A PROOF OF THE RIEMANN HYPOTHESIS
YUKITAKA ABE

ABSTRACT. We prove the Riemann hypothesis.

1. INTRODUCTION
The Riemann zeta function ((s) is defined on o > 1 by
o
1
C(S) - E)

n=1
where s = o+1it. It is analytically continued to a meromorphic function
on the whole plane with a pole at s = 1. It is well-known that negative
even integers are zeros of ((s). Other zeros of ((s) are called complex
zeros or nontrivial zeros.

Riemann stated the following statement, the so-called Riemann hy-
pothesis, in [6] in 1859.

The Riemann hypothesis. All nontrivial zeros of ((s) lie on the
critical line o = %

Hilbert listed it as the eighth problem of his 23 problems in his 1900
address to the Paris International Congress of Mathematicians. This
is one of the most important unsolved problems in the twenty-first
century.

Nobody has succeeded to prove it up to the present, but many com-
putational results are known. In the early part of the twentieth century,
they were obtained by hand computation ([1], [4], [5] and [7]). Numer-
ical computations by computers have permitted us to check the truth
of the Riemann hypothesis to extremely large t. We refer to [3] for a
history of numerical verifications.

We will obtain further results with the development of computers
and numerical methods. However, we can never reach to the goal in
this way. We have to analyze the behaviour of the zeta function or the
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xi function for larger ¢ than a fixed ty. For this purpose, we expand the
real part and the imaginary part of the integration in a representation
of the xi function into sums of powers of 1/t in Section 3. The precise
representations of these parts are given in Section 6. We derive an
equation which is satisfied if s is a zero of the xi function. We give a
new zero-free region of ((s) by the above expansions and equation in
Section 9. Let B be the supremum of the real parts of nontrivial zeros.
Combining our new zero-free region with the theorem of de la Vallée
Poussin, we first show % < B < 1. In Section 10 we give a lemma on
Dirichlet series. It plays an important role to show that if % < B <1,
then there is no zero of ((s) on the line 0 = B. We conclude B = 1 by
this fact and our new zero-free region.

2. PRELIMINARIES

The xi function £(s) of Riemann is defined by

§(s) = Ss = D7 7E0 (5) ¢(o):

It is an entire function and satisfies the functional equation &(s)

£(1—s). It also satisfies £(3) = £(s). The set of nontrivial zeros of ((s)
coincides with the set of zeros of £(s). Therefore, if s is a nontrivial
zero of ((s), then 5,1 — s and 1 — 3 are also zeros of ((s).

The function £(s) has the following integral representation

1 s

(2.1) £(s) = 3 + 5(5 -1 /100(9[:Sé + xéfl)d}(:c)dx,

where 1(z) = 32°° e~™% (for example, see p.22 in [8]).

Let .
o) = [ i

We denote by R(s) = Re®(s) and I(s) = Im®(s) the real part and the
imaginary part of ®(s), respectively. Since

N

+ 22 Y (x)da.

Re(s) = % + %Re (s(s —1)®(s)),

1
Imé(s) = 5Im (s(s — 1)®(s)).,
we have that £(s) = 0 if and only if

{1 + (o(o —1) = t*)R(s) — t(20 — 1)I(5s)

0,
(2.2) t(20 — D)R(s) + (o(oc — 1) — t*)I(s) = 0.
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Solving (2.2) for R(s) and I(s), we obtain

_ t? —o(oc—1)
(2.3) = (o(o —1) —2)2 +12(20 — 1)?’
](S) _ t(20 — 1)

(o(c—1) —t2)2 +t3(20 — 1)%
Therefore, £(s) = 0 if and only if (2.3) holds.

3. EXPANSIONS OF R(s) AND I(s)

R(s):/loo(x‘z’l 5 h) cos(% ) do
1(3):/100(933—1 53y (% ) da.

First we expand R(s). We set

fol@) = (% + a5 2)p(a).
Using integral by parts and

i g fl — 1 31
- sin yloga | | =2 cos| gloga |,
2 [® [t ,
R(s) = —- sin | =logz | fo(x)dz
¢/, 2

Let fi(z) := xzf{(z). Then we have
/Oo A , * o[t
1 sin (ﬁlogx) fo(x)dm:/l x 7 sin (ilogx> fi(z)dz
= %fl(l) - %/1 cos (% log:v) f1(z)dx

by integral by parts. We inductively define fi(z) := xf]_;(x) for k =
1,2,.... By the same way as above, we obtain

ro =~ (2) s+ (2) 5 - (2) w00
n (%)7/100 sin (% logx) £ (@)dz

and

we obtain

(3.1)
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We use the same argument for I(s). We define go(z) = (22 —
27572)y(x) and gj(z) = xg)_q(x) for k=1,2,.... Then, we similarly
obtain

2\° 2\° 2\’
16 == (2) w0+ (3) s~ (2) we
(3.2)

N [ [t ,

+ (- sin | = logz | g7(x)dx
t) ), 2

by integral by parts.

4. FUNCTIONS fi(z), fr.(z), gx(z) AND g ()

We collect precise forms of fi(z), fi.(z), gr(z) and g, (z) in this sec-
tion. By a direct calculation we obtain the following formulas
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5. FormuLAs oF ¢®(z)

An important property of the series ¢(z) = > 7, e~ ™% is the re-

ciprocal formula
1
(2 (5) 1)
T

for z > 0 (for example, see (2.6.3) in [8]). The integral representation
(2.1) of £(s) is derived from the above reciprocal formula.
It is rewritten as

(5.2) wcm::x%p(1>-+1x%-%

=

(5.1) 2(z) +1=a"

Differentiating (5.2) one after another, we obtain the following equali-
ties

|
ol

15 ¢« (1\ 45 o 1
W) = —gatv (1) - Tt (1)
8 T 4 z
(5.5) _ 15y (l) By (l)
2 T T
15 -
T
1 1 105 _u 1
w0 =g (3) + e ()
X x
1 1 1
(5.6) + ﬁx—%w” (—) + 4o~ = y® (—)
2 T T
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T
ERLICIS e (l) EICIES MO (1>
(5.7) 4 x 2
_ B e (1) _ B0 <l>
2 x x
945 11
-,

10395 5 /1\ 31185 s 1
©) () _ o (1 oy (1
V) = =g 2w(:c>+ T ( )

L BI075 e (1Y, 3465 (1
16 x 2 v

(5:8) 1485 1 1
+ @ <—> + 332" 2O —)
4 T x
TRy (x)+ 128 ©
135135 1 (1) 945945 1 1
M (g) — — —e (1Y —zam (1
V@) 128 ¢($) or © Y (x)
045045 1o 1\ 315315 _a 1
_ ~wae (L) —ze (1
5 0 Y <x) TR (3:)
(5.9) _ 45045 m o (1) 3003 =z 6 (L
8 T 4 x
A e (1) 2ym (L
2 x x
135135 s
256

and
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V8 (z) = 2027025 % l 2027025 _%aw(l) 1
x
Y

4729725 2 ( ) 945945x_%w(3) (1)

(5.10) -+67§W5x?¢“><1)-+150mx?w“>(1)
T

2 1 1 1
+ 13652~ 2 p® (;) + 602~ 2 (7 (5>

T

512

Next we give formulas of ¢*)(1). Substituting z = 1 in (5.3), we
have
1

(5.11) FW) 800 =

Similarly, we obtain

15 9 @)1y - 2 15
(5.12) Su®) 1+ 00(1) = By + 15

by (5.5) and (5.11). We also have

Pp(1) +9(1) = ~22p(1) - 22t (1) - L2y )

105 315
- =P (1) -
2 128

by (5.8). Using (5.11) and (5.12), we obtain

(613) DY) +9(1) = —2e(1) + gD (1) - 22

We substitute 2 = 1 in (5.9). Then we have

91 135135 945945
OS] M) = — 1 M
LU0+ 90 (1) =~ y(1) - ZE)
4594 1531
9459 5¢(2)(1)_ 3153 5¢(3)(1)

64 32
45045 3003
— (1)

——p(1)
B 135135
512 °
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Therefore, it follows from (5.11), (5.12) and (5.13) that
2297295 945945

91
—® M(1) = 1) — @1
oy BP0 = T - )
' n 45045 @ (1) + 2297295
32 2048

We can consider 1(®) for negative integers k. For any k € Z we set
Y®)(z) = (—1)F 7k Y e
n=1

Then we have ¥(z) = 1 (z) and dixw(k) (z) = v **(z). By integral
by parts, we obtain
(5.15) /OO Y (x)de = —pD(1)
1
and
(5.16) /OO 2?p(x)dr = —p V(1) + 242 (1) — 23 (1).
1

Furthermore we have
2%—1

YA (2k—1) _ Y (2k —1)! (2k—2—75)
(5.17) /1 T (x)|dx = ;( 1) 2k —1 —j)!¢ (1)
and
2k
< ok (2k) _ _1)J+1 (2k)! (2k—1—j)
(5.18) /1 =P (r)dx = ];( 1)+ (2k—j)!w (1)
for k=1,2,....

6. PRECISE REPRESENTATIONS OF R(s) AND [(s)

We give representations of R(s) and I(s) more precisely, determin-
ing fr(1) and gx(1) in (3.1) and (3.2) respectively. We use results in
Sections 4 and 5.

We obtain
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by the representation of f;(z) in Section 4 and (5.11). Then we have

(6.1) - (%)Qflm -

It follows from the formula of f3(z) in Section 4, (5.11) and (5.12) that

fs(1) = é(3a3 — 30+ 1)(1) + (202 — ga + %) PpM(1)

+200(1) + 2091

=—(30> =30 +1) qu) + w<1>(1)) + ?wm(n
r2 (et + o)

= (307~ B0 4 1)+ Gﬁ/’(l) " w(l)(1)> e

- —2—14(30—2 — 30+ 1),
therefore

LARPPANS P
(6.2) . f3(1) = 754(30— 30+ 1).
We have
f5(1) = <35—204 — %03 + 15—602 — 3%0 + 3%) (1)

5, 5.4 85, 137\ .,
ot - = —0? =100 + — | (1
—I—(80 0 T ge o+ 16)1/) (1)

™, 75225\
Dy D, 22 1
+(40 4J+4>w (1)

135
+ (50’2 — 50 -+ T) w(g)(l)

+200(1) +200(1)
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by the formula of f5(z). Using (5.13), we can rewrite it as

(1) = 20t (o0 + 000 = 3o (Gen + 600
#o? (o + o) + Ty 4500

5 1 75 (9 3
— o (o) + 10600 + Do)+ 5000 )

59 137 2025
= () + (1) + == ()
135 945
G (1
LNEIe > =
Then we obtain
5 5 5 5 1
fs(1)=——0c'"+ —0*— —o*+ —0— —

64 32 32 64 64
by (5.11) and (5.12). Hence we have

6
(6.3) - (%) f5(1) = %6(504 —100® 4 100% — 50 + 1).

Therefore, it follows from (6.1), (6.2) and (6.3) that
1

1
R(S) = t_2 — t—4(30'2 — 30 -+ 1)
1
(6.4) - t—6(504 —100° 4+ 100% — 50 + 1)
1
+ t—7041(8)7

where

oy (s) =27 /OO sin (% log :1:) fe(x)dx
1

We use the same argument as above for /(s). By results in Sections
4 and 5, we obtain
1

I(s) = =(20 —1) - %5(20 —1)(20% — 20 + 1)

1
(6.5) + t7(20 —1)(30* — 60° + T0? — 4o + 1)

+ t_8ﬁ1(8)7

Bi(s) =2° /100 sin (%10g ZB) gr(x)dx.

~+

where
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7. ESTIMATES

We use inequalities 3.14159265 < 7w < 3.14159266 and 0.04321391 <
e™™ < 0.04321392 to estimate [ (1)].

Since . i,
—n2r —mT\n __ e
Y =D T e =
we have
(7.1) ¥(1) < 0.04516571.
We also have
=1
(-1) _ = - —n*m
P =23 e

(7.2) n=1

1
< (1) < 0.01437670.

To estimate | (1) = 7 3°°, n2e™" we need a function ¢, () =

22e~™*  Since o) (z) = 22(1 — mp?)e*”Q, ©1(z) is monotonously de-

creasing on (1,00). Then we have

o0 ) 00
Zrﬂe—” T<e " +/ 1(x)dx.
n=1 1

o0 o0 1
/ e dy < / e dr = —e ™",
1 1 n
> 1\ 1
/ e1(x)dx < (1 + —) —e "
1 m™) 2w

by integral by parts. Therefore we have

Noting

we obtain

1
(1) -7 -
(73) [P (1)] < e +(1+7T)—27Te
< 0.16424611.

We consider a function @, (z) = zte™™" for (1) = 72 3°°°  nte="'",
By the same way as above, we obtain

Zn‘*e’”27T <e” +/ wo(x)dx
n=1 1

for @h(z) = 223(2 — ma?)e ™. Since

| e = e o [ e
1

2m 2 )y
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Hence we obtain

(1
ey twe{ee g (g ()

< 0.53711157.

we have

(oo}

2 _
E nle™™ T <™ {
n=1

We estimate [¢®)(1)] = 72 3., nfe~"" using a function @3(x) =
2%e™ . Since h(z) = 22°(3 — m2%)e™ ™’ we obtain

e oo
22716(3_”27r <e " +/ 3(x)dx.
n=1 1

/ p3(x)dr = —e " 4+ — / po(x)dx
1 27T 27T 1

Then we obtain

Zn"‘—”” R SRR AL A SRR | QLI
2 (2m)? T))2r

Therefore, we have

2 5 5.3 1
®)( sy (142 14 = -
75 Y ()|<{7r+2(+27r+(277)(+7r ¢
< 1.82967310.

We have

We can estimate other [1)*)(1)| by the same way. We do not give
their estimation furthermore, because we do not need their real values
in our argument.

We show the following lemma using the above estimates.

Lemma 1. Ift > 41.232345, then we have
0 < R(s) < 0.001176398
for % <g<l1.

Proof. We have already shown in Sections 3 and 5 that

R(s) = ;2 + (3)3/100811& (% logx) fi(@)da
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From the precise form of fi(x) in Section 4, it follows that

|f5(x)| <

~—~

302 — 30 + 1)i(x)

f
3 3 17\ «

+ 502—§0+Z)x2|¢(1)(x)|
15 2110 +2),1(3

+ 051y ) 1 22520 )

L0(a) + L) + et @) + 200 )

for % < og<1and 1l <z. Then we obtain

o0 t oo o0
/1 sin (ilogx) fo(x)dx g/l w(x)dx+34/1 |y (z)|dz
60 [ 2@(2)a
+ /1 Y\ (x)dx

+16/ 22 [P (z)|dx

V(1) +34(y(1) — 1 70(1))
+60< (1) +2¢(1) — 200(1))
+16(p® (1) = 3N (1) + 61(1)
—6yV(1))

= —251pD(1) + 2504(1) — 108V (1)

+ 1692 ( )
< 41.232345

by (5.15), (5.16), (5.17), (5.18), (7.1), (7.2), (7.3) and (7.4). Therefore

we have

23

1 1
5 (1 41.232345— ) < R(s) < (1+41 232345| |)

1
If t > 41.232345, then 1 — 41.232345; > 0 and
1 1 2
o) (1 + 41.232345;) < ————— < 0.001176398.

(41.232345)2
O

We estimate a4(s) in (6.4) by the same argument as the proof of
Lemma 1.
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Lemma 2. There exists a constant My such that
(7.6) |n(s)] < My
for%ﬁagl and t € R.

We also have a similar result for 5;(s) in (6.5).
Lemma 3. There exists a constant L, such that
(7.7) Bi(s)] < (20 — 1)Ly
fm’%<a§1 and t € R.

Proof. We rewrite g% (z) in Section 4 as

~
L
i
S
&
(VIS
L
+
<
|
ss
S
H|
vl
|
+
<

It holds that

25l pm 55t
:ii (——1+j>n— —=—=+J ’ (log z)".
— n! 2 2
We have

(7.10) (% - 1+j)n— (—% —%—l—j)n

Since
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by (7.10). Therefore, we have

xg_l €T % %
< (a— —> (log x) logx)
n=1
( ) (log x)x
Noting

1 o 1

- <= d |[—z—-—z+1|<-< 2

‘2}'— o M ’ 2 27 2’

we similarly obtain

1
x% — x_%_§+1

Furthermore, we obtain by the same way as above

1 )
< (0 - §> (log x)x_%ﬂ

— x_%_%-i_j

for y=2,3,...,7.
Moreover, we have the following estimates for any ¢ with % <o<1

1
Ag(0) — Bolo 20 — 1) |40°® — 120° + 220" — 240° + 160° — 60 + 1
28
1
g(U—U
1 1
Bu(o)] < B (5) = 3

1
|A1(0) = Bi(0)| = = (20 — 1) |160° — 485" 4 9280™ — 17760° + 67840

28
—59040 + 6304
197
1 12207
Bi(o)| < B, (5) =

1680
|As(0) — By(0)| = > (20 — 1) |o* — 20° + 290% — 285 + 93
3905
< 26 (20 - 1)7
1 330199
Bl < B2 (5) = 250
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448

|fh(0)——lﬁ(0)|::7??(20——])}04——203ﬁ—13402——1330—%1164
< 2037(20 — 1),
1\ 223881
Bl < Ba (5) = 25
1
|Aday—34@|:5ﬂ27—1)MKm2—&ma+1&B5
15435
1\ 323043
Bl < B (5) = 25
|A5(0) — Bs(o)| = (20 — 1) |70 — To + 672
< 67220 — 1),
1\ 10857
Ba(o)] < s (5) = "
1\ 1239
40(0) = Bulo)] = 9120 ~ 1, 1Be(o)] < B (3 ) = 50

|A7(0) — Br(0)] = 4(20 — 1) wdy&wn<343):m.

We have 25 < z, (logz)r2 <z, 25 < 1 and (log )z < 22 for x with
1 < . Then, it follows from (7.8) and the above inequalities that

28 1 12207
o ) < 00 + gt + (201074 ) alu )

1
(22-3905-+-33g399) 22 (z)

"
+ (28 - 2037 + 223881) 23| ® (2)|
+(2° - 15435 + 323043)2% ™ (2)
+ (2% 21 + 2% - 10857) 2% (z)|
+ (2891 4 2°-1239)2%9©) (z)

+ (294 28 15)2" [ (2))|

+ 2725 ®) (2).

Integrating it, we obtain the conclusion by the results in Section 5 and
the estimates of [»*)(1)]. O

Furthermore, we have the following lemma.
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Lemma 4. There ezist constants M, and L such that

8041

(7.11) E(s) < Mj
and
(7.12) ‘%(3)’ < (20 —1)L]

ot
for % <o <1andteR, respectively.
Proof. We have

6041 o6 > t /
W(s) =2 /1 log z cos (510%) fo(@)dx

and

b, o [T t ,
W(s) =2 /1 log x cos (élogx> g7(z)dzx.

Since logzr < 22 for 1 < x, we obtain the statement by the same
argument as the proofs of Lemmas 2 and 3. O

8. MEAN VALUE THEOREM

We apply the mean value theorem to a function /1 + z. For any x
with 0 < |z| < 1, there exists 6, with 0 < 6, < 1 such that

1 x
8.1 Vitzr=14 -——.
(8.1) 2y1+0,x
In general, 6, is not uniquely determined in the mean value theorem.
However, we can explicitly write it in this case as follows:

9 22— AT+ z—1)?
Y 4V —1)2

We need the following lemma in the next section.

Lemma 5. It holds that lim,_,o 0, = % and lim,_,o(df,/dx)x = —%.

Proof. Tt we set pu(z) = 22 —4(v/1+ z—1)? and A(z) = 4z(v/1 + x—1)?,

then we have
plz)  p"0) 1

w0 =N T Yi0) 2

by 'Hopital’s rule.
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We consider the next limit. We have

9, _ v (W (2)A(2) — p(2)X(2))
dx A(z)?

2 (Vitae—1)—a*(1+a) 2 +4(VI+a— 1)3
4o (VIta-1)° '

We set
v(z) = 2* <\/1+—3€ — 1) — (1 +x2)7 44 (\/H—I — 1)3

and 7(z) = 4z (V1+z — 1)3. Then we obtain

. db, _v(x)  v®(0) 1
lim —z = lim = R
=0 dx =0 7(x)  7®(0) 8
using "'Hopital’s rule again. U

9. NEW ZERO-FREE REGION

In Section 2 we showed that £(s) = 0 if and only if (2.3) holds. The
first equality of (2.3) is equivalent to

R(s)t* +{(20* =20 + 1)R(s) — 1} t* +0*(c — 1)*R(s) + o(c — 1) = 0.
If we set T = t2, then it is
(9.1) R(s)T? + B(s)T + C(s) = 0,
where we set

B(s) = (20* — 20 + 1)R(s) — 1,

{C’(s) =0*(0c —1)*R(s) + (o — 1).

We assume ¢ > 41.232345 in this section. Since we had known the
truth of the Riemann hypothesis for |¢| < 41.232345 even in the early
stage of numerical verifications ([1], [5] and [7]), it is not a restriction.

Then R(s) > 0,B(s) < 0 and C(s) < 0 by Lemma 1. The equation
(9.1) means

—B(s) + /B(s)> — 4R(s)C(s)

2R(s)
for T > 0. We set D(s) = B(s)*> — 4R(s)C(s) and A(s) = —B(s) +
v/ D(s). Then, we have

T —

A(s)
2R(s)’

(9.2) t=
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The second equation of (2.3) is equivalent to
{t'+ (20% = 20 + 1)t* + 0 1)*}I(s) = (20 — 1)t.

We substitute (9.2) into the above equation. Then we have

{ <2/]1%((‘2)) +(20% — 20 + 1)2‘2((‘2) 4020 — 1)2} I(s)

Multiplying it squared by (2R(s))*, we obtain
(9.3) {A(s)? +2(20° — 20 + 1) A(s)R(s) + 40%(0 — 1)2R(s)?}" I(s)?
=8(20 — 1)2A(s)R(s)*.

For the sake of simplicity, we set a(o) = 402 —40+1, B(0) = 202 —20+1
and (o) = 30% — 30 + 1. Since

A(s)* +2(20% — 20 + 1) A(s)R(s) + 40* (0 — 1)*R(s)?
= {A(s) + (20° = 20 + 1)R(s)}* + {40%(0 — 1)* — (20" — 20 + 1)*} R(s)?

(1+\/—> (402 — 40 + 1)R(s)?
= 1+ 2y/D(s) + D(s) — (46> — 40 + 1) R(s)?
:2<1—|—\/——a ),

(9.3) is equivalent to

{1 +2v/D(s) + D(s) — 2 (1 + m> alo)R(s) + a(0)2R(s)2} I(s)?
— 92(20 — 1)? (—B(s) + D(s)) R(s).

Then we have

{2(1—04( YR(s)) I(s)* —2(20 — 1) } /D
— (1+ D(s) —2a(0)R(s )+a( )*R(s ) ) I(s)?
—2(20 — 1)°B(s)R(s)®.
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We multiply it by itself. Then we have

2

(9.4) 4{(1—a(o)R(s))I(s)> = (20 — 1)°R 33} D(s)
—{( D(s) —2a(0)R(s) + ao)*R( S))
<0—_1>2 <> (s)°}°.

Since
D(s) = B(s)* — 4R(s)C(s)
= (40* — 40 + 1)R(s)* — (40 —4o+1)R(s) +1
= a(o)R(s)* — 2a(o)R(s) +
we have

1+ D(s) — 2a(0)R(s) + a(c)*R(s)?
=2 (a(0)B(o)R(s)* — 2a(o)R(s) + 1)

Then, it follows from (9.4) that

(9.5) {(1- a(o)R(s))* I(s)* —2(20 — 1)? (1 — a(0)R(s)) R(s)*I(s)?
+ (20 — 1)*R(s)°} (a(0)R(s)* — 2a(0)R(s) + 1)
= (a(@)B(0) R(s)* = 2a(0)R(s) + 1) I(s)*
+2(20 — 1)* (a(0)B(0) R(s)* — 2a(0)R(s) + 1) B(s)R(s)*I(s)?
+ (20 — 1)*B(s)*R(s)°.

The left side minus the right side of (9.5) equals

a(o) (1+a(o) —28(0)) R(s)*I(s)*
—2a(0)* (1 + a(o) — 28(0)) R(s)°I(s)*
+a(0)? (a(o) — B(0)?) R(s)'I(s)*
+2(20 — 1)*a(o) (-1 — 2a( ) +36(0)
+2(20 — 1)%a(o) (a(o) — B(0)?) R(s)°
+ (20 — 1)* (a(a) — B(O’)Q) R(s)®
+2(20 —1)* (a(0) = B(0)) R(s)*I(s)?
+2(20 = 1)* (B( (0)) R(s)".

o) —
o) —
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Dividing it by R(s)?, we set
F(s) = a(o) (1 +a(o) — 25(0)) I(s)*
—2a(0)* (1 + a(0) - 28(0)) R(s)I(s)*
+a(o)? (04(0) — B(0)?) R(s)*1(s)"
)

»

(20 — 1) (a(a) ﬂ(0)2) R(s)
+ 2(20 —1)*(a(o) — B(0)) R(s)*I(s)?
+2(20 — 1)* ) R(s)°.

(o) —
(6(o) = (o)
) =

Since 14+a(0) —26(c) =0, a(c) = (20 —1)2, a(o) — (0)* = —4o?(0 —
1)% a(o) —B(o) =20(c—1) and —1 —2a(c) +38(c) = B(0) —alo) =

—20 (0 — 1), we obtain

F(s) = —40*(c — 1)*(20 — 1)*R(s)*1(s)*
—4o(oc —1)(20 — 1)*R(s)*1(s)?
—80%(0 — 1)*(20 — 1)*R(s)*I(s)*

) )
1) (
—40%(0 — 1)*(20 — 1)*R(s)"
+40(0 —1)(20 — 1)*R(s)*I(s)?
—40(0 —1)(20 — 1)*R(s)°

Let
G(s) == o(0 — 1)(20 — 1)1 (s)* + (20 — 1)2R(s)I(s)?
+20(0 —1)(20 — 1)?R(s)*I(s)* + o(0 — 1)(20 — 1)*R(s)*
— I(5)* + (20 — 1)*R(s)*.
Then we have
(9.6) F(s) = —4o(o —1)(20 — 1)*R(s)*G(s).

Proposition 1. If s = o + it with % <o <1 andt > 41.232345 is a
zero of £(s), then we have G(s) = 0.

Proof. In the above, we showed F(s) = 0 if £(s) = 0. By Lemma
1, —4o(c — 1)(20 — 1)>R(s)* > 0 for any s with 3 < ¢ < 1 and
t > 41.232345. Then G(s) = 0 by (9.6). 0

Theorem 1. There exists Ty > 0 such that any s = o + it with % <
o <1 andt> Ty is not a zero of ((s).



A PROOF OF THE RIEMANN HYPOTHESIS 37

Proof. Tt suffices to find a region in which G(s) # 0, by Proposition 1.
Adding to a(o), f(o) and (o), we set

Ci(0) = 50* — 100° 4 1002 — 50 + 1,
Cy(0) = 30* — 60° + T0* — 4o + 1.
From (6.4) and (6.5), it follows that

1 2

= 22(0) + 5 (100 + 2C1(0)) + 5n(s)

(9.7) R(s)* = 5

and

I(5)? = (20 — 17 = % (20— 1)*5(0)
(9.8)

+ %(20 — 1)2 (5(0)2 + 202(0)) + %52(8),
where we set
03(s) = 201(5) ~ 7(0)C1(0) ~ ()aa(s) + 5Ci(0)’

2 1
+ t—401<0')061(8) + t—5061(8)2

and
5a(s) = 2(20 = Df(s) — (20 — 112B(0)Calo)

~ 200~ DB(@)B(5) + 3520 17 Co(o)’

+ 2 (20~ )CAo)(s) + (s

We rewrite G(s) as
G(s)=0(0c —1)(20 — 1)* (R(s)* + ](3)2)2
+ (20 — 1)?R(s) (R(s)*> + I(s)*) — I(s)*.

The equation G(s) = 0 means that R(s)*> + I(s)? is a root of the
following quadratic equation

o(o — 1)(20 — 1)2X2 + (20 — 12R(s)X — I(s)? = 0.

Then we have

(9.9)
R(s)? + I(s)

2 _ —(20 —1)R(s) £ /(20 — 1)*R(5)* + 4o (0 — 1)1 (s)?
20(0c —1)(20 — 1) '
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We determine the sign in (9.9). It follows from (9.7) and (9.8) that
1 1 1 1

(9.10) R(s)* + I(s)* = i (o) + t_803(0') + 25—971(3),

where we set

Cs(0) =7(0)* +2C1(0) — 2(20 — 1)*B(0)

and
1(5) = as(s) + 7(20 — 1 (B(0) +205(0)) + 5a(s).

The functions 5(0) and Cs(c) are uniformly bounded on 1 < o < 1.
By Lemmas 2 and 3, we also see that ;(s) is uniformly bounded on
% <o < 1andt >ty where t; is some constant with ¢5 > 41.232345.
Then t? (R(s)? 4+ I(s)?) — 0 as t —» 0o. On the other hand, we have
lim; o t*R(s) = 1 and

tlggo t2y/(20 — 1)2R(5)2 + 4o (0 — 1)I(s)2 = 20 — 1.

Therefore, the sign in (9.9) must be plus. Thus we have
(9.11) 20(c —1)(20 — 1) (R(s)* + I(s)*) + (20 — 1)R(s)
— /(20 = 1)2R(s)2 + 4o(c — 1)I(s)2 =0

if s is a zero of £(s) with 3 < o <1 and ¢ > t.
By the same way as (9.10), we obtain

(20 — 1)2R(s)? +4o(0 — 1)I(s)?

1 2
= t—4(20 —1)*— t—6(20 —1)*(0* -0 +1)
1 1
+ t_8<20 — 1)204(0') + t—9(20' — 1)2’)/2<S),
where we set

Cy(o) =~(0)* +2Ci(0) — 8a (0 — 1)B(0)
=30* —60° + 110> — 80 + 3

and
Y2(8) = as(s) + éo(a - 1) (5(0)2 + 202(0))
4 ﬁg(S)
ol De, Ty
If we set
v =(s) = (0" 0+ 1) + 5C4(0) + 5n(s),
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then we have

1
(9.12) /(20 —1)2R(5)2 + 4o (0 — 1)I(5)2 = (20 - V1 + z.
Therefore, the equation (9.11) is equivalent to

1
2\/1+93:O.

(9.13) 20(c — 1) (R(s)> + I(s)*) + R(s) — p

We apply the results in Section 8 to v/1+ z. Letting M(0,) = 3(1 +
0,7)"2, we obtain

VITz=1- 2M(6,)(0* 0 +1) + - M(6,)Cs(o)
(9.14) 175 t
LM @ate)

From (6.4), (9.10) and (9.14), it follows that

20(0 1) (R( + 1(s)?) + Rls) ~ 5vVITa
- 14 {20(0 = 1) = (o) +2M(0,)(0* — 0 + 1)}

— 55 (2000~ 1)5(0) — Ca(0) + M(B.)C4(0)} + 7 E(s).

where we set
2
E(s) = ai(s) = M(0:)72(s) + so(o = 1)Cs(0)
2
+ t—20'(0' — 1)’71(8)
Since 0 < 0, < 1 and x < 0 for a sufficiently large t, we have

20(0 — 1) —y(o) + 2M(0,)(0* — 0 + 1)
- (02—a+1){(1+9xa:)—% —1} >0

for%<a<1.
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Now we have

(0.15) 20(0 — 1) (R(s)* + ()2)+R(s)—tl2 [rz

(s
- %4(0 —o+1) {(1+9xx)_% . 1}
1

{20(0—1) (0) = Cilo) + M(6:)Ca(0)} + 7 B(s)

{ (1+6,x) 21
= W0 o1 1) [ (0 — o+ 1)
By 1200 = 105(0) = Cio) + MB)Clo)
8 2 {(1+em:c>*a - 1}
3., E(s)
—(0c"—0o+1 .
il " >t2{(1+9xx)%1}]
We obtain by a direct calculation
Oy _ 0o\ 4 ) 8 Ba(s)
4 1 0P
T 00 VT )
%02 5) = 2902 (5) + 51(0)* + r(o)an(s) — 27(0) i (s)

3 2 O
+ t—4041(3)2 - tgal(s)a—tl(s)

and
aﬁg 851
S (8) =220 =) (s) + 5 (20—1) B(o)Ca(0)
6 2 0p
+ 5320 = 1)B(0)Bi(s) = 5 (20 = 1)B(0) =~ (s)
20— 1Co) - §<2cr— 1Ca(o)f(s)
2 op 3) 2
—{—t—4(2a— 1)Ce(0) 5 (s) = 5h1(s)
+2B(s )aﬁl( )

Then, we can take positive constants My, MS, Lo, L, Ny, Ny and N
such that |ag(s)| < My, |0ag/dt(s)] < My, |B2(s)] < (20 — 1)%La,
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1082/ 0t(s)| < (20 —1)2Ly, |11(s)| < N1, [r2(s)] < Na and [072/0¢(s)| <
NJ for % <o <1andt>ty by Lemmas 2, 3 and 4. Since

d 1 1 3 db ox
S0 1=~ 0,0)F (240, ) D
dt{( +0u2) } 5 (14 0:2) (dww—'— w> ot

ox o 4 2 4 5 1 8’72
Fr t_g(a o+1) t—504(0) t—(ﬂz(S) + t—g,ﬁ(s)

and d(1/t?)/dt = —2/t3, we obtain

lim #* {(1 + Qxa:)_% — 1} = §(02 —o+1)

t—o00 8

by I’'Hopital’s rule, Lemma 5 and the above estimates. Then we have

lim §(02 o+ 1) 20(c —1)B(0) — 01(0)1+ M(0,)Ca(o)
s »{0van 1)

=20(0c —1)8(0) — Ci(0) + %C4(0).

We note that the convergence is uniformly for % < o < 1. We have
3, ., 9 1
§(U —o+1)°—20(c —1)B(0) + C1(0) — 504(0)

= _Z -9 -9 1 S
8(0 o” + 30 o+ )< 198

and 2 < 0> —0+41 < 1for 3 <o < 1. Furthermore, there exists a

constant M such that |E(s)| < M for 1 <o <landt >ty Therefore,
there exists Ty > 0 such that if ¢ > Tp, then the right side of (9.15) is
negative for % < 0 < 1. Thus, the proof is complete. O

10. LEMMA ON DIRICHLET SERIES

This section is devoted to the following lemma which is a variant of
Lemma 3.12 in [8].

Lemma 6. We assume that a Dirichlet series

o
Qn

fls)=) —
n=1 n

is absolutely convergent for o > 1. Take o9 < 1 and ¢ > 0 with
oo+ ¢ > 1. Let g(s) be an entire function with finite number of zeros
Zy =A{ou,...,an} such that 09 < Re(ay) <og+c (j=1,...,N) and
lg(s)| = 00 as s — oo. Then, there exist meromorphic functions hy(s)
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(1 <n < x) on C whose poles are at most o, ..., an and all simple
such that

a, (1 1 T f(s4w)a®
(10.1) ;n— (@ +hn(s)) = %/HT mgdw
—l—Z (c,z,T)( )—I—Z%Qn(c,x,T)(s)

n<:1: x<n
for any s € D(0y,T)\ Z,, where a positive number x is not an integer,
T is a positive number with [Im(ay)] < £ (j =1,...,N), D(0o,T) =
{o+itiog < o,lt|] < L}, and Ru(c,z,T)(s) and Qu(c,z,T)(s) are
holomorphic functions depending only on g(s),n,c,z, T and satisfying
(10.2)
M sx\¢ M sxN\¢
(e, T)(s (5)  and |Qulea,T)(s ()
B, TN < o (5) and 1Qule 2, T)s)| < 5

on D(oo,T) for some constants A and M. Therefore, the right side of
(10.1) converges absolutely and uniformly on D(og,T).

Proof. Take any s € D(0y,T). A function g(siw) (Z)w L of w has poles

atw=0,a1—s5,...,ay—s. It has the residues g( ) and a; (n)% ° ﬁ
J

at w = 0 and a; — s respectively, where a; is the residue of at ;.

9(8) 4

We define a meromorphic function

al zy—s 1
()= (1)

Jj=1

If n < x, then we obtain

/ /c+zT / oco+iT (£>w d_w
2772 o—iT" _ i (s + w) n/ w

by the residue theorem. Let

3 5
M:—sup{' ;s—u+it,—oo<u<oo,ZT§|t|§ZT}-

1
9(s)
Then we have 0 < M < oo by the assumption of g(s). Therefore, the
following estimation holds

L/C_’T 1 <_> dw M M (x/n)°

2710 ) _ao_ir (s +w) \n 27T log(x/n)
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Similarly we have

1 oot 1 dw M (z/n)
il et O iy

We define

—oo+1T" w
" omi o IT T g(s + w) n/ w

Then we obtain
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(10.3) — /:HT () dw_ 1 b (s) = Rule,z, T)(s)

210 Joir g(s+w) \n/  w  g(s)
and
|R.(c,z,T)(s)] < %%

for s € D(00,T).
For x < n, we similarly obtain

< c+iT /c—iT /oo—iT) 1 A\ dw
) o
i o iT c+iT c—iT g(s+w) \n w

because there is no residue term. If we set

co+iT c—iT "
@n(e, 2, T)(s m(/ i / ) (s +w) (%) %U’

then we have

Lot wd
(10.4) — — (x> .
270 Jo_ir 9(s+w)

We also obtain

M (x/n)°

|@nle, 2, T)(s)] < WTW

for s € D(0p,T) by the same way as above.
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From (10.3) and (10.4), it follows that

1 c+iT f(S—{-’LU) ':Ewd /c—i-zT < >w dw
— — — w p— —
270 Jo_ir 9(s+w) w ns 27m e—ir 9(s+w) w

/C+ZT (.CC)“’ dw
ns 27rz e—ir 9(s n w
Qn
- Z (— (s
n<x
- Z iy (c,z,T)(s)
n<£C
- Za—nQn(c z, T)(s).
x<n ns , ’

Then we obtain (10.1). Furthemore, we can take A > 0 such that
|log(xz/n)| > A for any n € N, by the assumption of z. Hence, we also
obtain (10.2). O

11. PROOF OF THE RIEMANN HYPOTHESIS

Let
B = sup{; (B +iv) = 0,7 # 0}.
The Riemann hypothesis states B = % We recall the theorem of de
la Vallée Poussin ([2]) which says that there is a constant A > 0 such
that ((s) is not zero for

A
1—— t>t
IOg ( > 0)7

where t is some positive constant. We may restate it as follows:
if s =041t (t > t,) satisfies

(11.1) t < exp < 4 ) )

1—0
then ((s) # 0.
Proposition 2. [t holds that % <B<l1.

Proof. Since

A
exp<1—>—>oo as o —1-0,

there exists oy < 1 such that Ty < exp ( ) for g < 0 < 1, where Ty
is the constant in Theorem 1. Then, there is no zero of {(s) in a region
09 < 0 by Theorem 1 and the theorem of de la Vallée Poussin. U
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Proposition 3. If% < B < 1, then there is no zero of ((s) on the line
o=B.

Proof. 1f the function ((s) has a zero on ¢ = B, then the number of ze-
ros of ((s) on 0 = B is finite by Theorem 1. Let Zg = {p1,p1,..., 9N, PN}
be the set of zeros of ((s) on the line 0 = B. By Theorem 1, there
exists dp > 0 such that there are no zeros of ((s) except Zp in the set
{o+it; B—6y < 0,—00 <t < o0}

It is well-known that
1 o pn)
2w

for 0 > 1. We define an entire function g(s) by

N
g(s) = [ 1(s = p)(s = 7).
j=1
Then, its zeros are Zg, and |g(s)] — oo as s — oco. We take 7' > 0
such that [Im(p;)| < T for j = 1,..., N. Putting 69 = B — § and
c =2, we apply Lemma 6. If z > 1 is not an integer, then we have

(11.2)

Mfzzl) (ﬁ " h"<8)) - % /Q%TT Cs + w)lg<s +w) %dw

+) %RH(Q,J;,T)(S)

+> %Qn(mf)(s)

for s € D(00,T) \ Zp, where h,(s) is a meromorphic function on C
whose poles are at most Zp and all simple.

We consider the integral of m% along C'= Cy+Cy+Cs +
C3, where Cy, (1, Cy and C3 are segments from 2 — i7" to 2 + T, from
2 +14T to —%0 + 47", from —%0 +147 to —%0 —¢1T" and from —%0 — T to
2 — 1T, respectively. We set

o1 L L
Dy = {o+zt;3—150<0<3+150"t’<Z}'

Then Dy C D(0y,T) and Zp C Dy. For any s € Dy \ Zpg, the poles

of m% in a domain surrounded by C are w = 0, p; — s, p1 —
S,...,pn — s and py — s. The residue of 1 oat w = 0is

((stw)g(s+w) w

—C(s)lg(s)' Let a; and b; be the residues of m at p; and p; respectively.
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: 1 z¥ — zPi™*
Then the residues of orwgGra) w A pi—s and p; — s are a; py

respectlvely We define

al xPis xPi—s
Q(s) ::Z(aj — +b— )

= pPj— S pPj—s

33

Then, Q(s) is a meromorphic function on C whose poles are at most
Zp and all simple. We note that Re(s +w) > B — 24, if s € Dy and w
ison C. If s € Dy and w is on Cs, then Re(s + w) < B — 18,. Then,
m% is holomorphic on C' as a function of w for any s € Dj.
By the residue theorem, we obtain

1 1 x¥ 1
i . Grogsrw w™ = e T4

for s € Dy \ Zp. Therefore we have

1 2-+iT 1 v 1
19 55 [, oo ™ e A+ P
for s € Dy \ Zpg, where
P(s) = L ! ﬁdw

270 Joyrcprcs C(8+w)g(s +w) w

is a holomorphic function on Dy. We set
: 3 1.3 5
3 1 5
it:B — —0g <o < B— -0, |t| <-=-T5.
U{J+Za 40_0_ 407||—4 }

Then we have {s+w;s € Dy,w € C; UCy, U3} C E. Since there is
no pole of ) & on E we can take My > 0 such that

< My

terg

on F. Then we obtain

/ ! —dw| < Moa®
o C(s+w)g(s +w) w Tlog x

and

/ 1 d < M0x2
—dw
o, C(s+w)g(s +w) w T'logx
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. : _dg
for s € Dy. Since we have w = —% + it and ¥ = = ¢tlery=% on (Y,
we obtain

/ ! m—dw‘ < iM()Tx_%o
o C(s+w)g(s +w) w do

for s € Dy. It follows from the above estimates that
1 [(2Mya? 4 5&>

11.4 P(s)] < — + —M,T
(11.4) P(s)l 2m (Tlogaz 5 ’
on Do.

By (11.2) and (11.3), we obtain

p(n) (1 g) - ! .
2 (57 +0) = g + @0+ P
(115) + 3 M 2,0 1))
+Z“f£ T)(s)

for s € Dy \ Zp. We see that a function

P(s)+ MRn )+ —Qn s

(s) Z - Z T)(s)
is bounded on Dg by the properties of R,,(2,z,T)(s) and Q,(2,z,T)(s),
and (11.4). The functions ﬁ, hn(s) and Q(s) are meromorphic func-
tions on C whose poles are at most Zg and all simple. On the other
hand, the function m has poles of order at least 2 at every point
in Zg. This contradicts to the equation (11.5). Hence, there is no zero
of {(s) on the line 0 = B. O

Proof of the Riemann hypothesis.

We may assume % < B < 1 by Proposition 2. Suppose that % <
B < 1. Then there is no zero of {(s) on the line ¢ = B by Proposition
3. Hence, we can take B’ with + < B’ < B such that ((s) # 0 for
B’ < o by Theorem 1. This contradicts to the definition of B. Thus
we conclude B = 1.
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