Slide Presentation on the Riemann Hypothesis

Submitted For Short Communications Satellite 2022

Frank Vega, CopSonic France (vega.frank@gmail.com)

Frank Vega, CopSonic France

vega.frank@gmail.com

June 21, 2022

Slide Presentation on the Riemann Hypothesis

June 21, 2022



The Riemann Hypothesis is a conjecture that the Riemann zeta function has its zeros
only at the negative even integers and complex numbers with real part % In 2011,
Patrick Solé and Michel Planat stated a new criterion for the Riemann Hypothesis. We
prove the Riemann Hypothesis is true using this criterion.

Riemann Hypothesis, Prime numbers, Chebyshev function, Riemann zeta function.
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The Chebyshev function 6(x) is given by

0(x) = logp

p<x

with the sum extending over all prime numbers p that are less than or equal to x, where
log is the natural logarithm. We provide a proof for the Riemann Hypothesis using the
properties of the Chebyshev function.
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Say Dedekinds(g,) holds provided

1 e’
11 <1+ —) > —— x log0(qn)
ool g/ <)

where the constant v ~ 0.57721 is the Euler-Mascheroni constant, g, is the nth prime
number and {(x) is the Riemann zeta function.

Dedekinds(qn) holds for all prime numbers q, > 3 if and only if the Riemann Hypothesis
is true (Solé and Planat, 2011).
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What if the Riemann Hypothesis were false?

If the Riemann Hypothesis is false, then there are infinitely many prime numbers q, for
which Dedekinds(g,) does not hold.
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The Riemann Hypothesis is false, if there exists some natural number xo > 5 such that
g(x0) > 1 or equivalent log g(xo) > 0 (Solé and Planat, 2011):

e’ 1\
g(x) = @ x log 6(x) x H (1 + E) .

We know the bound (Solé and Planat, 2011):

q<x

log g(x) > log f(x) — %

where f is introduced in the Nicolas paper (Nicolas, 1983):

F(x) = e x log0(x) x [ <1 - 1) .

q<x q
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When the Riemann Hypothesis is false, then there exists a real number b < % for which

there are infinitely many natural numbers x such that log f(x) = Q4 (x~") (Nicolas,
1983).
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According to the Hardy and Littlewood definition, this would mean that
Jk > 0,Vyo € NIy e N> yp: logf(y) > k x y >

That inequality is equivalent to log f(y) > (k X y~Px ﬁ) X % but we note that

lim (kxyibxﬁ):oo

y—o0o

for every possible positive value of k when b < %
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In this way, this implies that

Ik > 0,Vyo € N,y e N> yo: log f(y) > \f

Hence, if the Riemann Hypothesis is false, then there are infinitely many natural numbers
x such that log f(x) > % Since 2 = o(%), then it would be infinitely many natural
numbers xo such that log g(x0) > 0 (Solé and Planat, 2011).
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In addition, if log g(x0) > 0 for some natural number xp > 5, then log g(x0) = log g(gn)
where g, is the greatest prime number such that g, < xp. In fact,

1\ 1 1\ 1
1+ —) = <1 + 7>
qgo ( qa QQN q

and
0(x0) = 0(qn)
according to the definition of the Chebyshev function. B
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Mertens constants

We define H = v — B such that B ~ 0.2614972128 is the Meissel-Mertens
constant (Mertens, 1874).

We have that (Choie et al., 2007):

i (|og(qkqj1)— i) —y—B=H.

k=1
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The Basel Problem

Theorem 4

It is known that (Edwards, 2001):

2 2

2
C(Z):H 2qk 1 :%'

»
I
Q
|
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A Key Theorem

> (2 - togla + 1)) = lou(c@) - .

k=1
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We obtain that

og(¢(2)) — H = log([ %)~ H
ar 3
(tst gz 57))
qi
1 (st oy S )

og( L)+ log( %) ) — A
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_ i (Iog ~ log( qkqt 1 )) “H
S s ) St
(1

tnqg

log(

1 qk 1
—log(1 + a) — log( )+ 7)

a—1" " q«
1 1
(— — log(1 + 7))
< \ qx

and the proof is done. W
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A New Criterion

Dedekinds(qgn) holds if and only if the inequality

= /1 1
> (5 = Ot (@) xlog(1+ 1)) > B+ loglog ()
= qk qk

is satisfied for the prime number qn, where the set S = {x : x > qn} contains all the real
numbers greater than q, and xs is the characteristic function of the set S (This is the
function defined by xs(x) =1 when x € S and xs(x) = 0 otherwise).
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When Dedekinds(gn) holds, we apply the logarithm to the both sides of the inequality:

log(¢(2)) + Y _ log(1+ = ) > 7 + log log 6(gn)

q<gqn

log(¢(2)) — H+ > log(1+ = ) > B + loglog 6(qn)

q<dqn
= /1
Z (— — log(1+ — ) Z log(1 + ) > B + loglog 6(gn).
1 Nk <
q<dqn

Let’s distribute the elements of the inequality to obtain that

= /1 1
5= (o~ (cte o (@) x log(1 + 1)) > 6+ loglogd(a.)
=1 qk qk

when Dedekinds(gn) holds. The same happens in the reverse implication. l
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The Main Insight

The Riemann Hypothesis is true if the inequality

1
e(qn)H— an > 9(Cln+1)

is satisfied for all sufficiently large prime numbers q,.
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The inequality

= /1 1
(* — (X{x: x>an3(Gr)) X log(1 + —)) > B + loglog 6(gn)
— qk qk

is satisfied when

> /1 1
5 (2 (xte an (@) < logla + 1)) > 6+ oglog0(a.)
1 qk gk

is also satisfied, where the set S = {x: x > g»} contains all the real numbers greater
than or equal to g,.
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In the inequality
— (1 1
D= = Ot xzan(a0)) x log(1 + —) | > B + loglog 0(gn)
— \ 9k gk
only change the values of
1
log(1 + ;) + loglog 6(qn)

and
log log 0(gn+1)

between the consecutive primes g, and gn+1. It is enough to show that

1
log(1 + ;) + log log 6(qn) > log log 0(qn+1)

for all sufficiently large prime numbers g,.
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Indeed, the inequality

(1 1
> (* — (X{x x>a03 (q6)) x log(1 + *)) > B + log log 0(qn)
-1 N9k Ak

is the same as

Z (i - (X{x: Xan+1}(qk)) X |0g(]_ + i))

k=1
1
> B+ loglog 0(gn+1) + log(1 + ;) + loglog 6(qn) — log log 6(qn+1)

where g, and gn+1 are consecutive primes.
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If the Riemann Hypothesis is false, then

1
log(1 + q—) + log log 0(gn) > loglog 0(gn+1)
must be violated for infinitely many n's, since Dedekinds(qgn+1) will not hold for infinitely
many gn+1's. By contraposition, the Riemann Hypothesis should be true when the
previous inequality is satisfied for all sufficiently large prime numbers g,.
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This is
1
log <(1 + ;) x log 9(qn)> > log log 0(qn+1).

That is equivalent to
I

loglog 6(q,)™" o > log log 0(qn+1)-

To sum up, the Riemann Hypothesis is true when

1
e(qn)l+ an > g(qn+1)

is satisfied for all sufficiently large prime numbers g,. B
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Known Results

For all n > 2 (Ghosh, 2019):

0(qn) > nx(1— 1 log log n

log gnt1 — logn = 4 xlog*n”

For n > 8602 (Ghosh, 2019):

gn < n x (log n+ loglog n — 0.9385).
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The Main Theorem

Theorem 10

The Riemann Hypothesis is true.
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The Riemann Hypothesis is true when

1
0(qn)" o > 0(qni1)

is satisfied for all sufficiently large prime numbers g,. That is the same as

1
0(gn)"" @ > 0(qn) + log(qnt1)

log(gn+1)
Q(qn)

after dividing the both sides of the inequality by 6(gn).

0(qn)n > 1+
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We would only need to prove that

14 logfan) o 1
Gn B nx (1 - Io;n + l:(;gllooggzr;)
because of 0
(qn) > nx (1— 1 log |og2n '
log gnt1 logn 4 xlog®n

1 log 6(qn) | n
O(gn)in =e o >1+ %(q)

using the known results. That is equivalent to

1 loglogn
 (1— 4+ 98981 1)\ logB(gn) > qn.
(n - o 4X|Og2n>) g0(an) > g
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Therefore,

1 log log n
1- —===") ) x log0(qn) > | log log n — 0.
(n><( |0gf7+4><log2n)>><og (9n) = n x (log n + log log n — 0.9385)

which is

1 logl
(1 — L@g;) x log 8(qn) + 0.9385 > log n + log log n
logn 4 x log®n

1— 1 log log n
0(qgn) e axio?n x % > nx logn

1
0.9385 0(qgn)*e" x n x logn
e —_ 1+ log log n
e(qn) 4><|cg2 n
under the assumption of the known results. Finally, we conclude this last inequality is
satisfied for all sufficiently large prime numbers g,. B
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