so

f(n") < e x loglogn’
because of the theorem 1.2. By the previous lemma 2.3:

2 m
T qi+1
Fn) < T
6 i=1 4
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Suppose by way of contradiction that Robins(n) fails. Then
f(n) > e" x loglogn.

We claim that 5
T g+ 1
—x[]HE— > ¥ xloglogn.
G H : e oglogn

-1 4qi

Since otherwise we would have a contradiction. This shows that

2 m 2
T +1  m
— it > — x e’ xloglogn'.
6 i1 4 6
Thus
m
i+ 1
Gt oy loglogn’,
=1 4
and

m
gi+1
H = > f(n/)v
=1 4
This is a contradiction since f (') is equal to

(g1 +1)x---x(gn+1)
qlx...xqm

according to the formula f(x) for the square free numbers [4].

6 On Possible Counterexample

1
. IxTog(n
For every prime number p, > 2, we define the sequence ¥, = e 2xloslpn)

o
(1= fogtom))

Lemma 6.1 For every prime number p, > 2, the sequence Y, is strictly decreasing.
Proof This lemma is obvious.

In mathematics, the Chebyshev function 0 (x) is given by

0(x) = ¥ logp

p<x
where p < x means all the prime numbers p that are less than or equal to x.
Lemma 6.2 [9]. For x > 41:

1

00> (1- 1

) X x.

We will prove another important inequality:
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Lemma 6.3 Let q1,q>,...,qm denote the first m consecutive primes such that q; <
qr << gnm and qm > 286. Then

[1—— <" xlog (Y, x 6(qm)).
=19 — 1

Proof From the lemma 6.2, we know that
1

0(qm) > (1— m) X G-

In this way, we can show that

log (Y, x 0(gm)) > log (ym (1= ) > qm)

1
=logg;, + log (Ym X(1——7F——~ ) .
( log(Qm) )
We know that
1
1 e 2xlog(qgm) 1
log<Y x(l—)):log x (1— )
m IOg(CIm) (1 — 710g(1qm)) IOg(qm)
=log (e 2Xl°é(‘[m)>
B 1
2 x log(gm)

Consequently, we obtain that

1
1 log (¥, x(1————) ) > .
0gqm + og( m X ( log(qm))) > (loggm + )

2 x 1og(gm)

Due to the lemma 4.1, we prove that

m .
HLI < e’ x (logqm+ ) < e¥ xlog(Ym x 0(gm))

=14~ 2 x log(qm)
when ¢, > 286.
We use the following lemma:

Lemma 6.4 [6]. Let [/, ¢;" be the representation of n as a product of primes q; <
.-+ < gy with natural numbers as exponents ay, ... ,ay. Then,

4 i 1
f<n><nqi_l>xﬂ<1wl>.

The following theorems have a great significance, because these mean that the
possible smallest counterexample of the Robin inequality greater than 5040 must be
very close to its square free kernel.
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Theorem 6.5 Let [/, ¢} be the representation of n as a product of primes q <
-+ < gm with natural numbers as exponents ay,...,ay. If n > 5040 is the smallest
integer such that Robins(n) does not hold, then (logn)[j <Y % log( Np), where N, =
[T, gi is the primorial number of order m and 8 =[] aq’Tl.
q;
Proof According to the theorems 1.3 and 1.4, the primes g; < --- < g, must be
the first m consecutive primes and a; > ay > --- > a,, > 0 since n > 5040 should
be an Hardy-Ramanujan integer. From the theorem 4.2, we know that necessarily
Gm > 3999733785 From the lemma 6.4, we note that

f(n) = <Im]1 p— ) ><H< al+1>

However, we know that

H% < e’ xlog (Y, x log(Ny,))
i=19i—

because of the lemma 6.3 when g,, > ¢3%-%9733785 If we multiply by [T7 (1 — a,1+|)

the both sides of the previous inequality, then we obtain that

a 1
f(n) < e¥ xlog (Y, xlog(Ny)) x H (1 - a,+1> .
i=1 q;
If n is the smallest integer exceeding 5040 that does not satisfy the Robin inequality,
then

e’ x loglogn < e¥ x log (¥, x log(N, XH( a+1>

because of
e? x loglogn < f(n).

That is the same as

m qa i+1
H T X loglogn < log (Y, x log(Ny))
i=1 9, 1
which is equivalent to
(logn)P < ¥, x log(N,,)
a;j+1
where B =TI, ﬁ. Therefore, the proof is done.
Theorem 6.6 Let []1, q?i be the representation of n as a product of primes q; <
-+ < g with natural numbers as exponents ay,...,ay. If n > 5040 is the smallest
integer such that Robins(n) does not hold, then (logn)B < 1.0501395952 x log( ),

where Ny, = [T7%, q; is the primorial number of order m and B =[]/, ffT

0
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Proof From the theorem 4.2, we know that necessarily ¢, > 3099733785 Using the
theorem 6.5, we obtain that

(logn)P < 1.0501395952 x log(N,,)
due to the lemma 6.1 since we have that ¥, < 1.0501395952 when g,,, > ¢30-99733785,

Theorem 6.7 Let [/, ¢} be the representation of n as a product of primes q; <
.-+ < g with natural numbers as exponents ay,...,any. If n > 5040 is the smallest
integer such that Robins(n) does not hold, then n < (4.7312714399)™ X N,,, where
Ny =TT%, qi is the primorial number of order m.

Proof According to the theorems 1.3 and 1.4, the primes ¢; < --- < g, must be the
first m consecutive primes and a; > a» > --- > a,, > 0 since n > 5040 should be an
Hardy-Ramanujan integer. From the lemma 6.3, we know that

m .
HLI < e x1og (Y, x 0(qm)) = ¥ x loglog(Nm)

i—149i —

for g, > €3099733785 Tn this way, if n > 5040 is the smallest integer such that Robins(n)
does not hold, then n < N,’:;" since by the lemma 2.1 we have that

That is the same as n < N~ x N,,. We can check that ¢'»~! is monotonically de-
creasing for all primes g, > 3099733785 Certainly, the function

((L,IZXI(%()()) l)

g =\

complies that its derivative is lesser than zero for all real numbers x > e
Consequently, we would have that

30.99733785

g1 < g(3099733785) 47312714399

for all primes g,, > €30:%9733785 Moreover, we would obtain that

Y1 1

Yin—
dm > q;

for every integer 1 < j < m. Finally, we can state that n < (4.7312714399)™ x N,
since NXm—! < (4.7312714399)™ when n > 5040 is the smallest integer such that
Robins(n) does not hold.

We know the following results:

Lemma 6.8 [9]. For x > 114:

X
w(x) <1.25x —
(x) logx

where 1(x) is the prime counting function.
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Lemma 6.9 If n > 5040 is the smallest integer such that Robins(n) does not hold,
then p < logn where p is the largest prime divisor of n [4].

Theorem 6.10 Lez []7, 4" be the representation of n as a product of primes q; <
-+ < gm with natural numbers as exponents ay, . .. ,ay. If n > 5040 is the smallest in-
teger such that Robins(n) does not hold, then 1 < 1.25x10g(4.1312714399) | loghy,

loggm Togn * where
Ny =TI, qi is the primorial number of order m.

Proof Note that n < (4.7312714399)" x N,, when n is the smallest integer such that
Robins(n) does not hold. If we apply the logarithm to the both sides, then

logn < log(4.7312714399)™ 4+ log N,
which is equivalent to
logn < m x 1og(4.7312714399) + log N,y

According to the lemma 6.8, we have that

logn < 1.25 x Oqi x log(4.7312714399) + log Nyp.

loggm
From the lemma 6.9, we would have

logn

logn < 1.25 x x 10g(4.7312714399) + log Ny,

loggm,

which is the same as
1.25 x log(4.7312714399) L log Ny,

1<
loggm logn
after of dividing by logn.
7 Another Bound
This is a known result:
Lemma 7.1 [9]. For x> 1:
1 1
Y - <loglogx+B+—; (7.1)
g=x4q log”x

where
B =0.2614972128 - --

denotes the (Meissel-)Mertens constant [9].
We show another result:

Lemma 7.2 Forx > 11, we have

1
Z — < loglogx+vy—0.12.

q<x
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Proof Let’s define H = y— B. The lemma 7.1 is the same as

1
Z*<loglogx+}/f(H ).

g<x4 log2 X

Forx > 11,
1

- log?x

(H )>(0.31— )>0.12

log?11
and thus,

1
Z — < loglogx+y— (H — ) < loglogx+7y—0.12.

g=<x4 logzx

8 On a Square Free Number

We know the following results:

Lemma 8.1 [4]. ForO<a<b:

logh—1 1 hdr 1
080 084 _ / a2 8.1)
a t b

b—a (b—a)
Lemma 8.2 [4]. For g > 0:

q+1
a1l (8.2)

log(g+1 —logq:/
( ) g I q

We know from the theorem 1.2 that Robins(n) holds for all natural numbers n >
5040 that are square free.

Lemma 8.3 For a square free number
n f— ql X DAY >< qm
such that q1 < g < --+ < qm are odd prime numbers, g, > 11 and 3 { n, then:
2
g X3 % o(n) < e¥ xnxloglog(2'” x n).

Proof By induction with respect to @(n), that is the number of distinct prime factors
of n [4]. Put ®(n) = m [4]. We need to prove the assertion for those integers with
m = 1. From a square free number n, we obtain

o(n)=(qi+1)x(g+1)xx (gn+1) (8.3)
when n = g1 X g2 X --- X g, [4]. In this way, for every prime number ¢; > 11, then
we need to prove

2

3 1
T wlx (14 —) < e’ xloglog(2" x ¢;). (8.4)
6 2 gi
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For g; = 11, we have

n—zxéx(l+i)< 7 x loglog(2" x 11)
6 2 1/ =¢ orlog

is actually true. For another prime number ¢; > 11, we have

1 1
I+—)<(1+—
(14 )<+ )
and
loglog(2!? x 11) < loglog(2" x ¢;)

which clearly implies that the inequality (8.4) is true for every prime number g; > 11.
Now, suppose it is true for m — 1, with m > 2 and let us consider the assertion for those
square free n with @(n) =m [4]. So letn =g X --- X g, be a square free number and
assume that ¢ < --- < g,, for g,, > 11.

Case 1: g >10g(21% X q1 X -+ X gm_1 X qm) = log(2!? x n).

By the induction hypothesis we have
2

3
inx(q1+1)x~--x(qm,l+l)gequl><m><qm,1xloglog(219><q1><~~><qm,1)

and hence
3
?XEX(CIH‘I)X"'X(Qm—1+1)><(61m+1)S
e’ X g1 X+ X g1 X (gm+ 1) x 1oglog(2"? x g1 X -++ X gm_1)
when we multiply the both sides of the inequality by (g,, + 1). We want to show
eV X g X X g1 X (gm+1) xloglog(2! x gy x --- X g_1) <
eV X gy X X Q1 X qm x10glog(2" x g1 X - X g1 X qm) = €" x n x loglog (2" x n).

Indeed the previous inequality is equivalent with
gm ¥ 10g10g(2" X q1 X -+ X g1 X qm) > (gm + 1) x loglog(2" x g1 X -+ X gn_1)
or alternatively

gm % (loglog(2" x g1 X -+ X gm_1 X qm) —loglog(2!° x g1 X --- X gu_1))

>
loggm -

loglog(2!” x g1 x -+ X gm_1)
loggm

We can apply the inequality in lemma 8.1 just using b = log(2'? x g1 X - X gm_1 ¥
gm) and a = log(2'° x g1 X -+ X g,_1). Certainly, we have

1og(2" x g1 X -+ X @1 X ) —10g(2¥ x g1 X - X gm_1) =

10g219><QI X X qm—1 X gm

=1lo .
29X g1 X X G &
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In this way, we obtain

x (loglog(2' x q1 X -+ X gm_1 X qm) —loglog(2'® x g1 X -+ X gm_1))
log g,

qm
log(219 Xqgp X=X qm) .

>

Using this result we infer that the original inequality is certainly satisfied if the next
inequality is satisfied

dm . loglog(2"” x g1 X+ X gm-1)
log(2!9 x g1 x -+ X qm) ~ loggm

which is trivially true for g, > 10g(219 X g1 X X gm—1 X gm) [4].
Case 2: qm <10g(2' x q1 X -+ X gm_1 X qm) = log(2'? x n).
We need to prove

2 3 o(n)

— X =X
6 2

< e¥ xloglog(2' x n).

‘We know % < 1.503 < 2%. Nevertheless, we could have

2 2
3X0'(n) 1<4x0(n) T

25T N6 S 3xn (2x2.66

and therefore, we only need to prove

oc(3xn) n? .

_ RN < Y 9

3xn <533 ¢ % loglog(2"” x n)

where this is possible because of 3 1 n. If we apply the logarithm to the both sides of

the inequality, then we obtain

2

log( 7r

5 32) (log(3+1)—1log3) Z log(gi+1) —logg;) < y+logloglog(2'® x n).

In addition, note that log(%) < % +0.12. However, we know

y+loglogg, < y+logloglog(2' x n)

since g,, < log(2'° x n). We use that lemma 8.2 for each term log(g + 1) — logq and

thus,
11 1 1 1
0.124 -4+ —+--+— <012+ Y — <y+logloggn
2 3 q1 qm q<qm

where g, > 11. Hence, it is enough to prove
1
Y, - <y+loglogg,—0.12
9<qm

but this is true according to the lemma 7.2 for g, > 11. In this way, we finally show
the lemma is indeed satisfied.
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9 Main Insight

The next result is a main insight.

Theorem 9.1 Let n > 5040 and let all its prime divisors be q1 < --- < q. When
Gm > 11, 34 nand 2%° | n, then

i+ 1
it o e’ x loglogn.

1

X

™
6

<

i=1

Proof We need to prove that

i+ 1
qit < e xloglogn.

qi

X

i
6

-

Il
—_

Using the formula (8.3) for the square free numbers, then we obtain that is equivalent
to
> o)

g — < e xloglogn
n

where n’ = q| X --- X gy, is the square free kernel of the natural number n [4]. We
know that 220 | n and thus,

/
¥ x n' x loglog(2" x %) < e’ xn' xloglogn

!
because of 2! x % < n where 2?° | nand 2 | n’. So,

n? n
< X o(n') < e xn' xloglog(2" x 5)

According to the formula (8.3) for the square free numbers and 2 | 7/, then,

nz n/ 1

/
3 X 3 x G(E) <e'x2x % x loglog(2'? x %)

which is the same as
2 / /

3 !/
o X3 G(%) <e'x % x loglog(2!? x %)

where this is true according to the lemma 8.3 when 3t ”7, and g, > 11. To sum up,
the proof is complete.
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