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Abstract: Geometric series plays a vital role in the areas of combinatorics, science, economics,
and medicine. This paper presents algorithmic and numerical techniques for computing the
summation of multiple series of binomial coefficients and the multiple summations of geometric
series in an innovative way and also the relation between the binomial expansions and geometric
series. These are the methodological advances which are useful for researchers who are working
in science, economics, engineering, computation, and management.
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1. Introduction

In the earlier days, geometric series served as a vital role in the development of differential and
integral calculus and as an introduction to Taylor series and Fourier series. The geometric series
and its summations and sums have significant applications in science, engineering, economics,
queuing theory, computation, and management. In this article, innovative binomial expansions
and geometric series [1-14] are introduced as methodological advances used in computational
science. Computational science is a rapidly growing multi-and inter-disciplinary area where
science, engineering, computation, mathematics, and collaboration use advance computing
capabilities to understand and solve the most complex real life problems.

1.1 Computation of Geometric Series and its Sum
In this section, computation of geometric series and its sum [5-7] are developed without using
the traditional computing method.

LetN={0,1, 2, 3,....,} be the set of natural umbers including zero element.
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For example,
3n =314 3771 4301 = (3-1)3"1 431 =(3-1)3""1+(3-1)3""2 4372
= 3" =(3- 1)3" 1+ (33— 1)3" 2 + (3- 1)371—3 + -+ (3—-1)3%+ 3%

k n-1 3n_1
=>3n=(3—1)23’<+3k:>z3k = ) 3=
i=0

If X is any number, then we can develop the geometric series as follows:
=x-1) x”‘l+x”‘1 = (x — 1)x“‘1 + (x— 1)x”‘2 + -+ (X — 1)xk + x¥

:x”—(x—l)Zx + xk =>z "ot =>z P

For example,

(9.05)™ — (9.05)*
(9.05— 1)

(9.05)" = (9.05 — 1)(9.05)™ 1 4(9.05)"1 = 2(9.05)1' -

1.2 Geometric Series with exponents of 2

Let us develop the sum of geometric series [5] with exponents of 2 independently.

on — on-1 + on-1 — on-1 + on-=2 + on=2 — .., = pn-1 + on-—2 + on-=3 + . Zk + 2k
n

— 2k + 2k+2 + 2k+3 4ot 2n—1 =N _ 2k — Zzl — 2n+1 _ 2k,
i=k

where k <n and k,n € N. In the geometric series if k =0, thenz 2t =2n+l _ 1,
i=0
Next, let us develop a geometric series using the arithmetic equation 2 = 2.

2—1+1—1+1+1—1+1+1 P P
2 2 21 22 22_ © 21 Tz B 2n - 2n
2n_1 on _2k+1
=>Zzl_ zn_ ZZI 2k+1 _n= on+k+1 y(k<nd&kmneN).

1.3 Traditional Binomial Coefficient
The factorial or factorial function [17-20] of a nonnegative integer n, denoted by n!, is the
product of all positive integers less than or equal to n.

. . L . n n!
A binomial coefficient is always an integer that denotes (r) = W, where n,r € N.
'(n—1)!

n+r
Here, (n + r) = ( ) = (n+r) = [ x r!'n!,where [ is an integer.
T rin!

2. Binomial and Geometric Series

When the author of this article was trying to develop the multiple summations of geometric
series, a new idea was stimulated his mind for establishing a novel binomial series along with an
innovative binomial coefficient 15, 16].

ZZE z ‘T—ZVTl&V”—(r+1)(r+2)(r+3) ------ (r+n—1)(r+n),
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where n>1,r >0 and n,r € N.
n

Here, Z V/x'and V" refer to the binomial sereis and binomial coefficient respectively.
i=0

Let us compare the binomial coefficient Vy with the traditional binomial coefficient as follows:
]

z!
Letz=x + y. Then, zC, = IV Here, V' = V¥ = z(, = zC,,  (x,y,z €N).

For example,
vw=vi=(5+ 3)C3 = (5+ 3)Cs = 56.

Also, V2 = V' =nC, = nC, =

|

n! 0!
|—0' =1 and VO = OCO a = 1( 0l'= 1)

2.1 Binomial Expansions equal to Multiple of 2
Let us develop some series of binomial coefficients or binomial expansions [15-16] which are
equal to the multiple of 2 or exponents of 2 or both.

n

) Z yr-i=om (2)2 i X VPl = p2nl, 3) Z(i + OV = (n+ 2)27

(4)2(1—1)v“‘—(n—2)2n Loy = ﬂ(rﬂ)( >1,r>0&nr€N).

2.2 Relations between Binomial Expansions
n n n

Relation 1: Z(i + DV + Z(i — VA= Z i x VTt =n2n L
i=0 i=0

i=0

Proof: Let us simplify the general terms in the two parts of binomial expansions (Relation 1) as
follows:

(i + 1DV + (i—1)VP! = 2iV L This idea can be applied to Relation 1.

n n n
Z(i + D)V + Z(i — V=2 Z iV l=(n+2)2" 1+ (n—2)2""1 = 2n27 L,
i=0 i=0 n i=0

n
Then, 2 z iVt =2n20 "t = Z iVt =n2nt,

i=0 i=0

Relation 2: 2(1 + 1)V Z(l— 1)vp- ZV” L= 2m,

Proof: Let us 5|mpI|fy the general terms in the two parts of binomial expansions (Relation 2) as
follows:

(i+ 1)V*" - (i—1)V2' = 2V 7L This idea can be applied to Relation 2.
n n n

Z(i + i 2(1 _ Vi =2 Z VA= (n42)20 1 — (n— 2)201 = 4 x 207,
i=0 i=0

i=0
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n n
Then, ZZ Vi =220 = z vyt =2m,
i=0 i=0

Hence, two relations are proved.

2.3 Annamalai’s Binomial Expansion

The following binomial expansions [15-18], named as Annamalai’s binomial expansions, are
derived from the Annamalai’s (iii) binomial identity }.7_, Vip = Vrpﬂ.
n+1Dn+2)

2!

(1. Z(i:!1)=1+2+3+---+n+(n+1)=

). (i+1)2('i+2) _ 1+3+6+m+(n+1)2('n+2) _ (n+1)(n3—)|—'2)(n+3)'
£ ! ! !
SGE+DE+2)((+3) m+DO+2)Mm+3)(n+4)

). Z 3! - 4! '

i=0
CA+DE+2DE+)E+4)  (+ D@+ +3)n+ 40 +5)

). 2 4! - 5! '
i=0

Similarlly, this process continues up to r times. The r™ binomial expansion is as follows:

SGEHDEH2DE+3) (+1) +DO+2)~m+r)+r+1)
™). Z -
i=0

r! (r+1)!
r+1

n r . . Il
. I+ n+i
”"Zl IT - lle+r

i=0 j=1 i=1 '

This Annamalai’s binomial expansion [15-17] is used to create the Annamalai’s binomial series

as follows.
n
) i+ .
Qvix=) | |5
_ 7!

n T
i=0 i=0 j=1

3. Binomial Expansion equal to the Sum of Geometric Series

Binomial expansion denotes a series of binomial coefficients. In this section, we focus on the
summation of multiple binomial expansions or summation of multiple series of binomial
coefficients.

Theorem 3. 1:2 ((l)) + i (1) + i (f) + 23: (::’) ot i (Tzl) —on+l _ 1.

This binomial theorem states that the sum of multiple summations of series of binomial
coefficients [15-18] is equal to the sum of a geometric series with exponents of 2.

Proof. Let us find the value of each binomial expansion in the binomial theorem step by step.
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Step 2 Zz_:o( )=C)+(C)+(C)=1+2+1=4=2
Step 4: Zo(f) =C)+(C)+()+ () =1+3+3+1=8

n

. - - L] n n n
Similarly, we can continue the expressions up to "step n" such that Z (l) = 2"

i=0
Now, by adding these expressmns on both sides, |t appears as follows

zczw;cwg OXARYARYRE
wherezzl— —
SO ST OB (-

i=0 i=0 i=0 i=0

= 2"*1 — 1 is the geometric sereis with exponents of two.

Hence, theorem is proved.

k+1 n

k
Theorem3.2:2(1§ +Z k+1 Z k+2 _|_ +z _2n+1_2k’
i=0 i=0 i=0 i=0

WherekSn&k,;ﬂt € N.

Proof. The sum of a geometric series with exponents of 2 is given below:
n

Z 2i — 2n+1 _ zk.

i=k
k+1

k+2 n n
ThenZ +Z k+1) Z k+2 _|_ +Z Zzi_
Kk 1 =0 K42 =0 n i=0 i=k
Therefore, Z (I:) + (k _i_ 1) k _|_ .t Z (711) on+1 _ ok

i=0 i=0 0 i=

|-4

Some results of Theorem 2.3 are given below:

0 () =-zi=z @) (V7)) (=@ -n =3¢,
=0 =0 i=0
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n-—2 n-—1 n
(iif) Z "7+ Z + Z = 2mHl—2n2 = 2n2(23 — 1) = 7(27),

— - n

(w)z Z(":2)+z "7 +z = gn+l_gne3 — 5273y,

=0 i=0
These results can be generallzed as follows
p p+1 p+2 q—1 q
p p+1 P"‘Z 9\ — op(pa-v+1 _
Z(l)+2( i )+Z( - )+ )—2(2 1),
i=0 i=0 i=0 i=0 i=0

where 0 <p < qgandp,q € N.

Some results of Theorem 3.1 are given below:

0 1 2 3 p-1
(a);((i))+;(%)+;(?)+;(§)+‘“+Z(p;1)=2p—1,where1SpEN.

0 1 2 3 ZLJ:QL
(b)z(?)+z(})+Z(?)+Z(§)+---+Z(q;1) =29 —1,where 1 < q € N.
i=0 i=0 i=0 i=0 i=0
By subtracting (@) from (b) we get

S0 3050 ) (5030w )wr

= 14 p+1 p+2 = q—lzo ql—zf
e Y)Y T Y (T Y (17 Y (1) =2
i=0l i=0 ! i=0 ! i=0 ! i=0 !

wherep< q &p,q €N.

By adding (a) and (b), we get

(B0 S0 B (SO RO g 1Y) -2
0 1 p—1=0 -
—q, ; e Py =22p —2 =202 - 1),
Ifp=q,  then 2 ;(l)+;(l)+ +;( l) 220 —2=2(2P -1
0 1 2 3 -1
ie. Z(?)+Z(})+Z(?)+Z(?)++ (p;1)=2p—1,where1Sq€N.

4. Conclusion

This article presented the algorithmic and numerical techniques for computing the summation of
multiple series of binomial coefficients and the multiple summations of geometric series in an
innovative way and also introduced theorems and relations between the binomial expansions and
geometric series. These techniques and its results can be useful for researchers who are working
in science, economics, engineering, management, and medicine [21].
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