ON SOME PROPERTIES OF DETERMINANTS OF BICOMPLEX
MATRICES

JOGENDRA KUMAR

ABSTRACT. In this paper, we have studied determinants of bicomplex matrices and
investigated their properties. We have introduced bicomplex symmetric matrix, bicom-
plex skew-symmetric matrix, bicomplex idempotent matrix, bicomplex skew-idempotent
matrix, bicomplex involutory matrix, bicomplex skew-involutory matrix, three types of
Hermetian and skew-Hermetian matrix, bicomplex orthogonal matrix and three types
of unitary matrix and investigated the properties of their determinants.
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1. INTRODUCTION

Throughout this paper, the set of Bicomplex numbers is denoted by Cs and the sets of
complex and real numbers are denoted by C; and Cy,respectively. For detail of the theory
(cf. [1, 2, 3]).

Definition 1.1 (Bicomplex numbers). The set of bicomplex numbers defined as:
(CQ = {1'1 + 1129 + 193 + 111224 : T1,T2,T3,Ty € (Co}
where il 7é ig,i% = ’l% =-1 and, ilig = igil.

We shall use the notations C(i;) and C(iz) for the following sets:
C(ir) ={z +iy : z,y € Co}
Cliz) ={z +i2y : z,y € Co}

Definition 1.2 (Hyperbolic numbers). The set of Hyperbolic Numbers is defined as
H = {z +i1i2y : z,y € Co}

Definition 1.3 (Idempotent elements). Besides 0 and 1, there are exactly two non-

trivial idempotent elements exist in C,, denoted as e; and e, and defined as e; = me
and ey = HT”Q Note that e; +e5 =1 and ejey = e9e; = 0.

Definition 1.4 (Cartesian idempotent set ). [4] Cartesian idempotent set X deter-
mined by X; and X, is denoted as X; X, X5 and is defined as

X=X ><6X2:{§6X152a61+b62,(a,b)€X1><X2}
1
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(i) The Cartesian idempotent set Cy determined by C(i;) is given as :
(Cg = C(’ll) Xe (C(Z1> = C(il)el + C(’il)ez
= {£eCy:&="¢e + %ey, (€,%6) € C(in) x C(in)}
(ii) The Cartesian idempotent set Cy determined by C(is) is given as :
Cy = C(iy) xe C(iy) = C(1,)e1 + C(iy)en
= {£e€Co: &=+ &ee, (&1,8) € Cliy) x C(iy)}

1.1. Idempotent Representation of Bicomplex Numbers. The bicomplex numbers
can be represented in two different idempotent forms w.r.t. the elements from C(i;) and

C(iq), explained as follows :
(a) The C(i1)— idempotent representation of Bicomplex Numbers is given by

5 = x1+ 2'11’2 + iQSL’g + i1i2$4 = (Q?l + i1$2) + i2($3 + i1x4)
= 21 +iazm = (21 — i122)er + (21 + t122)er = 'Eeq + *Le,

where, '€ = 21 — 1129 = (71 + 24) + 41 (22 — 73) and
25 =2z + i122 = (131 — .T4) -+ le((172 + xg) c (C(Zl)
(b) The C(iy)-idempotent representation of Bicomplex Numbers is given by

§ = x4 01wy +isxs + irlary = (T1 + lows) + i1 (2, + d2xy)

= wy +iwe = (w1 — Gews)er + (wy + iaws)es = &req + Eae,

where,
& = wy —iqwe = (1 + x4) — ia(T2 — 3),

52 = Wy + Wy = (.CEl — .T4) + ig(ﬂ?g + 1'3) € (C(ZQ)

1.2. Singular Elements in C,: Let £,n € C, such that {én = n€ = 1, then 7 is said to
be a multiplicative inverse of £&. The invertible elements are also called as non-singular
element. The set of all singular elements in C, is denoted as @y and Cs \ Oy is the set of

all non-singular elements in C,.

1.2.1. Singular Elements in Cy. We are providing some conditions for the singularity of

the bicomplex number as follows:

(1) 5 =2z1+ iQZQ = (21 — ile)el -+ (21 + i122)€2 = 1561 -+ 2662 is Singular if and only if
224+22=00r (21 —i1290=00r 21 +i122 =0) or (!¢ =0o0r 2 =0)
(11) f = w; + ’i1UJ2 = (U)l — igwg)el -+ (w1 -+ igwg)eg = 6161 -+ 6262 is Singular if and only if

(w} + w3 =0) or (wy — igws = 0 or wy + igws = 0) or (§; =0 or & = 0)



DETERMINANTS OF BICOMPLEX MATRICES 3

Definition 1.5 (Principal Ideals in C,). There are two principal ideals in Cy viz., I;
and I, defined as

L = {fe1:&="¢er +¢er € Co} ={'¢e1 : '€ € C(in)}
I, = {ez:&="¢es+7Ces € Co} = {*¢e2:%¢ € C(in)}

Note that ]Il N ]12 = {O} and ]11 U ]IQ = @2.

Definition 1.6 (Zero-divisors). Two non-zero bicomplex numbers ¢ and 7 are said to

be zero-divisors if £n = 0.
The relation ejes = ege; = 0 establishes the existence of zero divisors in C,.

Proposition 1.1. The bicomplex numbers & and n are divisors of zero if and only if
e\ {0} andn €l \ {0}

Definition 1.7 (Norm on the bicomplex space).
(i) Let f =+ ilxg + igiBg + i1i2$4 =2z + iQZQ = 1561 + 2662 S CQ. Then the norm in Cg

is defined as

1 2+2 2
lell = y/a% + a3+ 23 + a3 = VIl + Tl = ) o L

(11) Let f =T+ i1$2 + igxg + i1i21’4 = w; + i1w2 = 5161 + 5262 S (CQ. Then the norm in
C, is defined as

2+ 2
Hf||=\/x%—|—a:§+x§_|_$i: wi|? + [wsf* = M

Note that C; becomes a modified Banach algebra, in the sense that for any &, 71 € C,,

lEnll < V2 1€l 1]l

1.3. Conjugations of Bicomplex Numbers. There are three different types of con-

jugations given on the bicomplex space and are explained as follows [3]:
(a) i;-Conjugation

& = (21 +i920)" =71 + 1275,V 21,22 € C(iy)
"er + 2Cen)* = 2er + Leo,V 1€,%¢ € Clin)

wy + ’i1UJ2>* = W — ?:l’wg,v Wi, Wq € (C(ZQ)

(
(
(
(§re1 + &aer)" = Sae1 + E162,V &1, & € Clin)
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(b) i2-Conjugation

(Zl + 2222) =21 — ’iQZQ,V 21,22 € C(’ll)
("Eer + *Cen)® =2Eer + "Eea,V 1€,%¢ € C(in)

= (w1 + leg)# = w1 + ’Llw_g ,V Wi, Wy c C(ZQ)
(

5161 + 5262) = f_g €1 +E SQ,V fl,fg S C(ZQ)

(c) iyio-Conjugation

5/ = (14 2'222)/ =71 — 9%,V 21,2 € C(iy)
(1ey + 2€ey) = 1€ eq + 2Eey,V 1€,2%€ € Cliy)
(wy + 'i1UJ2)/ =W — i1Ws,V wy,wy € C(iy)
(e + &aea) =& €1+ &es, ¥ 61,6 € Clin)

2. BIcOMPLEX MATRIX

In this section, we discussed about the bicomplex matrices along with their properties
and some results. We established the results with respect to the conjugations of the
bicomplex matrices [5, 6, 7].

Here, we denote C5"" = {A = [&;j]mxn : &j € Ca} as the set of m x n matrices with

bicomplex entries. Let A = [&;j]mxn € CH7" = & € Cy

2.1. Idempotent Representation of Bicomplex Matrix. We can represent the Bi-
complex Matrix in two different idempotent forms in terms of C™*"(i;) and C™*"(i,),

explained as follows :

(i) The C™*"(4;)-idempotent representation of Bicomplex Matrix A = [§;]mxn € C5"

is given by
_ o 2 1 2
A = [&jlmxn = ["&ijlmxner + [“Eijlmxne2 = "Aeq + “Aes,

Where lA = [lfij]mxna 2A = [2€ij]m><n S men(ll)
(ii) The C"™*™(iy)-idempotent representation of Bicomplex Matrix A = [;;]mxn € C5"

is given by
A = [&jlmxn = [E1ijlmxn€1 + [€2,ij]lmxn€2 = Arer + Ages,
where A; = [fl,ij]mm, Ay = [gz,ij]mxn S men(iz)

2.2. determinant of Bicomplex Matrices. As, only square matrices can have deter-
minant, so let A = [;;]nxn € C5™". Then determinant of A is denoted as det(A).

Theorem 2.1. Let A = [§;]nxn € C3*" then its determinant is given by
det(A) = det(*A)e; + det(*A)ey or det(A) = det(A;)e; + det(Az)es.
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Corollary 2.2. For A, B € C3*", det(AB) = det(A) det(B).

2.3. Algebraic Structure of Bicomplex Matrices. Bicomplex Matrices have the fol-
lowing algebraic structures.

Cy"™(Cyp), CH*™(C(iy)) and C3*"(C(iz)) are linear space; C5*"(Cy) is a Cy-module;
C3*™(Cy), C5*™(C(i1)) and C5*"(C(iz)) are algebra.

Theorem 2.3. A = 1Ae; +2A4ey = Ajey + Agey € CY*™ s invertible iff A and 2A are

invertible in C"*™(iy) and Ay and Ay are invertible in C"*"(iy).
Corollary 2.4. A € C3*" is invertible iff det(A) ¢ O,.

2.4. Non-Singular and Singular Bicomplex Matrix.

A matrix A = [§;;]nxn € C5™" is said to be Non-Singular (Invertible) if det(A) ¢ Oy. It
is said to be Singular (Non-invertible) matrix if det(A) € Qs.

2.5. Conjugation of Bicomplex Matrix. Here, we have given three different types of
conjugations of the bicomplex matrices. Let A = [¢],,xn € C3*" be a bicomplex matrix.
Then, its conjugations are defined as follows:
(a) i;-Conjugation

A* = (YAey + 2Aey)* = 2Ae; + 1Aey when 1A, 2A € C™"(iy),

A* = (Aje; + Ages)* = Agey + Ajes when Ay, Ay € C™"(i).
(b) i;-Conjugation

A# = (YAe; +2Aey)" =2Ae; + 1 Aey when tA 2A € C™"(iy),

A# = (Ajer + Agey)? = Aye; + Ajey when Ap, Ay € C™7(iy).
(c) i1ie-Conjugation

A = (*Ae; +2Aey) = TAe; +2Aey when 'A,24 € C™ (i),

A" = (Ajey + Ases) = Ajer + Ayey when Ay, Ay € C™¥7(4y).

2.6. Adjoint of a Bicomplex Square Matrix.

Let A ="1Ae; +2Aey = Aje; + Asey € Cy*™. Then adjoint of the bicomplex matrix A is
given by adj(A) = adj(*A)e; + adj(*A)ey or adj(A) = adj(A)e; + adj(As)es.

Theorem 2.5. If A is a bicomplex square matriz, A.adj(A) = adj(A).A = det(A).1I.

Theorem 2.6 (Inverse of a Bicomplex Square Matrix). Let A be a non-singular bicomplex

square matrix of order n, then A™' = ——adj(A).

th)

Theorem 2.7. Let A be a non-singular bicomplex square matriz of order n, then
AT =55 1A)ad](1A)€1 T 3 2A —L—adj(*A)ey or

Al = det(lAl)ad](A Jer + det(lA2 adj(As)es.

Theorem 2.8. Let A be a non-singular bicomplex square matrix of order n, then
Al = (1A)7161 + (ZA)ileg or A7t = <A1)71€1 + (Ag)ileg
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Theorem 2.9. Let A be a non-singular bicomplex square matrixz of order n, then following

holds:
(i) A is invertible.
(ii) A=t = det(A aaadi(A)

(iii) A™1 = det(llA adj(*A)e; + madj@fl) 9
(iv) A~ = gtamyadi(Ar)er + det(lA2 adj(As)e;
(v) A7t = (1A) ey + (2A) e

(vi) A7t = (A)) ey + (AQ)_leg

(vii) det(A) ¢ Oy

(viti) det(*A) # 0 and det(*A) # 0

(iz) det(A;) # 0 and det(Az) # 0
(z) det(A™1) = detl(A)

(zi) det(A™Y) =

(rii) det(A™1) =

T+ dmen e
det(lAl)el + m@
Corollary 2.10. A matriz A € C3*", then following conditions are equivalent
(1) A is singular.
(11) det(A) € OQ,.
(iii) det(*A) = 0 or det(24) = 0.
(iv) det(A;) =0 or det(Ay) =0

3. DETERMINANT OF SOME SPECIAL BICOMPLEX MATRICES

In this section, we defined and studied some special type of bicomplex square matrices

and their determinant.

Definition 3.1 (Symmetric Matrix). A Bicomplex matrix A € C5*" is said to be

symmetric matrix if A = A.

Definition 3.2 (Skew-Symmetric Matrix). A Bicomplex matrix A € C3*" is said to
be Skew-Symmetric matrix if A = —A.

Definition 3.3 (Bicomplex Idempotent Matrix). A Bicomplex matrix A € C5*" is
said to be idempotent matrix if A% = A.

Definition 3.4 (Bicomplex Skew-Idempotent Matrix). A Bicomplex matrix A €
Cy*™ is said to be Skew-idempotent matrix if A% = —A.

Definition 3.5 (Bicomplex Involutory Matrix). A Bicomplex matrix A € C3*" is

said to be involutory matrix if A% = 1.

Definition 3.6 (Bicomplex Skew-Involutory Matrix). A Bicomplex matrix A €

Cy*™ is said to be Skew- involutory matrix if A? = —1.
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Definition 3.7 (Bicomplex Hermitian Matrix). There are three types of Bicomplex
Hermitian Matrix, defined as follows:
(i) i;-Hermitian Matrix
A Bicomplex matrix A € C5*" is said to be 4; -Hermitian matrix if
(A = (A" = A,
(ii) io-Hermitian Matrix
A Bicomplex matrix A € C5™" is said to be iy -Hermitian matrix if
(AN# = (AF)' = A
(iii) 417o-Hermitian Matrix
A Bicomplex matrix A € Cy*" is said to be i1y -Hermitian matrix if
(A = (At = A,

Note 3.1. There are some observations as given follows:
(a) If A is 4;-Hermitian Matrix then A* = A’
(b) If A is iy-Hermitian matrix then A% = A’

(¢) If A is iio-Hermitian matrix then A" = A,

Definition 3.8 (Bicomplex Skew- Hermitian Matrix). There are three types of
bicomplex skew-Hermitian matrix, defined as follows:
(i) 41-Skew-Hermitian Matrix
A Bicomplex matrix A € C5*" is said to be i; -skew Hermitian matrix if
(A1) = (A"t = —A
(ii) io-skew-Hermitian Matrix
A Bicomplex matrix A € C5*" is said to be iy -skew Hermitian matrix if
(A1) = (4#) = —A
(iii) 41i9-Skew-Hermitian Matrix
A Bicomplex matrix A € C5*" is said to be i;is-skew Hermitian matrix if
(4 = () = -A

Note 3.2. Some observations about the definitions are given as follows:

(a) If A is 4;-skew-Hermitian matrix then A* = — A"
(b) If A is iy-skew-Hermitian matrix then A% = — A",
(¢) If A is i ip-skew-Hermitian matrix then A" = — A",

Definition 3.9 (Bicomplex Orthogonal Matrix). A bicomplex matrix A € C5*" is
said to be orthogonal matrix if A’A = AA' = 1.

Definition 3.10 (Bicomplex Unitary Matrix). There are three types of Bicomplex
Unitary Matrix, defined as follows:
(i) 41-Unitary Matrix
A Bicomplex matrix A € Cy*" is said to be i; -Unitary Matrix if
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ATA = A"A = 1.

(ii) io-Unitary Matrix
A Bicomplex matrix A € C5*" is said to be iy -Unitary Matrix if
APA = AFTA = 1.

(iii) 417o-Unitary Matrix
A Bicomplex matrix A € C5*" is said to be iyis -Unitary Matrix if
AtA=AMA=1.

Proposition 3.1. Let A € Cy*" be a Bicomplex Skew-symmetric matriz of odd order.
Then det(A) = 0.

Proof. Let A € C3*" be a Skew-symmetric matrix of odd order
= Al=—-A
= det(A") = det(—A)
= det(A) = (—1)"det(A) (.- det(A") = det(A))
= det(A) = —det( ) (o (=1)" = —1,nis odd)
= 2 det(A)
= det(A) =

Proposition 3.2. Let A € C3*" be a Bicomplex idempotent matriz. Then
det(A) € {0,1,e1,e2}.

Proof. Let A € C5*" be an idempotent matrix
= A=A
= det(A?%) = det(A)

= det(AA) = det(A)

= det(A) det(A) = det(A)

A
A

= {det(A)}? = det(A)

= {det(*A)e; + det(2A)ey}? = det(*A)ey + det(2A4)e,

= {det(*A)}?e; + {det(*A)}?es = det(* A)e; + det(2A)ey

= {det(*A)}?> = det(*A) and {det(2A)}? = det(*A4)

= det(*A) = 0,1 and det(*4) = 0,1

Hence det(A) € {0,1,ey,e2}. O

Note 3.3. If A is a non-singular bicomplex idempotent matrix then A = I.

Proposition 3.3. Let A € C3*" be a Bicomplex skew-idempotent matriz. Then
det(A) € {0,1,e1,ea} when n is even and det(A) € {0, —1, —e1, —es} when n is odd.

Proof. Let A € C3*" be a Bicomplex skew-idempotent matrix
= A?2=-A
= det(A?) = det(—A)
= det(AA) = (—1)"det(A)
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= det(A) det(A) = (—1)"det(A)

= {det(A)}? = (—1)"det(A)

Case(i) When n is even.

= {det(A)}? = det(A) (.- (=1)" =1,n is even )

The result directly follows Proposition 3.2.

Case(ii) When n is odd.

= {det(A)}? = —det(A) (- (—=1)" = —1,n is odd)

= {det(*A)e; + det(2A)ey}? = —{det(*A)e; + det(*A)es}
= {det(*A)}?e; + {det(*A)}?es = — det(*A)e; — det(2A)e,
= {det(*A)}?> = —det(*A) and {det(*A)}? = — det(*A)
= det(*4) = 0,—1 and det(?A) =0, —1

Hence det(A) € {0, -1, —e1, —ea}.

Note 3.4. If A is a non-singular Bicomplex Skew-idempotent matrix then A = —1.

Proposition 3.4. Let A € Cy*" such that A> =nA,n € Cy. Then
det(A) € {0, ()", ('n)"er, (*n)"e2}.

Proof. Let A € Cy*"™ such that A> =nA,n e C,
= A2 =nA
= det(A?) = det(nA)
= det(AA) = (n)" det(A)
= det(A) det(A) = (n)" det(A))
= {det(A)}* = (n)" det(A)
= {det(*A)e; + det(*A)ea}* = {'nes + *nea}{det(* A)e; + det(*A)ey }
= {det(*A)}?e; + {det(2A)}2eq = {('n)"e1 + (*n)"es}{det(* A)e; + det(2A)ey}
= {det(*A)}?e; + {det(*A4)}?es = (*n)" det(* A)e; + (?n)™ det(2A4)e,
= {det(*A)}* = ('n)" det(*A) and {det(2A4)}* = (*n)" det(*A)
= det(*A) = 0, ('n)" and det(2A4) = 0, (*n)"
Hence det(A) € {0, (7)™, (*n)"e1, (*n)"ex}.

Note 3.5. (i) For n = 1, we get Proposition 3.2.
(ii) For n = —1, we get Proposition 3.3.
(iii) If A is non-singular, then A = n/

Proposition 3.5. Let A € C3*" be a Bicomplex involutory matriz. Then
det(A) € {1, —1, ilig, —2112}

Proof. Let A be any bicomplex involutory matrix
= A’=1]
= det(A?) = det(I)
= det(AA) =1
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= det(A) det (A) =1
= {det(4)}* =
= {det(*A)e; + det(zA)eg}2 = le; + ley
= {det(*A)}?e; + {det(2A4)}?ey = 161 + leg
= {det(*A)}?> =1 and {det(?A4)}? =

= det('A) =1, —1 and det(*A) = 1, -1
Hence det(A) € {1, —1, iyis, —iyis}.

t
t

Note 3.6. Bicomplex involutory matrices are always non-singular and A= = A.

Proposition 3.6. Let A € Cy*" be a Bicomplex Skew-involutory matriz. Then
det(A) € {1, —1,iyia, —i1iz} when n is even and det(A) € {iy, —iy, 12, —iz} when n is
odd.

Proof. Let A € C5*" be a Bicomplex Skew-involutory matrix
= A= -]

= det(A?) = det(—1)

= det(AA) = (—-1)"

= det(A) det(A) = (—-1)"

= {det(A)}> = (—1)"

Case(i) When n is even

= {det(A)}>* =1 (. (—=1)" = 1,n is even)

The result directly follows Proposition 3.5.

Case(ii) When n is odd

= {det(A)}? = =1 (- (—=1)" = —1,n is odd)

= {det(*A)e; + det(*A)ex}? = —le; — leg

= {det(*A)}?e; + {det(*A)}?es = —le; — ley

= {det(*A)}?> = —1 and {det(?4)}? = -1

= det(*A) =iy, —i; and det(2A) =4y, —44

Hence det(A) € {iy, —i1, i, —ia}. O

Note 3.7. Bicomplex skew-involutory matrices are always non-singular and A=! = —A.

Proposition 3.7. Let A € Cy*" such that A> =nl,n € Cy. Then
det(A) € {/('n)"erty/Cn) ea, —/ () er—/Cn)mez, /(M) er—/Cn)"ea, —/(n)rer+
(*n)"e2}
Proof. Let A € Cy*" such that A2 =nl,n € C,
= A2 =l
= det(A?) = det(nI)
= det(AA) = (n)"det(I)
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= det(A) det(A) = (n)"

= {det(A4)}* = (n)"

= {det(*A)e; + det(2A)ex}? = (Yney + 2nex)™

= {det(*A)}?e; + {det(*A)}?e2 = ('n)"e1 + (*n)"e2
= {det(*4)}? = (! ) and {det(24)}* = (*n)"

= det('4) = /()" = /()" and det(*4) = /)", =/ ()"

Hence

det(A) € {/("n)rert/(*n) e2, =/ ("m)mer—y/ (Cn)rea, o/ (Mn)mer—/ (n)mea, =/ () "er+
(*n)rez}

g

Note 3.8. (i) For n = 1, the Proposition 3.5 holds.
(ii) For n = —1, the Proposition 3.6 holds.

Proposition 3.8. Let A € C3*" be a i1- Hermitian matriz. Then

(i) det(2A) = det(*A) or equivalently det(*A) = det(*A).

(11) det(A) = det(2A)e; + det(*A)e,.
(117) det(A;) = det(Ay).
(iv) det(A) = det(A;) = det(As).
(v) det(A) € C(ia).
Proof.
(i) Let A € C5*" be a i;-Hermitian matrix
= A*= A

= det(A*) = det(A")
= det(A*) = det(A) (. det(A") = det(A))
= [det(A)]* = det(A) (. det(A*) = [det(A)]")
= [det(*A)e; + det(*A)es]* = det(* A)e; + det(2A)es
= det(1A)ey + det(2A4)e; = det(*A)e; + det(*A)ey
(2A)e; + det(tA)ey = det(PA)ey + det(2A)ey
= det(24) = det(*A) and det(TA) = det(%A)
= det(24) = det(*A) or equivalently det(tA) = det(*A)
(ii) From(i)
det(2A) = det(*A) or equivalently det(1A) = det(2A)
= det(*A) = det(2A) and det(2A) = det(1A)
= det('A)e; + det(*A)eq = det(2A4)e; + det(1A)ey
= det(A) = det(2A)e; + det(1 A)ey
(iii) Let A € C3*" be a i;-Hermitian matrix
= A* = Al
= det(A*) = det(A")
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= det(A*) = det(A) (.- det(A") = det(A))
= [det(A)]* = det(A) (. det(A*) = [det(A)]*)
= [det(Ay)e; + det(Az)es]* = det(A;)e; + det(As)es
= det(A;)es + det(Az)e; = det(Ay)e; + det(Ay)es
= det(As)e; + det(Ag)es = det(Ay)e; + det(Az)es
= det(Ay) = det(A;) and det(A;) = det(As)
= det(A;) = det(Ay)
(iv) From (iii)

det(A;) = det(As)

= det(A) = det(A;) = det(A2)
(v) From (iv) det(A) = det(A;) = det(Ay).

Also, det(A;) = det(As) € C(iy)

= det(A) € C(ia).

Proposition 3.9. Let A € C3*" be a iy-Hermitian matriz. Then

(i) det(1A) = det(2A)

(ii) det(A) = det(*A) = det(2A)
(ii) det(Ay) = det(A,) or equivalently det(A;) = det(A,)
(iv) det(A) = det(Az)e; + det(A;)es
(v) det(A) € C(iy).
Proof.
(i) Let A € C5*" be a ip-Hermitian matrix
= A% = A

= det(A%) = det(A?)

= det(A#) = det(A) (. det(A?) = det(A))

= [det(A)]# = det(A) (. det(A*) = [det(A)]#)

= [det(*A)e; + det(2A)es]# = det(1A)e; + det(*A)es
= det(*A)ey + det(*A)e; = det(*A)e; + det(*A)ey

= det(2A)e; + det(*A)ey = det(*A)e; + det(2A)ey
= det(?A) = det('A) and det(*A) = det(*A)
= det('A) = det(*A)

(i) From(i) det(*A) = det(?A)
= det(A) = det(*A) = det(24)
(iii) Let A € C3*" be a iy-Hermitian matrix
= A% = A
= det(A%) = det(A?)
= det(A%) = det(A) (.. det(A?) = det(A))
= [det(A)]* = det(A) (. det(A¥) = [det(A)]¥)
= [det(A)e; + det(As)es]” = det(Ay)e; + det(As)es
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= det(A)es + det(Az)e; = det(A;)e; + det(As)es
= det(Ay)e; + det(A;)es = det(Ay)er + det(As)es
= det(Ay) = det(A;) and det(A;) = det(A,)
= det(Ay) = det(A;) or equivalently det(A;) = det(A,)
(iv) Fromy(iii)
det(Ay) = det(A;) or equivalently det(A;) = det(As)
= det(A) = det(Az)e; + det(A;)es
(v) From (ii)
det(A) = det(*A) = det(?A)
Also, det(*A) = det(2A) € C(4y)
= det(A) € C(iy).

Proposition 3.10. Let A € C3*" be a iyiy -Hermitian matriz. Then
(i) det(*A) and det(*A) both are real

(11) det(A) = det(t A)e; + det(2A)es
(111) det(A;) and det(As) both are real
(iv) det(A) = det(A;)e; + det(Az)es
(v) det(A) € H.
Proof.
(i) Let A € C5*" be a iyiy - Hermitian matrix
= A = A

= det(A") = det(A")
= det(A") = det(A) (. det(A') = det(A))
= [det(A)]" = det(A) (.- det(A") = [det(A)])
= [det('A)e; + det(?A)ey] = det(*A)e; + det(2A)e,
= det(1A)e; + det(2A4)ey = det(*A)e; + det(*A)ey
= det(1A) = det(*A) and det(2A4) = det(2A)
= det(*A) is real and det(*A)is real
(ii) From(i)
det(*A) = det(TA) and det(2A4) = det(2A)
= det('A)e; + det(*A)eq = det(PA)e; + det(2A4)ey
= det(A) = det(*A)e; + det(2A)ey
(iii) Let A € C3*" be a i1io-Hermitian matrix
= A = A
= det(A") = det(A?)
= det(A") = det(A) (. det(A") = det(A))
= [det(A)] = det(A) (.- det(A") = [det(A)])
= [det(A;)e; + det(Ag)es] = det(A)ey + det(Ay)es
= det(A1)e; + det(Az)es = det(A;)e; + det(As)es

13
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A) = det(A1)61 + det(A2)62
(v) From(i)
det(*A) and det(*A) both are real

= det(A) € H. O

Proposition 3.11. If A € Cy*" is a iy-skew Hermitian matriz. Then the following
conditions hold:

(a) When n is even.

(i) det(2A) = det(*A) or equivalently det(*A) = det(*A).
(i1) det(A) = det(?A) e; + det(1A) es.
(117) det(A;) = det(Ay).
(v) det(A) = det(A;) = det(As).
(v) det(A) € C(ig).
(b) When n is odd.

(i) det(2A) = — det(*A) or equivalently det(*A) = — det(2A).
(11) det(A) = —det(2A)e; — det(1A)e,.
(11i) det(A;) = — det(As).
(iv) det(A) = iyig det(Ay) = —iyipdet(As).
(v) det(A) € i1C(iz).

Proof. Let A € C3*" be a i; Skew - Hermitian matrix

= A* = —A!
= det(A*) = det(—A")
= det(A*) = (—1)"det(A")

= det(A*) = (—1)"det(A) (.- det(A") = det(A)
= [det(A)]* = (—1)"det(A) (. det(A*) = [det(A)]*)
(a) When n is even
[det(A)]* = det(A) (.- (—=1)" =1, n is even)
All the results directly follow Proposition 3.8.
(b) When n is odd
[det(A)]* = —det(A) (. (=1)"=—1,nis odd)
(i) [det(A)]* = —det(A)
= [det(*A)e; + det(?A)eg]* = —{det(*A)e; + det(2A)ey}
= det(1A)ey + det(2A)e; = —det(*A)e; — det(*A)ey
= det(2A)e; + det(*A)ey = —det(*A)e; — det(*A)eq
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= det(24) = —det('4) and det(*A) = — det(2A)
= det(24) = — det('A) or equivalently det(1A) = — det(*A)
(i) From(i) det(24) = — det(*A) or equivalently det(1A) = — det(?A)
= det(A) = —det(2A)e; — det(tA)e,y
(iii) [det(A)]* = —det(A)
= [det(A;)e; + det(As)es]* = —{det(A;)e; + det(Az)ea}
= det(A;)es + det(Az)e; = — det(A;)e; — det(Asz)es
= det(Az)e; + det(A;)es = —det(Ag)e; — det(Ay)es
= det(Ay) = —det(A;) and det(A;) = — det(Az)ey
= det(A;) = —det(Ay)

(iv) From(iii)

det(A;) = — det(Ay)

= det(A) =iyl det(A;) = —iyiadet(As)
(v) From (ii)

det(A) = iyip det(Ay) = —iyip det(As)

Also, det(A;) € C(iz)

= iy det(A;) € C(iy)

= iyigdet(A;) € i;C(ip)

= det(A) € i1C(iz). O

Proposition 3.12. If A € C5*" is a is-skew Hermitian matriz. Then the following
results hold:

(a) When n is even
(i) det(*A) = det(*A)
(ii) det(A) = det(*A) = det(2A)
(iii) det(Ay) = det(Ay) or equivalently det(A;) = det(Ay)
(iv) det(A) = det(As)e; + det(Aq)es
(v) det(A) € C(iq).
(b) When n is odd
(i) det(*A) = — det(?A)
(ii) det(A) = iyig det(* A) = —iyiy det(*A)
(iii) det(Ay) = —det(A;) or equivalently det(A;) = — det(Ay)
(iv) det(A) = —det(As)e; — det(A;)eq
(v) det(A) € ixaC(iy).

Proof. Let A € CI*" be a 15 - Skew -Hermitian matrix
2
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= [det(A)]# = (—1)"det(A) (.- det(A#) = [det(A)]#)
(a) When n is even
[det(A)]* = det(A)(". (=1)" = 1,n is even)
All the results directly follow Proposition 3.9.
(b) When n is odd
[det(A)]# = —det(A) (. (=1)" = —1, nis odd)
(i) [det(A)]# = —det(A)
= [det(*A)e; + det(PA)ey]# = —{det(*A)e; + det(>A)es}
= det(*A)ey + det(2A)e; = —det(*A)e; — det(*A)eq
= det(*A)e; + det(*A)ey = —det(*A)ey det(QA)eQ
= det(?A) = —det(*A) and det(*A) = — det(2A)
= det(?A) = — det(*A)
(ii) From(i)
det(2A4) = — det(*A)
= det(A) = iyip det(*A) = —iyip det(*A)
(iii) [det(A)]# = — det(A)
= [det(A1)e; + det(Ag)es]# = —{det(A;)e; + det(As)es}
= det(A;)es + det(Az)e; = —det(Ay)e; — det(Az)es
= det(Az)e; + det(A;)es = — det(Ag)e; — det(Ay)es
= det(Ay) = —det(A;) and det(A;) = — det(A,)
= det(Ay) = — det(A;) or equivalently det(A;) = — det(Ay)
(iv) Fromy(iii)
det(Ay) = — det(A;) or equivalently det(A;) = — det(A,)
= det(A) = —det(Ay)e; — det(Ay)eq
(v) From (ii)
det(A) = iyis det(1A) = —iyip det(2A)
Also, det(*A) € C(iy)
= i;det(A) € C(iy)
= iyip det(A) € 15C(41)
= det(A) € i2C(iy). O

Proposition 3.13. If A € C}*" is a iyis-skew-Hermitian matriz. Then the following
results hold:

(a) When n is even
(i) det(*A) and det(*A) both are real
(11) det(A) = det(1A)e; + det(2A)es
(111) det(A;) and det(As) both are real
(iv) det(A) = det(A)e; + det(Az)es
(v) det(A) € H
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(b) When n is odd
(i) det(*A) and det(*A) both are pure imaginary
(11) det(A) = —det(* A)e; — det(2A)e,y

(
(117) det(A;) and det(As) both are pure imaginary
(iv) det(A) = —det(A;)e; — det(Ay)es

(v) det(A) € i1H or ioH

Proof. Let A € C5™" be a iyi5 - Skew-Hermitian matrix

= A = -A

= det(A") = det(—A?)
= det(A) = (—1)" det(A*)
= det(A") = (=1)"det(A) (.- det(A?) = det(A))

= [det(A)]" = (=1)"det(A) (.- det(A") = [det(A)])
(a) When n is even
[det(A)] = det(A) (.- (=1)" =1, nis even)
The results directly follow Proposition 3.10.
(b) When n is odd
[det(A)] = —det(A) (.- (=1)" = —1, n is odd)
(i) [det(A)] = — det(A)
= [det(*A)e; + det(®A)es) = —{det(*A)e; + det(>A)e,}
= det(1A)e; + det(2A4)ey = — det(*A)e; — det(2A4)es
= det(1A) = —det('A) and det(24) = — det(?A)
= det(*A) is pure imaginary and det(?A)is pure imaginary
(i) From(i) det(*A) and det(?A) both are pure imaginary
= det(TA) = —det('A) and det(24) = — det(2A)
= det(A) = —det(*A)e; — det(2A)eq
(iii) [det(A)] = — det(A)
= [det(A;)e; + det(As)es] = —{det(A;)e, + det(Ay)es}
= det(A;)e; + det(Az)es = — det(A;)e; — det(Asz)es
= det(A4;) = —det(A;) and det(Ay) = — det(A,)
= det(A;) is pure imaginary and det(Ay) is pure imaginary

(iv) From(iii) det(A;) and det(Ay) both are pure imaginary
= det(A;) = —det(A;) and det(Ay) = — det(A,)
= det(A) = —det(A;)e; — det(Az)eq

(v) From(i) det(*A) and det(2A) both are pure imaginary
= det(A) € i1 H or ipH.

Proposition 3.14. Let A € C5*" be an orthogonal matriz. Then
det(A) € {1, —1, ’ilig, —2112}

17
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Proof. Let A € C3*" be an orthogonal matrix
= A'A=AA" =1
= det(A'A) = det(])
= det(A'A) = 1
= det(A") det(A4) =1
= det(A) det(A) =1 (.- det(A") = det(A))
= {det(A)}* =1
= {det(*A)e; + det(*A)ex}? =1
= {det(*A)}?e; + {det(*A)}?eq = leg + ley
= {det(*A)}?> =1 and {det(?A4)}? =
= det(*A) =1, —1 and det(?A) =1, —1.
Hence det(A) € {1, —1, iyis, —iyis}.

Note 3.9. Every Bicomplex orthogonal matrix A is invertible and A~! = A’

Proposition 3.15. Let A € C5*" be a i1-unitary Matriz. Then
i) det(24) det(*A) =1 or equivalently det(*A) det(?A) =1

.. o 1 1

ii) det(A) = = T e

iv) det(A) =

o~ o~ o~ o~

1 1
dot(a) €1 T der(an €2

Proof.
(i) Let A € C3*" be a 4y - Unitary Matrix
= AMA = AA* =1
= det(A*A) = det(I)
= det(A*)det(A) =1
= [det(A)]* det(A) =1 (. det(A*) = [det(A)]*)
= [det(*A)e; + det(2A)es]*[det(* A)ey + det(2A)ey] =
= [det(1A)ey + det(2A4)e;][det(* A)e; + det(PA)ey] =1
= [det(2A4)e; + det(1A)es][det(* A)e; + det(2A)es] = leg + ley
= det(2A) det(*A)e; + det(TA) det(*A)ey = ley + ley
= det(24) det(*A) = 1 and det(1A) det(2A4) = 1
= det(2A4) det(*A) = 1 or equivalently det(TA)det(?4) = 1
(ii) From (i)
det(2A) det(*A) = 1 and det(LA) det(2A4) = 1

= det(*A) = de t(2A) and det(*A) = de t(llA)
= det(*A)e; + det(QA)@ % t(2A)el + det(lA)
= det<A> Jo t(QA) €1+ det(lA)

(iii) Let A € C3*" be a i - Unitary Matrix
= AYA = AA"T =1
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= det(A*A) = det(])

= det(A*) det(A) =1
= [det(A)]* det(A) =1 ("> det(A*) = [det(A4)]*)
= [det(A;)e; + det(As)es]*[det(Ar)er + det(Ag)es] = leg + leg
= [det(Ay)eq + det(Az)eq][det(Ar)ey + det(Az)ea] = ey + leg
= [det(Az)e; + det(Aj)er][det(Ar)e; + det(Az)es] = leg + ley

= det(Ay) det(Ay)e; + det(A;) det(As)es = leg + leg
= det(Ay) det(A;) =1 and det(A4;) det(Ay) =1
= det(A;)det(Ay) =1
(iv) Fromy(iii)
det(A;) det(As) =1
= det(A;) = det(A and det(Ay) = m
= det(A;)e; + det(As)ey = det(A2)€1 + det(1A1)62 = det(A) = det(lAg)el + det(lAl)QQ' O

Note 3.10. i;-unitary matrix is invertible and A=! = A*.

Proposition 3.16. Let A = 'Ae; + 2Aey € CY*™ be a iy-unitary Matriz. Then
(i) det(*A) det(2A) = 1.

(it) det(A) = 35 (12A)61 + det(llA) €2-

(iii) det(Ay)d t(Al) =1 or equivalently det(A;) det(Az) =1

(iv) det(A) =

e
1+dt

det Ag) (A]_)

Proof. Let A € C3™™ be a iy-unitary matrix. Then
APA = AA# = ]
= det(A7A) = det (1)
= det(A#!) det(A) =1
= [det(A)]#” det(A) =1 (. det(A#) = [det(A)]*)
= [det(*A)e; + det(2A)es)#[det(tA)e; + det(?A)ey] =
= [det(*A)ey + det(*A)ey][det(* A)e; + det(PA)ey] =1
= [det(*A)e; + det(1A)es][det(t A)e; + det(2A)es] = 1
= det(?A) det(*A)e; + det(*A) det(2A)ey = leg + ley
= det(2A) det(*A) = 1 and det(*A) det(*A) =1
= det(2A) det(*A) =1
(ii) From (i)
det(*A) det(*A) = 1

= det('A) = t(QA and det(*A) = IA)
= det(lA)e1 + d€t(2A> = det(2A)61 + det(lA) €2
= det(A) = det(2A)61 + det(llA) €2

(iii) A € C5*" be a iy - Unitary Matrix
= ATA = AA# =]
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= [det(A)] =1

= [det(A)e; + det(As)es]#[det(Ar)e; + det(As)es] = ey + ley

= [det(A)es + det(Az)er][det(Ar)e; + det(Ag)es] = ey + leo
(Az) Aj)es]det(Ay)e; + det(Az)es] = leg + leg
det(Ay) det(Ay)ey + det(Ay) det(As)es = leg + ley

= det(A;) det(A4;) = 1 and det(A;) det(A4y) =1

= det(A;) det(A;) = 1 or equivalently det(A;)det(Ay) =

(iv) From (iii)
det(Ay) det(A;) = 1 or equivalently det(A;) det(Ay) =

= det(A4;) = — (A ) and det(As) = %
= det(Al)el + det(AQ) - de‘c(lAQ)61 + det(lA )62
1
= det(A4) = )el T -

Note 3.11. iy - Unitary Matrix is invertible and A= = A%,

Proposition 3.17. Let A € C5*" be a iyig-unitary matriz. Then || det(A)|| = 1.

Proof. Let A € C3*" be a ijip-unitary matrix. Then
ATA=AA" =1
= det(A"A) = det(1)
= det(A") det(A4) =1
= [det(A)] det(A) = 1 (. det(A") = [det(A)])
= [det(*A)e; + det(*A)ey] [det(*A)e; + det(2A)ey] =
= [det(1A)e; + det(2A4)es][det(* A)e; + det(PA)ey] =1
= det(1A) det(*A)e; + det(2A) det(*A)ey = ley + ley
= det(TA) det(*A) = 1 and det(2A) det(24) = 1
= |det(*A)|* =1 and |det(?A4)]? =1
= || det(A)|| = |/ [UCAZHACARE _ O

Note 3.12. The ii-unitary matrix, A is invertible and A~! = At

ACKNOWLEDGMENTS

[ am heartily thankful to Prof. M.A. Gauri, Dr. R.S. Giri and Dr. Chitranjan Singh,
Govt. Degree College, Raza Nagar, Swar, Rampur (U.P), Dr. Sukhdev Singh, Lovely
Professional University, Punjab, Dr Hamant Kumar, Veerangana Avantibai Govt Degree
College, Atrauli, Aligarh (U.P), Anjali, Gautam Buddha University,Greater Noida and all
staff of Govt. Degree College, Raza Nagar,Swar,Rampur (U.P) for their encouragement
and support during the preparation of this paper.

REFERENCES

[1] Price, G. B.(1991) ” An introduction to multicomplex space and Functions” Marcel Dekker.



2]

DETERMINANTS OF BICOMPLEX MATRICES 21

Luna-Elizarrards, M.E., Shapiro, M., Struppa, D. C., Vajiac, A.(2015) “Bicomplex Holomorphic
Functions:The Algebra, Geometry and Analysis of Bicomplex Numbers” Springer International Pub-
lishing.

Kumar, J. (2018) ”On Some Properties of Bicomplex Numbers eConjugates eInverse eModulii” Jour-
nal of Emerging Technologies and Innovative Research (JETIR),5(9), 475-499.

[4] Srivastava, Rajiv K. (2008) ” Certain Topological Aspects of Bicomplex Space” Bull. Pure and Appl.
Math, 222-234.

[5] Alpay, D., Luna-Elizarrards, M. E., Shapiro, M. , Struppa, D.C. (2014) “Basics of Functional Analysis
with Bicomplex Scalars and Bicomplex Schur Analysis” Springer International Publishing, 19-30.

[6] Kumar,J. (2016) “Conjugation of Bicomplex Matrix” J. of Science and Tech. Res. (JSTR), 1(1),
24-28.

[7] Beezer, Robert A. (2012)” A First Course in Linear Algebra” Congruent Press, Gig Harbor, Wash-
ington, USA.
DEPARTMENT OF MATHEMATICS, GOVT. DEGREE COLLEGE, RAZA NAGAR, SWAR, RAMPUR

(U.P), INDIA.

Email address: jogendra.ibs@gmail.com



	1. Introduction
	1.1. Idempotent Representation of Bicomplex Numbers
	1.2. Singular Elements in C2:
	1.3. Conjugations of Bicomplex Numbers

	2. Bicomplex Matrix
	2.1. Idempotent Representation of Bicomplex Matrix
	2.2. determinant of Bicomplex Matrices
	2.3. Algebraic Structure of Bicomplex Matrices
	2.4. Non-Singular and Singular Bicomplex Matrix
	2.5. Conjugation of Bicomplex Matrix
	2.6. Adjoint of a Bicomplex Square Matrix

	3. determinant of Some Special Bicomplex Matrices
	Acknowledgments
	References

