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Abstract: In today’s world, the growing complexity of mathematical and computational
modelling demands the simplicity of mathematical, combinatorial, and numerical equations for
solving today’s scientific problems and challenges. Combinatorics involves integers, factorials,
binomial expansions, geometric series with binomial coefficients, and computation for finding
solutions to the problems in computing and engineering science. This paper presents
computational techniques and differential and integral calculus for the summation of geometric
series with binomial coefficients in an innovative way. Also, it presents theorems, binomial
expansions, and relationship between the binomial expansions and geometric series. These
computing techniques refer to the methodological advances which are useful for researchers
who are working in computational science. Computational science is a rapidly growing multi-
and inter-disciplinary area where science, engineering, computation, mathematics, and
collaboration use advance computing capabilities to understand and solve the most complex real
life problems.
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1. Introduction

In the earlier days, geometric series served as a vital role in the development of differential and
integral calculus and as an introduction to Taylor series and Fourier series. Combinatorics
involves integers, factorials, binomial coefficients and binomial expansions, and the multiple
summations of geometric series produce an innovative binomial coefficient and its binomial
identities. Nowadays, the binomial expansions and geometric series with binomial coefficients
[1-18] have significant applications in science, engineering, economics, queuing theory,
computation, combinatorics, and management.

1.1 Computation of Geometric Series with Powers of Two
Let us develop the sum of geometric series [5-7] with exponents of 2 independently as follows:

n — 2n—1 + 2n—1 — 2n—1 + 2n—2 + 2n—2 B — 211—1 + 2n—2 + 2n—3 + .. Zk + 2k
n

= 2K 2fH2 4 o3 g onm2 ol = 20 2k = Z 20 = ¥t — 2k,
i=k

n

In the geometric series if k =0, thenz 20 = 2n+l _ 1 (k,n €N),
i=0

where N = {0, 1, 2, 3, -+ } is set of natural numbers including zero element.
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1.2 Traditional Binomial Coefficient
The factorial function or factorial [29, 30] of a nonnegative integer n, denoted by n!, is the
product of all positive integers less than or equal to n. For examples, 3! = 1x2x 3 =6 and 0! =

. . L . n n!
A binomial coefficient is always an integer that denotes (r) = m, where n,r € N.

n+r
Here, (n + r) = ( ) = (n+r) =l X rln!,where [ is an integer.

rin!

2. Binomial Expansions and Geometric Series with its Derivatives

When the author of this article was trying to develop the multiple summations of geometric
series, a new idea was stimulated his mind for establishing a novel binomial series along with an
innovative binomial coefficient [15 20].

z z z Z ‘T—Zer &Vn_(r+1)(r+2)(r+3) ------ (r+n—1)(r+n)’

i1=0iy=i4q iz=iy Ir=lpr_1

where n>1,r =2 0 and n,rEN.
n

Here, Z V/x'and V" refer to the binomial sereis and binomial coefficient respectively.
i=0
Let us compare the binomial coefficient Vy with the traditional binomial coefficient as follows:

VA
Letz = x + y. Then, (JZC) = zC, = H Here, Vy = zC, = zC,, (x,y,z € N).

For example, VP =V3= (5+3)C; = (5+3)Cs = 56.
I I

0!
=1and V2 =0C, =— = 1(~ 0! = 1).

Also, V2 = V' = nCy = nC, = ol

n!
n!0!
2.1 The First Derivative of Geometric Series

Differentiation is the derivative [20] of a function with respect to an independent variable. In this
section, a geometric series is considered as the function of independent variable x.

T

] x‘r‘+1 -1
The function of geometric sereis is f(x) = Z xt=14+x+x2+x3+-+x" =

x—1 "

i=0
The first derivative of geometric series is built as follows:

e (x”l - 1) C(x—r—Dx"+1

flx) =14+ 2x+3x%2 +4x3 -+ rx" 1 = p— 12
(rx—r—1x"+1
, 1).
12 (x#1)
By substituting x = 2 in f1(x), we get the mathematical equation as follows:
5 , =127 +1
1+ 2(2) + 3(2) + 4(2)3 +o 42Tt = W = (T' - 1)2T + 1.
Similarly, we get the following equations by substituting the values of x:

2r—1)3"+1 @r—1)3"+1
For x = 3, 1+ 2(3) + 3(3)2 + 4(3)3 4+ .4 7371 = ( (3 _)1)2 = ( 22 .

Br-1D4"+1  (Br-1D4" +1
(4-1)2 32 '

= Ve+Vix+Vix2 +Vix3 -+ VL x" 1 =

For x = 4, 14+2(4) +3(4)%+4(4)3 - +r4 1=
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(kr—r—l)kr+1

For any number k that is equal to x, we get the equation 2 Vikt =

£, (k=172
1=
2.2 The n™ Derivative of Geometric Series
r r+1 __
y =f(x) = z xt = —~—1 The derivatives of y are given below.
i=0

r—1 r—2 r—3 r—-n
1dy L 1d%y , . 1d% 5 1d"y i
Fa:zovl xl :szzovl xl :;EZZOVL xl = FW:ZOVL xl.

1= 1= 1= 1=

The nth derivative [20] of geometric series is

1dny — _— . _ ; xT+t1 -1
n!dx™ ZVX__f()__f -1 )
r+1_1

r-1 L 1 5 T+1 xT+1 1
;Vix=ﬂfl( x—1) ZV =5f2< x—1) ZV3 =_f3< x—1)

are first, second, and third derlvatlves respectively.

2.3 Binomial Expansions equal to Multiple of 2
Let us develop some series of binomial coefficients or binomial expansions [15-16] which are
equal to the multiple of 2 or exponents of 2 or both.

n

€)) Z vyt =2m, (2)2 i x VPt =n2m (3) Z(i + DV = (n+2)2" L

(4)Z(I—I)V“‘—(n—2)2“ Loyr= H(T+L)( >1,r>0&n,r €N).

2.4 Relatlons between Blnomlal Expansion and Geometrlc Series

Relation 1: z(l + D)V + Z(l VA = z i x VTt =n2n L

i=0

Proof: Let us simplify the general terms in the two parts of binomial expansions (Relation 1) as
follows:

(i + DV 4 (i— 1)V = 2iV ", This idea can be applied to Relation 1.
n ¢ n ! ! n

Z(i F OV Z(i _ Vi = 2 Z VP = (n+2)201 4 (n— 2)201 = 22071,
i=0 i=0 i=0

n
Then, 2 Z iVl = 2n2" "l = Z iVt = n2n 1,

Hence, Relatlon 1 is proved.

n

Relation 2: Z(l + 1Dy Z(l - DV = Z vyt =2m,

i=0
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Proof: Let us simplify the general terms in the two parts of binomial expansions (Relation 2) as
follows:

(i + 1V = (i— 1)V~ = 2V 7L This idea can be applied to Relation 2.
n n n

i+ nei_ i— n-i = = (n+ T —=(n-— T =4AXLT
. 1 Vln i ( 1)V1n 1 2 Vln i ( 2)211 1 ( z)zn 1 4 2n 1
i=0 i=0 i=0

n n
Then, ZZ Vi =220 = z vyt =2m,
i=0 i=0

Hence, Relation 2 is proved.

2.5 Annamalai’s Binomial Expansion
Letn,r € N ={0,1, 2,3, }. The Annamalai’s binomial identity [15] is given below:

W+ +V++ V=V e R+ VE+V2Z+ -+ V] =V, (V] =M.

From the binomial identity V§' + V" + V2 + -« + V7 = V;7*1 we can derive the following
b|nom|al expansmns

(1)ZV° Zl—l+1+1+1+ +1+1_(n:1)

(2)2V1‘ y Gt )—1+2+3+---+n+(n+1)=("+1)2(!"+2)_
(l+1)(l+2) m+1Dn+2) m+1DMn+2)(n+3)

(3)21/2 2' =14+3+ -+ T — = -

(). z vE = Z i+ 1) +!2)(l +3) _ m+ DN+ 21('71 +3)(n+ 4).

4 (L+1)(l+2)(l+3)(l+4) m+1Dn+2)(n+3)(n+4)(n+5)
s ZV Z n 5 -
Slmllarly, we can continue this process up to r times. The r™ binomial expansion is as follows:

r_ G+1DGE+2)({+3)- (i+r)_(n+1)(n+2)---(n+r)(n+r+1)
). Z Vi Z ! - r + 1) ’

From the binomial identity V2 + V1 + V;2 + -+ V7 = VI, we can derive the following
binomial expansions.
n+1) (m+1)(n+2) Mm+1)(n+2)(n+3) nm+1Dn+2)(n+r)
+ + +ot
1! 2! 3! r!
_(m+2)(n+3)(n+r)(n+r+1)

7!
These expressions are called Annamalai’s binomial expansions.

The following theorem is derived from the Annamalai’s binomial series [15].
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Theorem 2.1: ZV”l l—Zer'+ZVlr 1xt +ZVf oxt 4 +ZVL Xt

Proof: Let’s show that the computation of summations of the binomial series (right-hand side of
the theorem) is equal to the binomial series (Ieft hand side of the theorem).

Zer'+ZV _1X +ZV oxt et z Vi (n-1)X +ZV1 Xt

i=n-1
=W+ Vx+Vix2+ Vi3 + -+ Vx™) + (Wx+Vx2+Vix3 + Vit + -+ VI_x™)
+(WVEx2 +VIx3 +VIx* + VIXS + o+ VI_ox™) + oo+ (VXL + VT x™) + VY x™
=VI+WE+VDx+ WV +VE+VDx2+ -+ (VT + Vi + VI +VI++ VX"
(Note that VP + VP + VP + -+ VP =P forr =0,1,2,3,+, and VP =P+ = 1)
n

— V8'+1 + Vr+1 Vr+1x2 + V§*+1x3 + V4r+1x4 4ot V,Ifllxnl + Vnr+1xn — Z Vir+1xi
i=0

3. Binomial Expansion equal to the Sum of Geometric Series

Binomial expansion denotes a series of binomial coefficients. In this section, we focus on the
summation of multiple binomial expansions or summation of multiple series of binomial
coefficients.

1 2 3 n
Theorem 3.1: Z + Z + Z + Z Z (7;) =2ntl 1,

i=0 i=0 i=0 i=0

This binomial theorem states that the sum of multiple summations of series of binomial
coefficients [15-19] is equal to the sum of a geometric series with exponents of 2.

Proof. Let us find the value of each binomial expansion in the binomial theorem step by step.

seno: (§)=p=1=Y (9)=(O)=2

Step 1: Z(})=(é)+(1)= +1= 21

i=0
2
Step 2: Zo(f)z(g)+(i)+(§)=1+z+1= 4=22
i=
3
Step 3: Zo(f) =((3))+ i)+(§)+(§)=1+3+3+1=8.
i=

n

. . - : n n n
Similarly, we can continue the expressions up to "step n" such that Z (l) = 2",

i=0
Now, by adding these expressions on both sides, it appears as follows:
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0 1
Z‘?+zl.+

i=0 l=0
n

where Z 2 =
S0

i=0 i
Hence, theorem is proved.

_.2n+1

+

gMH
gMN

i

Some results of Theorem 3.1 are given below:

@Y (DY 0+

i=0 i=0

O O+ ()Y B> ()

By subtractlng (@) from (b) We get

(B0 nme- T30
14 p+1 p+2

ce ) (D T+ 270

i=0 i=0 i=0
wherep< q &p,q €N.

+

By adding (a) and (b), we get

=

> (5)+

i=0 i=0
wherek <n&k,n €N.

+1
Theorem 3. 2: Z

()3

)+ Q)+ Y Q)+ Y ()

YA

n
)=

i=0

M:

1l
o

i

— 1 is the geometric sereis with exponents of two.

0+ %)

n

+ +Z —2”+1 1.
i=0

i=0

|
[uy

p

+ (p_,1)=2p—1,where1§pEN.

l

L R
gl
(R ]

_.|_

i=

(qzl):zq—l,wherelquN.

o

=

(+2,0)

i=0
q-2

+- +Zp 1)—2‘1 27,
i=0

(73w

i=0 i=0

n

k+2 + +Z —2”+1—2"
i=0

Proof. The sum of a geometric series with exponents of 2 is given below:
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n
Z 2i — 2n+1 _ Zk.

i=k

k k+1 k+2 n n
Thenz Z k+1 +Z k 2 + “+Z(Tz)222i'
i=0 i=0 i=0 i=0 i=k

k+1 k+2 n

k

z Zk-l—l Zk+2 +. +Z _2n+1_2k_
i=0 i=0

nce,

i=
theorem |s proved.

Some results of Theorem 3.2 are given below:

() Z — g+l _n —gn, (ii)z ("7 D+ Z (1) =212 - 1) =322,
i=0 i=0 i=0

n— n-1 n
(iii) + z + Z = 2ntl —pn=2 = n=2(23 — 1) = 7(2"72).

(w)z_: "3 Z Z +Z = g+l gn=3 = 15(2n73),

i=0
These results can be generallzed as follows:

p p+1 p+2 q-1 q
2D+ 2 TN T+ 2 (1) 2 () =z -,
i=0 i=0 i=0 1=0 i=0

where 0 <p < qgandp,q € N.
1 2 3

Theorem3.3:Zi(%)+Zl +Zl + - +Z =(n-1)2"+1.
i=1 i=1 i=1

Proof. Let us find the value of each blnomlal expansion in the binomial theorem step by step.

Stepl:l(i) 1|—0|—1=>Z J=1=1x2°, (0'=1).
2
Step 2: Zi(?)z1(i>+2(§)=2+2=4=2x21.
i=1
3
Step 3: Zi(?)z1(i)+2(§)+3(§)=3+6+3=12=2><21.
i=1
4
Step 4: Zi(?)z1(i)+2(§)+3(§)+4(1):4+12+12+4:4x23.

i=1
n

_ . . " " .M -
Similarly, we can continue the expressions up to "step n" such that Z i (l) =n2n 1,
i=1
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Now by addlng these expressmns on both sides, it appears as foIIows

(1 (2 (3 1
Zl(i)+21(i)+21()+z +- +2 21x21
i=1 n i=1 i=1

whereZixZi =n-1)2"+1.

i=1

il +il +ii +Z4:L 2(?)=(n—1)2”+1.

i=1 i=1 i=1 i=1 i=1
Hence, theorem is proved.

Some results of Theorem 3.3 are given below

{il(%)+il(?)+il(?)++§k:l(l:)+]§:ll(k-:_1)++7§:1l(n-:1)}

i=1 i=1 i=1 i=1 i=1

1 - 2
_{Zli(}) DBy ...+Zli(';)} e
= L= L= 1=
k+1 k+2 n n+1
= i(k-!_l)+2i(k-l._2)+ Z n)+ Ln+1 = 2(n2" — k2¥) and
i=1 l i=1 ' i=1 l i=1
k k+1 n-1 n
Zl(’l‘)+z k+1 +Zl "_1 + i('il)=2{(n—1)2"—1—(k—1)2'<—1},
i=1 i=1 i=1 i=1

v;herek<n &k,n €N.

n—1 n—1 n
Theorem 3.4: (p + 1) f DVl dx 4 C= (1) f DV dx 1= ) WP
i=0 i=0 i=0

where C is the constant of Integration and C =1 because 1 is the first term of geometric series.

Proof. Let us prove the theorem on integral calculus using the following binomial expansions.

ZVipxi=1+(p;1) (p+1)2(|p+2)x +_”+(n+1)(n+plz)___(n+p)xn

1 (p+2) (p+2)(p+3) nn+1Dn+2)..(n+p)
Vip xt=1+ T T x + .o+ (p+1)' X

i=0

Let’s prove that the integration (left-hand side of the theorem) is equal to the binomial series
(right- hand side of the theorem).
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+ C.

n-1
pri i o _ o @+2)x* (@+2)@+3)x* n+D..(n+p)x”
.[ZVL- xtdx =x+ 1 2+ T 3+ o+ DI -

(p+1)fzvp+1x d =14 r+1) _{_(p+1)(I9+2)x2_l_(p+1)(p+2)(p+3)x3

1! 2! 3!
n+1)(n+2)..(n+
+ ( ) p') ( P) x", where C = 1.
n-—1 . n-1 n
+1 +1 i i
(p+1)fZVip x‘dx+C=(p+1)f2Vip x‘dx+1=ZVipxl.
i=0 i=0 i=0

Hence, theorem is proved.

Some results of Theorem 3.4 are given below:

n n+1_1

i X
Letp—OThen (p+1)jzvp+1x dX+1—J2V1X dx+1—z l=ﬁ.

i=0
rx—r—1Dx"+1
Letp-lTheanszx dx+1—2V1x‘=»ZV1 ( ) ,
(x—1)2

which is the first derlvatlve of geometrlc series. More details about the first derivative of
geometric series are given in Section 2.1.

In general, the integration of summation of geometric series is constituted as follows:

n
(p+1)fZVpkx‘ dx + C = z Vi’i(kﬂ)x + VP xt —ZVpkx )

i=k+1
where the integral constant is C = Vi’ikxi because it is the first term of the series.

4. Conclusion

In this article, the n™ derivative [20-28] of geometric series has been introduced and its
applications used in combinatorics including binomial expansions. Also, computation of the
summation of series of binomial expansions and geometric series were derived in an innovative
way. Theorems and relations between the binomial expansions and geometric series have been
developed for researchers who are working in science, economics, engineering, management,
and medicine [31].
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