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Abstract 

As you know, we do not have any exact equation for calculating the perimeter of an ellipse. In 

this article, we obtain this equation analytically. In this article we will find a way for derivation 

of the solution of Elliptic integral in terms of elementary functions. 
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Introduction 

Calculating the perimeter of an ellipse is difficult analytically, and for more than 300 years all 

efforts in this direction have failed. To calculate the perimeter of an ellipse using the formula: 

𝑟 =  
𝑎0(1 − 𝜖0

2)

1 − 𝜖0𝐶𝑜𝑠 𝜃
                                                                        (1) 

which is equation of an ellipse in polar coordinates [1][2], we must calculate the following 

integral (which is the equation of the length of a polar curve) [1][3]. 

     𝐿 = ∫ √𝑟2 + (
𝑑𝑟

𝑑𝜃
)2𝑑𝜃

𝛽

𝛼

                                                                  (2) 

Substituting 1 in 2 leads us to integral 3, which is clearly difficult to calculate. 

𝑃𝐸𝑙𝑙𝑖𝑝𝑠𝑒 = 𝑎0(1 − 𝜖0
2)∫ √

(1 − 𝜖0𝐶𝑜𝑠𝜃)2 + 𝜖02𝑆𝑖𝑛2𝜃

(1 − 𝜖0𝐶𝑜𝑠𝜃)
4

  𝑑𝜃
2𝜋

0

                               (3) 

 Therefore, to extract the perimeter of an ellipse, analytically, we must look for another 

method. ‘’we define the ellipse as a linear transformation of the circle with radius 1’’[4]. This 

was the sentence that led me to try to extract the perimeter of an ellipse using the perimeter of 

a       circle. If 𝑥 and 𝑦 are two points on an ellipse. In such a case, it can be shown, by linear 

transformation method, that for b and a, 𝑦 ⁄ 𝑏 and 𝑥 ⁄ 𝑎 are two points on a circle with the 

following equation [4]: 

(
𝑥

𝑎
)2 + (

𝑦

𝑏
)2 = 1 

Familiarity with this subject lead me to think that instead of calculating the perimeter of the 

ellipse, we can obtain the perimeter of its equivalent or associated circle. 

Consider Figure 1. In this figure, you see an ellipse with dimensions a and b, which is 

surrounded in circle 𝐶1 with center 𝑂 and radius 𝑟 =  𝑎. From points 𝐴 and 𝐵 we have drawn 

four tangent lines to the ellipse and the parallelogram 𝐴𝐶𝐵𝐷 was formed. now we can draw a 

circle with the center 𝑂 that is tangent to all four faces of this parallelogram. The red circle in 
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Fig. 1 is this circle. We call this circle the equivalent circle or the associated circle of ellipse. 

In this article, we show that the perimeter of our ellipse is equal to the perimeter of the red 

circle and the formula for the perimeter of ellipse is as follows: 

𝑃𝐸𝑙𝑙𝑖𝑝𝑠𝑒 =
2𝜋𝑎0

√2
𝜖0
2                                              (4) 

Where 𝑎0 is semi-major axis and 𝜖0 is eccentricity of ellipse. This is the equation we have 

been looking for, at least since Leonhard Euler. 

 

Fig. 1. 

Associated Circle of Ellipse 

Using Figure 1, the equation of radius of red circle (associated circle with ellipse) can be 

obtained by the boundary conditions method. And then obtained the perimeter of the circle. 

There are two boundary conditions here: 1- The first boundary condition is that in Figure 1, as 

the b increases, the ellipse becomes larger, and as a result, the red circle also enlarges, and in 

the case of 𝑏 =  𝑎, the ellipse becomes the red circle:  

𝑏0 = 𝑎0  𝑎𝑛𝑑   𝑏0 = 𝑎0√1 − 𝜖0
2⟹ 𝜖0 = 0                                             (Ι)  

𝑟 =  
𝑎0(1 − 𝜖0

2)

1 − 𝜖0𝐶𝑜𝑠 𝜃

(𝚰)

⇒  𝑟 = 𝑎0  

which it means that the red circle in this case is circle 𝐶1. In fact, the circle 𝐶1 is the limit state 

of the red circle (upper bound). In the case of 𝑏0 = 𝑎0 our ellipse is a circle (𝐶1) and the equation 

for the perimeter of ellipse is in the form of equation of perimeter of circle namely: 

𝑃 = 2π𝑎0                                                           (5) 
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Therefore, we must obtain the shape of final equation for the perimeter of ellipse in such a way 

that in the boundary state 𝜖0 = 0 gives us the perimeter of its associated circle namely 2π𝑎0. 

2- The second boundary condition is that in Figure 1, if the value of b decreases and   

approaches zero (𝑏 ⟶ 0), in this case our ellipse will be almost in the form of a straight line 

(mode 𝑏 =  0 is not acceptable and gives us an exact straight line that a straight line is never 

considered an ellipse). In this case, the parallelogram 𝐴𝐶𝐵𝐷 in Figure 1, which as we have said 

is a parallelogram tangent to the ellipse, turns into an orange square in Figure 2, which 

intersects the circle 𝐶1 at four points. In such a case, the associated circle of ellipse is the green 

circle which is tangent to the four sides of the orange square (the green circle is the lower 

boundary of red circle). 

 

Fig. 2. 

Since in boundary condition 1 our ellipse perimeter was equal to the perimeter of its associated 

circle namely the circle 𝐶1 (as we said, the red circle in figure 1, when 𝑟𝑟𝑒𝑑 𝑐𝑖𝑟𝑐𝑙𝑒 = 𝑎0, is the 

circle 𝐶1) in this case also we expect the perimeter of our ellipse be equal to the perimeter of 

its associated circle namely the green circle. The radius of the green circle according to figure 

3 is equal to: 

𝑂𝐸2 + 𝐸𝐻2 = 𝑎0
2
𝑂𝐸=𝐸𝐻
⇒     2(𝑂𝐸)2 = 𝑎0

2⟹𝑂𝐸 = 𝑟𝑔𝑟𝑒𝑒𝑛 𝑐𝑖𝑟𝑐𝑙𝑒 =
𝑎0

√2
 

Therefore, the perimeter of green circle is equal to: 

𝑃𝑔𝑟𝑒𝑒𝑛 𝑐𝑖𝑟𝑐𝑙𝑒 = 2𝜋
𝑎0

√2
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Fig. 3. When 𝑏0 approaches zero in ellipse in figure 1, ellipse becomes almost a straight line which is 

almost coincident with the 𝑀𝐻 line, and its associated circle is the green circle. 

So, in the case of 𝑏 ⟶ 0 or 𝜖0⟶1, the shape of final equation of our ellipse perimeter must 

be converted to the equation: 

𝑃𝑒𝑙𝑙𝑖𝑝𝑠𝑒 = 𝑃𝑔𝑟𝑒𝑒𝑛 𝑐𝑖𝑟𝑐𝑙𝑒 = 2𝜋
𝑎0

√2
                                                          (6) 

Given that we expect the ellipse perimeter equation to contain 𝑎 and 𝜖, applying two boundary 

conditions 1 and 2 (equations 5 and 6) leads us to the following equation: 

𝑃𝐸𝑙𝑙𝑖𝑝𝑠𝑒 = 𝑃𝑟𝑒𝑑 𝑐𝑖𝑟𝑐𝑙𝑒 =
2𝜋𝑎0

√2
𝜖0
𝑚                                               (7) 

Where 𝑚 is a positive Rational number such as 1, 2, 3, 
1

2
,  
1

3
, 
1

4
 and etc. The equation 7 is the 

final shape of equation of ellipse perimeter. In the next section we will obtain the value 𝑚. 

If we substitute 𝜖 =  0 in equation 7, we get equation 5, and if we substitute 𝜖 → 1 in equation 

7, we get equation 6. 

Extract value of 𝒎 

In this section we use an example and obtain value 𝑚 by comparing the result of our analytical 

equation with the Maclaurin equation (the Maclaurin equation is a series with infinite number 

of sentences that gives us the exact value of the ellipse perimeter). 

Consider an ellipse with 𝑎0 = 10 𝑖𝑛𝑐ℎ and 𝑏0 = 5 𝑖𝑛𝑐ℎ. Therefore: 𝜖0 = 0.866. If we 

consider 𝑚 = 2 in such a case we have: 

𝑃𝐴𝑛𝑎𝑙𝑦𝑡𝑖𝑐 =
2𝜋𝑎0

√2
𝜖0
𝑚 =  

20𝜋

√2
(0.866)2

= 48.47 𝑖𝑛𝑐ℎ 
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Now we calculate the perimeter of the ellipse with Maclaurin series: The Maclaurin series 

equation is [5][6]: 

𝑃𝑀𝑎𝑐 = 2𝜋𝑎0∑{(
−1

2𝑛 − 1
) [

2𝑛!

(2𝑛𝑛!)2
]
2

𝑒2𝑛}

∞

𝑛=0

 

The mentioned ellipse perimeter with the first six sentences of the series is equal to: 

𝑃𝑀𝑎𝑐 = 2𝜋𝑎0(1 − 0.187 − 0.026 − 0.008 − 0.003 − 0.0015) = 20𝜋(0.774) = 48.63 

The perimeter with the first eight sentences of the series is equal to: 

𝑃𝑀𝑎𝑐 = 2𝜋𝑎0(1 − 0.187 − 0.026 − 0.008 − 0.003 − 0.0015 − 0.0008 − 0.0004)

= 20𝜋(0.772) = 48.55 

And the perimeter with the first ten sentences of the series is equal to: 

𝑃𝑀𝑎𝑐 = 2𝜋𝑎0(1 − 0.187 − 0.026 − 0.008 − 0.003 − 0.0015 − 0.0008 − 0.0004

− 0.0002 − 0.00015) = 20𝜋(0.771) = 48.53 

As you can see, when the number of sentences of the series increases, the Maclaurin perimeter 

approaches to the analytical perimeter. And it seems that finally, for the infinity number of 

sentences of the series, reaches to 48.47. Therefore, 𝑚 = 2 is correct choice, and therefore the 

final form of the analytical equation of the ellipse perimeter is as follows: 

𝑃𝐸𝑙𝑙𝑖𝑝𝑠𝑒 =
2𝜋𝑎0

√2
𝜖0
2                                                                (8) 

Elliptic integrals 

Now that we have the exact equation of ellipse perimeter, we can also calculate the value of 

integral 3. we have: 

𝑃𝐸𝑙𝑙𝑖𝑝𝑠𝑒 = 𝑎0(1 − 𝜖0
2)∫ √

(1 − 𝜖0𝐶𝑜𝑠𝜃)2 + 𝜖02𝑆𝑖𝑛2𝜃

(1 − 𝜖0𝐶𝑜𝑠𝜃)4
  𝑑𝜃

2𝜋

0

=
2𝜋𝑎0

√2
𝜖0
2                                     

⇒ ∫ √
(1 − 𝜖0𝐶𝑜𝑠𝜃)2 + 𝜖02𝑆𝑖𝑛2𝜃

(1 − 𝜖0𝐶𝑜𝑠𝜃)4
  𝑑𝜃

2𝜋

0

=
2𝜋

√2
𝜖0
2

(1 − 𝜖0
2)
                                  (9) 

In addition, the perimeter in Cartesian coordinates is obtained by substituting equation 10 

(which is the ellipse equation in Cartesian coordinates) in 11 

𝑥2

𝑎0
2
+
𝑦2

𝑏0
2 = 1 ⇒ 𝑦 = ±𝑏0√1 −

𝑥2

𝑎0
2
                                                (10) 

𝑃 = ∫ √1 + (
𝑑𝑦

𝑑𝑥
)2  𝑑𝑥

𝛽

𝛼
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⇒  𝑃𝐸𝑙𝑙𝑖𝑝𝑠𝑒 = ∫ √1 + (
𝑑𝑦

𝑑𝑥
)2  𝑑𝑥

2𝜋

0

= ∫ √1 +
𝑏0
2𝑥2

𝑎0
4(1 −

𝑥2

𝑎0
2)
  𝑑𝑥

2𝜋

0

                              (11) 
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Equation 11 must be equal to relation 7, therefore: 

∫ √1 +
𝑏0
2𝑥2

𝑎0
4(1 −

𝑥2

𝑎0
2)
  𝑑𝑥

2𝜋

0

=
2𝜋𝑎0

√2
𝜖0
2
                                                          (12) 

We obtain the values of two elliptic integrals in equations 9 and 12. Calculating these two 

integrals may open the way to solve elliptic integrals in terms of elementary functions. Because, 

as you know, so far man has not been able to write the solution of elliptic integrals in terms of 

elementary functions. And so far, attempts to solve elliptic integrals analytically have failed. 

Conclusion 

It seems that after more than 300 years, we have been able to obtain the exact equation of 

perimeter of a flat ellipse. 
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