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Abstract

In this paper, we have studied Determinants of Bicomplex Matrices and investigated their
properties. We have introduced Bicomplex Symmetric Matrix, Bicomplex Skew-Symmetric Matrix,
Bicomplex idempotent matrix, Bicomplex Skew-idempotent matrix, Bicomplex Involutory matrix,
Bicomplex skew-involutory matrix, three types of Hermetian and Skew-Hermetian Matrix, Bicomplex
Orthogonal Matrix and three types of Unitary Matrix and investigated the properties of their
determinants.
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1. Introduction
Throughout this paper, the set of Bicomplex numbers is denoted by C, and the sets of complex and real
numbers are denoted by C; and Cg, respectively (cf.[1],[2],[3]).
The set of Bicomplex Numbers defined as:
Cy = {X1 +i1Xp+ipXg + i11X41 X, X5, X3,X4 € Co,ip # iy and i = i5 = —1,i;i, = ii;}
We shall use the notations C(i;) and C(i,) for the following sets:
Ciy) = {x+iy:xy € Co}
C(iz) = {x+izy:xy€ Co}

1.1 Hyperbolic Numbers:
The set of Hyperbolic Numbers is defined as H = {x + i;i,y : X,y € Co}

1.2 Idempotent Elements:
Besides 0 and 1, there are exactly two non — trivial idempotent elements exist in C,, denoted as e; and e,

1+i1i2 1—i1i2

and defined as e; =

and e, = . Note thate; + e, = 1 and e;e, = e;e; = 0.



1.3 Cartesian idempotent set [4]:

Cartesian idempotent set X determined by X; and X, is denoted as X; X, X, and is defined as
X=Xy Xe Xy = {8 €Cp:&="ee; + 2Ly, (1€,7%8) € Xy X Xy}

C; = C(iy) Xe C(iy) = C(iy)e; + C(iy)e; = {€ € C: &= g ey + %Eey, (1€, %) € C(iy) X C(ip)}
C; = C(iz) Xe C(ip) = C(ip)e; + Cli)e, = {E € CiE =8 e +&,e5,(€,,E,) € Cip) X C(ix)}.

1.4 Idempotent Representation of Bicomplex Numbers
(I C(i1) —idempotent representation of Bicomplex Number

The C(i;)-idempotent representation of Bicomplex Number is given by
& =Xy +11Xp+ipX3 + 111X = (X1 + 11Xp) i (X3 +11Xy4)
= 2,+i,2, = (z1—112)es + (z+ii2)e; = 'E ey + ey,
where '& = z1—i12, = (x,4+%,) + 1 (x;—X3), %€ = 2 +i12, = (X — %) + 11 (X, +x3) € C(iy)
(II) C(iz) —idempotent representation of Bicomplex Number
The C(i,) — idempotent representation of Bicomplex Number is given by
& =Xy +11Xp+ipX3 + 111X = (X1 + 1pX3)+i1 (X2 + 12X4)
= witipwy = (wy—ipwy)e; + (wytiawy)e; = § e +E e,

where &, = wy—i;wy = (X1+%4) — i (Xp—X3), &, = witi,w, = (X — x4) + i, (X3 +x%3) € C(i3)

1.5 Non-Singular(Invertible) and Singular(Non-invertible) Elements in C;:

Let &,n € C, s.t. &n = n& = 1, then 1 is said to be a multiplicative inverse of £ . An element which has
inverse is said to be Non-Singular (Invertible), and an element which does not have an inverse is said to
be Singular (Non-Invertible).

Non-zero singular elements exist in C,. Set of all singular elements in C, is denoted as 0,. C,;~0, is the

set of all non-singular elements in C,.

1.5.1 Singular(Non-invertible) Elements in C;:

(i) The Bicomplex number

E=12, +iy2, = (24 —i12,)e; + (21 + 112)e, = ‘e + *Ee, is singular if and only if

722 4+25=00r(z; —i1z; = 0o0r z; +i1z, = 0)0r(1§= 00r2§= 0)

(ii) The Bicomplex number

E=wy +iwy = (wy —ipwy)e; + (wy +i;wy)e, = & eq + &, e, is singular if and only if

Wf+W§=Oor(wl—izwz=00rw1+izwz=0)0r(§1=00r§2=0)



1.5.2 Non-Singular(Invertible) Elements in C;:
(i) The Bicomplex number
E=121 +iy2, = (21 — i125)eq + (21 + i12)e, = 'Eeq + %Ee, is non-singular if and only if

Zf+zfiOor(zl—ilzziOandzl+ilzziO)or(1§¢0and2§¢0)

(ii) The Bicomplex number
E=wy +iywy = (wy —i;wy)e; + (wy +i;wy)e; =& eq + &, e, is non-singular if and only if

Wf+W§qtOor(wl—izwzi0andw1+iZW2¢0)0r(§1¢0and§2¢0)

1.6 Principal Ideals in C,:

The principal ideals I;and I, defined as

I, ={Cey: &= "ge; + ey € Co} = {"&ey: '€ € C(iy) }
I, = {Ee,: &= "¢ ey + “Ley € Cp} = {PEey: %€ € C(iy) }

Note that [; N I, = {0} and I; U I, = 0O, set of all singular elements of C,.

1.7 Zero —Divisors :
IfE+0, n# 0 €C,,and &n = 0, then & and 1 are called divisors of zero. The relation e;e, = e;e; =0
establishes the existence of zero divisors in C,. In fact, two Bicomplex numbers & and ) are divisors of

zero if and only if & € I; ~{0} and n € [,~{0}.

1.8 Norm in C,
Let i = X4 + i1X2+i2X3 + i1i2X4 =17 + i2Z2 = 1§e1 + 2&62 € C2

The norm in C, is defined as

1/2
el + %’

le 1= [ +x3 453 +x5 = TP+ [P = [ =

or
Let i = X4 + i1X2+i2X3 + i1i2X4 = w; + i1W2 = ilel + &262 € C2

The norm in C, is defined as

2 2 1/2
 (v2 w24 w24 w2 — 2 — |§1| +|§2|
”i Il = X7 +Xx5+x3+Xx5 = [wql? + |w,|? = )

C, becomes a modified Banach algebra, in the sense that &1 € Cy, [IE 0|l < V2|I€]lIInll



1.9 Conjugations of Bicomplex Numbers [3]
» iy — Conjugation

& = (2 +ip2,)* =71 +122,,V 21,2, € C(iy)

&= (1§e1 + zieZ)* = 2_§31 +€e2 V1, %8 e C(iy)

& = (wyHigw,)" = wy—iywy, V wy, wy € C(iz)

i* = (ilel + izeZ) = izel + ilez ,V il liz € C(IZ)
» i, — Conjugation

# . . )
& = (21+i22,)" = 2y — 1,25,V 24,2, € C(iy)

#

&' = (Teey + %e,) =2Ce; + 'ge,, v g, % € C(iy)
i# = (wy+i;wy)* = Wy +1;W,, V wy,wy € C(i,)

# #_ = - .
i = (ilel + izeZ) = iz €1 + ilez 'V il liz S C(IZ)
» i;i, — Conjugation

& = (z4+i222) =71 — 1,72,V 21,2, € C(iy)

£ =("ges+%e;) =€ 1+ 78 e,V €, % € C(iy)
& = (WiHiiwy) = Wy — 11Wy, V wy, wy € C(ip)

g = (ilel + izez), = ?1 e; + i_zeZ:V g, ,&, € C(iy)

2. Bicomplex Matrix ([5],[6].[7])

We denote CP*" = {A = [iij] : iij € Cz} the set of m X n matrices with bicomplex entries.
mxn

Let A = [;j]mxn ECp =g €C,

2.1 Idempotent Representation of Bicomplex Matrix

() C™*"(i,) —idempotent representation of Bicomplex Matrix

Let A=[g] ecpx

mXxn

A= [Z:,i].]mxn = [1Z:,ij] ne1 + [Zﬁﬁ] e,=1Ae, +%Ae,, where 1A= [1§ii]

mX mxn

(IT) C™*"(iy) —idempotent representation of Bicomplex Matrix

Let A=[g] ecpo

a=la],, =[5

mxn

e, + [iz'ij]mxn e, = Aje;+ A, e, , where A; = [il'ij]mxn‘Az = [iz'ij]

mXxn

A= | ecmngy

€ Can(iz)



2.2 Determinant of Bicomplex Matrices

As, only square matrices can have determinant

So let, A = [iij] € cyxn

nxn

Then determinant of A is denoted as det(A).

Theorem2.1: Let A = [iij] € CY*™, then its determinant is given by

nxn

det(A) = det(*A) e; + det(2A) e, or det(A) = det(A;) e; + det(A,) e,.

Corollary 2.1:
For A, B € C3*™, det(AB) = det(A) det(B).

2.3 Algebraic Structure of Set of Bicomplex Matrices:
CI*™(Cy) ,CT*™(C(iy)) and CF*™(C(iy)) are Linear Space; C3*™(C,) is a C, —Module;
CH*™(Cy), C*™(C(iy)) and CH*™(C(i,)) are Algebra.

Theorem 2.2:
A="Ae; +°Ae, = Aje; + Aye, € CY" is invertible iff 'A and *A are invertible in C™"(i;) and

A, and A, are invertible in C""(i,).

Corollary 2.2:
A € CY" is invertible iff det (A) & O,.

2.4 Non-Singular (Invertible) and Singular (Non-invertible) Bicomplex Matrix

A matrix A= [iij] € C3*™ is said to be Non-Singular (Invertible) if det(A) & O,. It is said to be

nxn

Singular (Non-invertible) matrix if det(A) € O,.



2.5 Conjugation of Bicomplex Matrix

» i; — Conjugation

A"=('Ae;+%Ae,)" =%Ae; +TA e,V 1A= [1§ij] J2A = [Zgij] € Cmxn (i)

mXxn

A*=(A1e1+ Azez)*= A261+A1 ez,v A1=|:§ ] ,A2=|:§ ] Ecle’l(iz)
Lidmxn 21

mXxn

» i, — Conjugation

A* = (*Ae  +%Ae)" =%Ae; + 1A, VA= [T | 2A= (% | € CO(
ij ij 1
mXn

A" =(Are;1+ Are)) = Ay e;+A e, VA, = [§1 ij] Ay = [§2 ij] € C™ M (iy)

mXxn mXxn

» i;i, — Conjugation

A=(Ae; +2Ae,) =1A e; +2Ae,,VIA= [1§1j] A = [Ziij] € CM™XN(i))

mXxn

A=(Are;+ Aye) = A e1+K2e2:VA1=[§ ] :A2=[§ ] € C™ M (iy)
Ldmxn 21

mXxn

2.6 Adjoint of a Bicomplex Square Matrix

Let A= 'Ae; + %A e, € CH*",where 'A, %A € C™"(i;) . Then adjoint of the bicomplex matrix A is
given by

adj(A) = adj(*A)e; + adj(*A)e,.

Let A= Aje; + Ajye, € C*™, where A;, A, € C™™(iy) .Then adjoint of the bicomplex matrix A is
given by

adj(A) = adj(A,)e; +adj(Az)e,.

Theorem 2.3: A € C}*", then Aadj(A) = adj(A)A = det(A)l

Theorem 2.4: Inverse of a Bicomplex Square Matrix

1

nxn -1
Let A€ C37" and det (A) € O,. ThenA™" = det(A)

adj(A).

_ 1 . 1 .
Theorem 2.5: Let A € C)*™ and det (A) ¢ 0,. Then A™! = prveyy adj(*A)e, + mad](zA)ez

! adj(Al)el + ;adj(Az)ez.

or A7l =
det(A,) det(Ay)

Theorem 2.6: Let A € C5*™ and det (A) € 0,. Then A~ = (1A)~te; + (2A) e,
or A_l = (Al)_lel + (Az)_lez.



Theorem 2.7: A matrix A € C3*" is invertible then following holds

o a1 1 .
(iii) A —det(A)ad](A)

(iv) A~ = det(lA) adj(*A)e; + - t(ZA) ———adj(?A)e,
() A = iadi(A e + g adiAes
(v)AT = (PA) e + (CA)T!
(vi)) A7t = (A Tey + (Ay) e
(viii) det (A) € O,
(ix) det(*A) # 0 and det(?A) # 0
(x) det(A;) # 0 and det(Az) =0
1
(xi) det (A7) = det(A)
1

(xii) det (A1) = — t(lA) 1+ Geem ©

1 1

(xiii) det (A1) =

det(A) 17T Qeta,) 2

Corollary 2.3: A matrix A € C3*", then following statements are equivalent
(i) A is singular

(ii) det (A) € 0,

(iii) det(*A) = 0 or det(?A) = 0

(iv) det(A;) =0 ordet(A,) =0

3. Determinant of Some Special Bicomplex Matrices:

Symmetric Matrix 3.1:

A Bicomplex matrix A € C3*"

is said to be symmetric matrix if A* = A.

Skew-Symmetric Matrix 3.2:
A Bicomplex matrix A € C5*™ is said to be Skew-Symmetric matrix if A = —A.

Bicomplex Idempotent Matrix 3.3:
A Bicomplex matrix A € C5*™ is said to be idempotent matrix if A = A.

Bicomplex Skew-Idempotent Matrix 3.4:
A Bicomplex matrix A € C5*™ is said to be Skew-idempotent matrix if A2 = —A.

Bicomplex Involutory Matrix 3.5:
A Bicomplex matrix A € C5*™ is said to be involutory matrix if A% = 1.



Bicomplex Skew-Involutory Matrix 3.6:
A Bicomplex matrix A € C5*™ is said to be Skew- involutory matrix if A% = —I.

Bicomplex Hermitian Matrix 3.7:

» i; — Hermitian Matrix

A Bicomplex matrix A € C5*" is said to be i; — Hermitian Matrix if
(A" = (A=A

Note 3.1: If A is i; — Hermitian Matrix then A* = At

» i, — Hermitian Matrix

A Bicomplex matrix A € C3*™ is said to be i, — Hermitian Matrix if

(AH* = (AN = A
Note 3.2: If A is i, — Hermitian Matrix then A* = At

» iy i, — Hermitian Matrix

A Bicomplex matrix A € C5*" is said to be i; i, — Hermitian Matrix if
(A = @) = A

Note 3.3: If A is i; i, — Hermitian Matrix then A’ = At

Bicomplex Skew- Hermitian Matrix 3.8:

» iy — Skew — Hermitian Matrix

A Bicomplex matrix A € C5*™ is said to be i; — Skew — Hermitian Matrix if
(AY" =AD"= -A

Note 3.4: If A is i; — Skew — Hermitian Matrix then A* = —A"

» i, — Skew — Hermitian Matrix

A Bicomplex matrix A € C3*™ is said to be i, — Skew — Hermitian Matrix if

(AY* = (a%)" = A
Note 3.5: If A is i, — Skew — Hermitian Matrix then A* = —A"

» i1 i; — Skew — Hermitian Matrix

A Bicomplex matrix A € C5*™ is said to be i; i, — Skew — Hermitian Matrix if
(A = (W) = —A

Note 3.6: If A is i; i, — Skew — Hermitian Matrix then A’ = —A"

Bicomplex Orthogonal Matrix 3.9:

A Bicomplex matrix A € C3*" is said to be orthogonal matrix if

A'A = AA' =1



Bicomplex Unitary Matrix 3.10:

» i — Unitary Matrix

A Bicomplex matrix A € C3*" is said to be i; — Unitary Matrix if
ATA = AA =1

» iy — Unitary Matrix

A Bicomplex matrix A € C5*" is said to be i, — Unitary Matrix if
APtA = AFIA = |

» ip iy — Unitary Matrix

A Bicomplex matrix A € C3*" is said to be i; i, — Unitary Matrix if
AtA=A"A=1

Proposition 3.1: Let A € C*™ be a Bicomplex Skew-symmetric matrix of odd order. Then det(A) = 0.
Proof: Let A € CY*™ be a Skew-symmetric matrix of odd order

=>At=—-A

= det (A") = det (—A)

= det(A) = (—1)"det (A)

= det(A) = —det (A) (* (=1)" = —1,nis odd)
= 2det(A) = 0
= det(A) =0

Proposition 3.2: Let A € C}*™ be a Bicomplex idempotent matrix. Then det(A) € {0,1,e4, e, }.
Proof: Let A € C3*" be an idempotent matrix

> A2=A

= det (A%) = det (A)

= det (AA) = det (A)

= det (A)det (A) = det (A)

= {det(A)}? = det(A)

= {det(*A) e; + det (®A) e,}* = det(*A) e, + det(®A) e,
= {det(?A)}?e; + {det(®A) }e, = det(1A) e; + det(?A) e,
= {det(1A)}? = det(1A) and {det (2A) }* = det(?A)

= det(*A) = 0,1 and det(?A) = 0,1

Hence det(A) € {0,1,e,,e,}.

Note 3.7: If A is a non-singular Bicomplex idempotent matrix then A = L.



Proposition 3.3: Let A € C2”™ be a Bicomplex skew-idempotent matrix. Then det(A) € {0,1,eq, €5}
when n is even and det(A) € {0, —1,—e,;,—e,} when n is odd.

Proof: Let A € C3*" be a Bicomplex skew-idempotent matrix

> A2 =-A

= det (A%) = det (—A)

= det(AA) = (—1)"det (A)

= det (A)det (A) = (—1)"det (A)

= {det(A)}? = (—1)"det (A)

Case(i)When n is even

= {det(A)}? = det (A) (+ (=)™ =1,niseven)
The result directly follows Propeosition 3.2

Case(ii) When n is odd

= {det(A)}* = —det (A) (+ (=)™ =—1,nis odd)

= {det(1A)e; + det(?A)e,}? = —{det(*A)e,; + det(®A)e,}

= {det(*A)}?e; + {det (®A) }?e, = —det(*A) e; — det (?A) e,
= {det(1A)}? = — det(*A) and {det (2A) }* = —det (?A)

= det(*A) = 0, —1 and det(?A) = 0,—1

Hence det(A) € {0,—1,—eq,—e,}.

Note 3.8: If A is a non-singular Bicomplex Skew-idempotent matrix then A = —1.

Proposition 3.4: Let A € C2*™" such that A2 = nA,n € C,. Then det(A) € {0, ()™, (*n) ey, (*n)"e,}.
Proof: Let A € C53*" such that A> = nA,n € C,

=A% =nA

= det (A%) = det (nA)

= det(AA) = (m)"det (A)

= det (A)det (A) = ()"det (A)

= {det(A)}* = (n)"det (A)

= {det(*A)e; + det(*A)ez}* = {(")" e1 + (*n)" ez}{det(*A)e; + det(*A)e,}
= {det(1A)}?e; + {det (®A) FPe, = (In)"det (1A) e; + (®n)"det (?A) e,

= {det(1A)}? = (In)"det (*A) and {det (?A) }* = (?n)"det (?A)

= det(A) = 0, (In)™ and det(?A) = 0, (>n)™

Hence det(A) € {0, ()", ("n)"ey, Pn)"e,}.

10



Note 3.9: (i) For n = 1, we get Proposition 3.2
(ii) For n = —1, we get Proposition 3.3
(iii) If A is non-singular, then A = 11

Proposition 3.5: Let A € C*™ be a Bicomplex involutory matrix. Then det (A) € {1, —1,i,i,, —i;iy}.

Proof: Let A be any Bicomplex involutory matrix

=> A2 =]
= det (A?) = det(])
= det(AA) =1

= det (A)det(A) =1

= {det(A)? =1

= {det('A)e; + det(®A)e,}* = le; + le,

= {det(1A)}?e; + {det (®A) }Pe, = le; + le,
= {det(!A)}* =1and {det (?A) }* =1

= det(!A) = 1,—1and det(?A) = 1,—1
Hence det(A) € {1, —1,i;i,, —iqiz}.

Note 3.10: Bicomplex involutory matrices are always non-singular and A™1 = A.

Proposition 3.6: Let A € C*™ be a Bicomplex Skew-involutory matrix. Then

det(A) € {1, —1,i,i,,—i;i,} when n is even and det(A) € {i;, —i;,i,, —i,} when n is odd.
Proof: Let A € C3*" be a Bicomplex Skew-involutory matrix

= A% = -1

= det (A%) = det(-])

= det(AA) = (-1

= det (A)det (A) = (—1)"

= {det(A)}* = (-D"

Case(i) When n is even

= {det(A)} =1 (v (D" =1,nis even)

The result directly follows Proposition 3.5

Case(ii) When n is odd

= {det(A)}* = -1 (+ (1) = —1,nis odd)

= {det(A)e; + det(®A)e,}*> = —1le; — le,
= {det(1A)}?e; + {det(®A)}?e, = —1e; — le,

11



= {det(*A)}*> = —1and {det (?A) }* = —1
= det(lA) = il, _il and det(zA) = il, _il

Hence det(A) € {iy, —iy, i, —iz}.
Note 3.11: Bicomplex skew-involutory matrices are always non-singular and A™1 = —A.

Proposition 3.7: Let A € C2*™ such that A2 = nI,n € C,. Then
\/(1ﬂ)n e+ \/(Zﬂ)n ez, —/(fm"e; — /(" ez:}
\/(1ﬂ)n e — \/(Zﬂ)n ez, —y (MM e; + /(" e,

Proof: Let A € C3*" be any Bicomplex matrix such that A% = nl

det(A) € {

= A% =]

= det (A?) = det(n])

= det(AA) = n"det (I)

= det (A)det (A) =n"

= {det(A)}* ="

= {det(*A)e; + det(*A)e,}* = (") e, + (*n)" e,

= {det("A)}?e; + {det (*A) }Pe, = ("m)" ey + (Pn)" e,
S {det('A))? = ('n)"and {det (24) }? = ()"

= det(*A) = /(*m)", —y/(*m)™ and det(*A) = \/(*n)", =/ (>n)™

Hence
gy ¢ [ YO0 e+ VT O e = 7 )
\/(1n)n e ‘/(Zn)n €2, _\/W e +/ (e,

Note 3.12: (i) Forn = 1, we get Proposition 3.5
(ii) For n = —1, we get Proposition 3.6

Proposition 3.8: Let A € C5*" be a i; —Hermitian matrix. Then
(i) det(2A) = det(*A) or equivalently det(TA) = det(2A)

(i) det(A) =det(A;) = det(A,)

(iii) det(A) € C(iy)

Proof: (i) Let A € C3*" be a i; —Hermitian matrix

> A=A
= det(A") = det(A)
= det(A") = det(A) ( det(AY) = det(A))

12



= [det(A)]* = det(A) (~ det(A") = [det(A)]")
= [det(1A)e; + det(®A)e,]* = det(1A)e; + det(®A)e,

= det(1A)e, + det(2A)e; = det(*A)e, + det(?A) e,

= det(2A)e; + det(1A)e, = det(*A)e, + det(?A) e,

= det(2A) = det(1A) and det(1A) = det(?A)

= det(2A) = det('A) or equivalently det(1A) = det(?A)

(ii) Let A € C3*™ be a i; —Hermitian matrix

=> A* = Al

= det(A") = det(AY)

= det(A") = det(A) (+ det(AY) = det(A))
= [det(A)]* = det(A) (~ det(A") = [det(A)]")

= [det(A,)e; + det(Ay)e,]* = det(Ay)e; + det(Ay)e,
= det(A;)e, + det(A;)e; = det(A;)e; + det(Ay)e,
= det(A)e; + det(A;)e, = det(A;)eq + det(Ay)e,
= det(A,) = det(A;) and det(A,) = det(A,)

= det(A,) = det(A;)

= det(A) = det(A,) = det(A,)

(iii) From (ii)

det(A) = det(A;) = det(A,)

Also, det(A,) = det(A,) € C(iy)

= det(A) € C(iy)

Proposition 3.9: Let A € C5*" be a i, —Hermitian matrix. Then
(i) det(A) =det(*A) =det(?A)

(i) det(A,) = det(A,) or equivalently det(A,) = det(A,)

(iii) det(A) € C(iy)

Proof:

(i) Let A € C¥*™ be a i, —Hermitian matrix

= A* = A

= det(A¥) = det(AY)

= det(A*) = det(A) (- det(AY) = det(A))

= [det(A)]* = det(A) (+ det(A*) = [det(A)]%)

= [det(*A)e; + det(?A)e,]* = det(*A)e, + det(*A)e,
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= det(*A)e, + det(*A)e; = det(*A)e; + det(*A)e,
= det(?A)e; + det(?A)e, = det(*A)e; + det(?A)e,
= det(®A) = det(*A) and det(1A) = det(3A)

= det(?A) = det(*A)

= det(A) = det(*A) = det(?A)

(ii) Let A € C2™™ be a i, —Hermitian matrix
= A* = A
> det(A") = det(AY)

= det(A*) = det(A) (+ det(AY) = det(A))
= [det(A)]* = det(A) (+ det(A") = [det(A)]¥)

= [det(A,)e; + det(A,)e,]* = det(A;)e; + det(A,)e,
= det(A;)e, + det(Ay)e; = det(A;)e; + det(Ay)e,

= det(Az)e; + det(A;)e, = det(A;)eq + det(Ay)e,

= det(A,) = det(A,) and det(A,) = det(A,)

= det(A,) = det(A,) or equivalently det(A;) = det(A,)
(iii) From (i)

det(A) = det(*A) = det(?A)

Also det(*A) = det(?A) € C(iy)

= det(A) € C(iy)

Proposition 3.10: Let A € C3*™ be a i, i, —Hermitian matrix. Then

det(A) € H or equivalently det(A) = det(A,) e; + det(A,) e,
Proof: Let A € C5*" be a i;i, —Hermitian matrix

> A=At

= det(A) = det(AY)

= det(A") = det(A)

= [det(A)]" = det(A)

= [det(A)e; + det(®A)e,]’ = det(A)e; + det(®A)e,

= det(1A)e; + det(2A)e, = det(*A)e; + det(?A)e,
= det('A) = det(1A) and det(?A) = det(?A)
= det('A) is a real and det(?A) is a real

= det(A) € H

(~ det(AY) = det(A))
(+ det(A) = [det(A)])

14



Now,
det(1A) = det(*A) and det(2A) = det(2A)
= det(*A) = det(!A )and det(?A) = det(2A)

= det('A)e; + det(?A)e, = det(*A )e; + det(?A)e,
= det(A) = det(*A )e; + det(?A)e,

Proposition 3.11: Let A € C3*™ be a i; — Skew —Hermitian matrix. Then

(a) When nis even
(i) det(2A) = det(*A) or equivalently det(1A) = det(?A);
(ii) det(A) = det(A;) = det(A,)
(iiii) det(A) € C(i,)
(b) When n is odd
(i) det(2A) = —det(A) or equivalently det(*A) = —det(?A);
(ii) det(A) = ijiydet(A,) = —ijidet(A,)
(iii) det(A) € i,C(i,)
Proof: Let A € C3*™ be a i; — Skew —Hermitian matrix
= A* = —A'
= det(A") = det(—AY)
= det(A*) = (—1)"det(AY)
= det(A*) = (—1)"det (A)
= [det(A)]* = (—1)"det (A)
(a) When n is even
[det(A)]* = det (A)
All the results directly follow Proposition 3.8
(b) When n is odd
[det(A)]* = —det(A)
(i) [det(A)]* = —det(A)
= [det(*A)e, + det(®A)e,]|* = —det(*A)e; — det(®A)e,

= det(1A)e, + det(?A)e; = —det(*A)e; — det(®A) e,

= det(2A)e; + det(*A)e, = —det(*A)e; — det(?A) e,

= det(2A) = —det(*A) and det(1A) = —det(2A)

= det(2A) = —det(*A) or equivalently m = —det(zA)
(i) [det(A)]* = —det(A)

(~ det(AY) = det(A))
(~ det(A*) = [det(A)])

(+ (=" = 1,niseven)

(+ (=1)" = 1,nis odd)
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= [det(Al)el + det(Az)ez]* = _det(Al)el - det(Az)ez
= det(Al)ez + det(Al)el = —det(Al)el - det(Az)eZ
= det(Az)el + det(Al)ez = —det(Al)el - det(Az)eZ

= det(A,) = —det(A;) and det(A;) = —det(A;)

= det(Az) = _det(Al)
= det(A) = ilizdet(Al) = _ilizdet(Az)
(iii) From (ii)

det(A) = ilizdet(Al) = _ilizdet(Az)

det(A;) € C(iy) = iydet(A;) € C(iy) = ijiydet(A;) €i,C(iy)

Proposition 3.12: Let A € C3*" be a i, — Skew —Hermitian matrix. Then

(a) When n is even

(i) det(A) = det(*A) = det(?A)

(ii) det(A,) = det(A,) or equivalently det(A;) = det(A,)

(iii) det(A) € C(iy)
(b) When n is odd
(i) det(A) = ijidet(*A) = —iji,det(?A);

(ii) det(A,) = —det(A,) or equivalently det(A;) = —det(A,)

(iii) det(A) € 1,C(iy)

Proof:

Let A € C3*" be a i, — Skew —Hermitian matrix

= A = —At

= det(A*) = det(—A")

= det(A*) = (—1)"det(A")
= det(A*) = (—1)"det(A)
= [det(A)]* = (—1)"det(A)
(a) When n is even

[det(A)]* = det(A)

All the results directly follow Proposition 3.9
(b) When n is odd

[det(A)]* = —det(A)

(i) [det(A)]* = —det(A)

(= det(AY) = det(A))
(~+ det(A") = [det(A)]*)

(+ (=" =1,niseven)

(~ (=)™ = —1,nis odd)
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= [det(*A)e, + det(?A)e,]* = —det(*A )e; — det(®A)e,
= det(*A)e, + det(?A)e; = —det(*A)e, — det(?A)e,

= det(?A)e; + det(?A)e, = —det(*A)e, — det(?A)e,

= det(?A) = —det(*A) and det(*A) = —det(?A)

= det(A) = ijidet(*A) = —iji,det(®A)

(i) [det(A)]* = —det(A)

= [det(A;)e; + det(Ay)e,]* = —det(A;)e; — det(Ay)e,

= det(A;)e, + det(Ay)e; = —det(A;)e; — det(Ay)e,

= det(A;) e; + det(A;) e, = —det(A;)e; — det(Ay)e,

= det(A,) = —det(A,) and det(A;) = —det(A,)

= det(A,) = —det(A,) or equivalently det(A;) = —det(A,)
(iii) From (i)

det(A) = iji,det(*A) = —iji,det(?A)

det(*A) € C(iy) = iydet(*A) € C(iy) = iyidet(*A) € i,C(iy)
= det(A) €i,C(iy)

Proposition 3.13: Let A € C3*™ be a i i, — Skew —Hermitian matrix. Then

(i) When nis even det(A) € H or equivalently det(A) = det(A,) e; + det(A,) e,

(ii) When n is odd det(A) € i;H or i, H or equivalently det(A) = —det(A,) e; — det(A,) e,
Proof:

Let A € C5*" be ai;i, — Skew —Hermitian matrix

=> A =-A

= det(A") = det(—AYH)

= det(A") = (—1)"det(AY)

= det(A") = (—1)"det(A) (+ det(AY) = det(A))

= [det(A)]" = (—1)"det(A) (- det(A") = [det(A)]")
(i) When n is even

[det(A)]" = det(A) (~ (=)™ =1,nis even)
The results directly follow Proposition 3.10

(ii) When n is odd

[det(A)]" = —det(A) (~ (=™ = —1,nis odd)

= [det(A)e; + det(®A)e,]’ = —det(*A)e; — det(®A)e,
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= det(1A)e, + det(?A)e, = —det(*A)e; — det(?A)e,

= det(*A) = —det(1A) and det(2A) = —det(2A)

= det(1A) is Pure imaginary and det(?A) is Pure imaginary
= det(A) € i;HoriH

Now,

det(*A) = —det(*A) and det(2A) = —det(2A)

= det(*A) = —det(1A) and det(?A) = —det(2A)

= det('A)e; + det(?A)e, = —det(1A)e; — det(?A)e,

= det(A) = —det(*A)e; — det(?A)e,

Proposition 3.14: Let A € C3*™ be an orthogonal matrix. Then det(A) € {1, —1,iyiy, —iziz}.
Proof: Let A € C3*™ be an orthogonal matrix

= A'A = AAt =

= det(AtA) = det(I)

= det(AY)det(A) = 1

= det(A)det(A) = 1 (- det(A") = det (A))
= {det(A)} =1

= {det(1A) e; + det (?A) e,}* = le; + le,

= {det(1A)}?e; + {det (®A) FPe, = le; + le,

= {det(1A)}?> = 1 and {det (?A) }* =1

= det(!A) = 1,—1and det(®A) = 1,—-1

Hence det(A) € {1, —1,i;i,, —i;iz}.

Note 3.13: Bicomplex orthogonal Matrix is invertible and A™* = A",

Proposition 3.15: Let A € C3*™ be a i; — Unitary Matrix. Then

(i) det(2A) det(*A) = 1 or equivalently det(1A) det(?A) = 1
1 1
det(2A) e+ det(1A) €2

(i) det(A) =
Proof:

(i) LetA € C¥*™ beai; — Unitary Matrix

= A"MA = AAt =1

= det(A**A) = det(])

= det(A*Y)det(A) =1

= det(A")det(A) =1 (- det(A™") = det(A"))



= [det(A)]* det(A) = 1 (~ det(A") = [det(A)])

= [det(1A)e; + det(A) e,]*[det(*A )e; + det(?A) e;] =1
= [ det(TA)e, + det(2A) e, |[det(*A e, + det(?A) e,] = 1

= [ det(2A) e, + det(TA e, |[det(*A e, + det(?A) e,] = 1
= det(2A) det(*A e; + det(*A )det(?A)e, = le; + le,

= det(2A) det(*A) = 1 and det(1A) det(?A) = 1

= det(2A) det(*A) = 1 or equivalently det(*A) det(?A) = 1

From (i)
det(2A) det(*A) = 1 and det(1A) det(?A) = 1
1
=1 det(lA) = = and det(zA) = =
det(?A) det(1A)

1 1

= det(*A)e; + det(*A)e, = weien O T T 2

1

1
= det(A) = ) e, + T e,

Note 3.14: i; — Unitary Matrix is invertible and A™1 = A™.

Proposition 3.16: Let A = 1A e; + 2Ae, € C3*" be a i, — Unitary Matrix. Then
(i) det(*A)det(?A) =1

— e +——e
det(2A) 1 ' det(1A) 2

Proof: Let A = 'Ae; + 2A e, € C5*" be a i, — Unitary Matrix

(i) det(A) =

= APIA = AAPt =]

= det(A"A) = det(D)

= det(A*Y)det(A) = 1

= det(A*)det(A) = 1 (~ det(A"t) = det(A*"))
= [det(A)]*det(A) = 1 (~+ det(A*) = [det(A)]")
= [det(*A)e; + det(?A) e,]#[det(*A e, + det(®A) e,] = 1

= [det(A) e; + det(*A)e,][det(1A )e; + det(?A) e,] =1

= det(?A) det(*A )e; + det(*A)det(?A e, = leg + le,

= det(?A)det(*A) = 1 and det(*A )det(*A) =1

= det(*A)det(?A) =1

(i) From (i) det(A )det(?A) = 1

1
det(1A)

= det('A) = and det(*A) =

_r
det(2A)
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1 1
derem) €1V qeraiay €2

1
det(A) ©1 T det(iA) 2

Note 3.15: i, — Unitary Matrix is invertible and A™1 = A*t,

= det(A)e; + det(®A)e, =

= det(A) =

Proposition 3.17: Let A € C)*™ be a i; i, — Unitary Matrix. Then ||det(A)|| = 1.
Proof: Let A € C3*™ be a i, i, — Unitary Matrix

= ATA=AAT =1

= det(A"A) = det(I)

= det(At)det(A) = 1

= det(A)det(A) = 1 (- det(A'") = det(A)))
= [det(A)]' det(A) =1 (~+ det(A") = [det(A)]")
= [det(1A)e; + det(?A) e,]'[det(1A)e; + det(?A) e,] = 1

= [ det(1A) e; + det(2A) e, |[det(*A)e; + det(?A) e,] = 1

= det(1A) det(*A )e; + det(2A) det(?A e, = 1e; + 1le,
= det(1A) det(*A) = 1 and det(2A ) det(?A) = 1
= |det(!A)|? =1 and |det(?A)|? =1

1
|det(2a))*+]det(24) ] _
. =

= ||det(A)|| = 1

Note 3.16: i;i, — Unitary Matrix is invertible and A= = A",
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