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ABSTRACT. In this paper, we have studied eigenvalues and eigenvectors of the bicom-
plex matrix and investigated their properties and established some results. We have also
established some results on the eigenvalues of some special bicomplex matrices.
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1. INTRODUCTION

Throughout this paper, the set of Bicomplex numbers is denoted by Cs, and the sets
of complex and real numbers are denoted by C; and Cg,respectively. For detail of the
theory (cf. [1, 2, 3, 4]).

Definition 1.1 (Bicomplex numbers). The set of bicomplex numbers is defined as:
Cy = {w1 + 0122 + iow3 + i1isy © 21, 2o, 23, 24 € Co}
where i1 # in,i2 = i2 = —1 and, i1is = isi1.
We shall use the notations C(i;) and C(iq) for the following sets:

C(Zl) = {l' + Zly Lx,Y c Co}
Cliz) = {z +i2y : 7,y € Co}

1.1. Bicomplex Matrix. In this section, we discussed the bicomplex matrices along
with their properties and some results. [5, 6, 7, 8].
Here, we denote C5"" = {A = [&j]mxn : &j € Co} as the set of m x n matrices with

bicomplex entries. Let A = [§;j]mxn € C57" = &;; € Cy

1.2. Idempotent Representation of Bicomplex Matrix. We can represent the Bi-
complex Matrix in two different idempotent forms in terms of C™*"(i;) and C™*"(iy),

explained as follows :

(i) The C™*"(4;)-idempotent representation of Bicomplex Matrix A = [&;;]xn € C5"

is given by
_ _ 1l 2 1 2
A= [fij]mm = [ fij]mmel + [ fij]mm@z = Ae; + AGQ,

where 'A = [1£Z‘j]m><n, A = [2£z'j]m><n € C™ (i)
1
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(ii) The C"™*™(iy)-idempotent representation of Bicomplex Matrix A = [§;;]mxn € C3"

is given by
A = [Eijlmxn = [E1ijlmxnel + [§2,ijlmxne2 = A1e1 + Agea,

where A; = [fl,ij]mm, Ay = [&,ij]mm = men(iQ)

1.3. Determinant of Bicomplex Matrices. As, only square matrices can have deter-
minant, so let A = [;j]nxn € C5™". Then determinant of A is denoted as det(A).

1.4. Non-Singular and Singular Bicomplex Matrix.

A matrix A = [§;]xn € C3™" is said to be Non-Singular (Invertible) if det(A) ¢ O,. It
is said to be Singular (Non-invertible) matrix if det(A) € Qs.

1.5. Conjugation of Bicomplex Matrix. Here, we have given three different types of
conjugations of the bicomplex matrices. Let A = [¢],xn € C5™" be a bicomplex matrix.
Then, its conjugations are defined as follows:
(a) i;-Conjugation

A* = (YAey + 2Aey)* = 2Aey + MAey when A, 2A € C™*"(iy),

A* = (Aje; + Ager)* = Agey + Ajes when Ag, Ay € C™"(iy).
(b) i;-Conjugation

A = (1Ae; + 2Aey)? = 2Ae; + Aey when 4,24 € C™*"(4y),

A# = (Aje; + Agey)? = Aye; + Arey when Ap, Ay € C™"(iy).
(c) i1ie-Conjugation

A" = (YAe; + 2Aey) = Ae; + 2Aey when 'A,24 € C™"(iy),

A" = (Ajey + Ases) = Ajer + Ayey when Ay, Ay € C™¥7(4y).

Definition 1.2 (Hyperbolic Matrix). The set of Hyperbolic Matrix is defined as :
H™*" = {A = [gij}mxn : &j S H} If A= 1Ael + 2A€2 € men, then 1A, 2A € anxn

2. EIGENVALUES AND EIGENVECTORS OF A BICOMPLEX MATRIX

2.1. Eigenvalues of a Bicomplex Matrix. Let A = [§;j],xn € C3*" and A € Cy, then
the matrix A — AI is called the characteristic matrix of A and P(\) = det(A — A\I) is
called characteristic polynomial of A.

The equation det(A — AI) = 0 is called the characteristic equation of A and the roots
of this equation are called characteristic roots or latent roots or characteristic values or

eigenvalues of the matrix A. The set of all eigenvalues of the matrix A is denoted by

AN).

Note 2.1. A(\) = "A(N)e; + 2A(P\)ey is the collection of all eigenvalues of A iff YA(')\)
and 2A(?\) are spectrum of 'A and 24 respectively.
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2.2. Eigenvectors of a Bicomplex Matrix. Let A = [§;],xn € C5*" and A € Cy is
a eigenvalue of A, then there exist X = 'Xe; + 2Xe; € C3*!, X # O and 2X # O such
that AX = AX, then X is called characteristic vector or eigenvector of A corresponding

to the eigenvalue \.

2.3. Properties of Eigenvalues of Some Special Matrices.

Proposition 2.1. If A\ = e, + 2\ey is the eigenvalue of A = 'Ae;, + 2Aey € H™ ", then

N = ey + ey is also eigenvalue of A.

Proof. Let A = \e; + 2\ey is the eigenvalue of A = 'Ae; + 24e, € HMX"
= P(A\) =0
= det(A—A)=0
= det(!A —]\I) = 0 and det(?A —2\I) =0
= 1P(]\) =0 and ?P(2\) =0
= 1P(1\) = 0 and 2P(2\) = 0
As, 14,24 € C77"
LP(I\) = 'P(1\) and 2P(2\) = 2P(2\)
= 1P(I\) = 0 and 2P(2\) = 0
IP(MN)ey +2P(N)ey =0
= P(Me; +2Dey) =0
= P(\) =0

Hence A" = e; + 2\es is also eigenvalue of A.

g

Proposition 2.2. Let X = Xe;+%Xe, be the eigenvector of the matriz A = Ae; +2Aey €
H"". Then X = Xe; +2Xe, is the eigenvector of A for the eigenvalue X = ey + 2hes.

Proof. Let X = 'Xe; + 2Xe, be the eigenvector of the matrix A = Ae; + 24e, € H™X"

associated with the eigenvalue A

= AX = \X
= (AX) = (\X)
= AX =)\X

= AX = NX (- A=1Ye + ey c H" = A = A)
= X' =1Xe, + 2Xe, is the eigenvector of A for the eigenvalue N = Dep + Des.
O

Proposition 2.3. Let A € H"™" be a Symmetric matriz and let X be an eigenvalue of
A, then X' = X\ or equivalently \ € H.

Proof. Let A = 'Ae; + ?Ae, € H™™ be a symmetric matrix i.e. A' = A
Let X = Xe; + %2Xe, be the eigenvector of the matrix A = 'de; + 24e, € H™"

associated with the eigenvalue A



4 JOGENDRA KUMAR

= AX = )\X

= (AX) = (A X)

= AX =)\X

= AX = NX' (- A=1Ye + ey c H" = A = A)
Again now,

(AX)' = (AX)!

= XA = \X*

= X'A = \X" (- At = A)
= (X'A)X' = (AXHX'
= X'(AX) = M(X'X)
= X'{(NX) = MXTX)
= \(X'X) = M(X'X)
= (N = NX'X =0
= (A= WN(X)'Xe, + (A - (X)' Xey =0
= (A=W (X)IX =0and 2\ —2)(3X) 12X =0
=N -N=0and 2\ -2 =0 (. ("X)'X # 0 and (2X)'2X # 0)
= I\ ="\ and 2\ = 2\
= X = De; + Dey = Deg + Deg = N
= \cH
O

Proposition 2.4. Let A € C}*" be a Bicomplex idempotent matriz and let A be an
eigenvalue of A, then \ € {0,1,e1,e3}.

Proof. Let A be any Bicomplex idempotent matrix i.e. A2 = A

Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A

= AX = )\X

= A(AX) = A(\X)

= (AA)X = \(AX)

= A%X = \(AX)

= AX = MAX) (.- A2 = A)

= AX = AMAX) (- AX = )\X)

= AX = \2X

=A=-X)X=0

= (A=) Xep + (A =2 Xey =0

= M =D)X =0 and (A —2%)2X =0

SNV =0and A —-2"=0 (X £0and 2X £ 0 )

=N\=0,1and 22 =0,1

= A€ {0,1,eq,ex}
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Proposition 2.5. Let A € C3*" be a Bicomplex skew-idempotent matriz and let X be an
eigenvalue of A, then X € {0,—1,—e;, —es}.

Proof. Let A be any Bicomplex Skew-idempotent matrix i.e. A2 = —A

Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A

= AX =X

= A(AX) = A(AX)

= (AA)X = \AX)

= A2X = \AX)

= —AX = \AX) (.- A2 = —A)

= —AX = A\AX) (- AX = \X)

= —AX = \?X

= (=A=X)X =0

= A+ M)X =0

= (N +2) Xer + CA+2%)Xe; =0

= MM\ +N)X =0 and (A +2%)X =0

SN+ =0and A+ =0 ("X #0 and X #0 )

=\ =0—-1andA=0,—1

= A€ {0,—-1,—ey, —ea}

O

Proposition 2.6. Let A € Cy*™ such that A*> = nA,n € Cy and let \ be an eigenvalue
of A, then X € {0,n,ney, *nes}.

Proof. Let A € C3*™ such that A? =nA,n e C,

Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A

= AX = )\X

= A(AX) = A(\X)

= (AA)X = \(AX)

= A2X = \(AX)

= (nA)X = MNAX) (- A2 =nA)

= n(AX) = MAX)

= n(AX) = AAX) (- AX = \X)

= A X = \2X

= mMA=MX =0

= (] — N2 Xe, + (292 — 22)2Xe, = O

= (A=) X =0 and (*n2 -2 =0
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Sy~ — 0 and 29 —22 =0 (X £ 0 and 2X £ 0 )
=\ =0,'nand 2\ =0,%p
= A S {077]717761727]62} 0

Note 2.2.
(i) For n = 1, we get proposition 2.4
(ii) For n = —1, we get proposition 2.5

Proposition 2.7. Let A € C3*" be a Bicomplex involutory matriz and let X be an

eigenvalue of A, then N € {1, —1, 1411y, —iyis}.

Proof. Let A be any Bicomplex involutory matrix i.e. A? =1

Let X = Xe; +2X e, be the eigenvector of the matrix A associated with the eigenvalue
A

= AX =X

= A(AX) = A(AX)

= (AA)X = \(AX)

= A2X = \(AX)

= IX = MAX) (.- A%2=1)

= X = AAX) (.- AX = \X)

= X = \?X

= (1-X)X=0

= (1 -2 Xe; + (1 -2?)2Xey = O

= 1-2)X=0and (1-2?)2X =0

=1-N=0and1-22=0(-X#0and*X £0 )

=N=1,-1 and?2\=1,-1

= X € {1, —1,4yi9, —iqi2}

O

Proposition 2.8. Let A € C3*" be a Bicomplex Skew-involutory matriz and let X be an

eigenvalue of A, then \ € {iy, —iy, i, —io}.

Proof. Let A € Cy*" be a Bicomplex Skew-involutory matrix i.e. A% = —T
Let X be the eigenvector of the matrix A associated with the eigenvalue \
= AX =X
= A(AX) = A(AX)
= (AA)X = \AX)
= A2X = \(AX)
= (=1)X = MAX) (.- A2 = —1T)
= —(I1X) = \AX)
= —X = \AX)
= —X =\AX) (" AX = )\X)
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= —X = \2X
= (-1-M)X=0
= (14+X)X =0
= 1+ Xe; + (1+22)Xe; =0
= (1+9) X =0 and (1+22)2X =0
= 1+N=0and 1+22=0(X#0and?X £0)
=\ =14, —4; and 2\ =1, -1,
= X\ € {iy,—i1,12, —la}
U

Proposition 2.9. Let A € C3*" such that A*> =nl,n € Cy and let X be an eigenvalue of

A, then X € {y/Tner + \/*nea, —(v/Tnex + /*ne2), \/Tner — \/*nea, —/Tner + /2nea}.

Proof. Let A € Cy*" be any Bicomplex matrix such that A% = nI
Let X be the eigenvector of the matrix A associated with the eigenvalue \
= AX =X
= A(AX) = A(AX)
= (AA)X = \AX)
= A2X = \AX)
= (n)X = XNAX) (.- A% = nl)
= n(IX) = AMAX)

= nX = A(AX)
= X = AAX) (- AX = AX)
= X = A2X

=n-X)X=0

= ("n— ) Xe; + (Pn—2?)2Xey = O

= (I-N)X =0and *n—-2?)%X =0
=I—?=0and*n - =0(-'X#0and X #0 )

=\ =/, —/Tn and 2\ = /2, —/%n

= A€ {V/Iner + /e, —(VIner + v/2nes), /Tner — /Pnes, —/Tner + \/*nez}

g

Note 2.3.
(i) For n = 1, we get proposition 2.7
(ii) For n = —1, we get proposition 2.8

Proposition 2.10.
(i) Let A € C5*™ be a iy-Hermitian Matriz and X is an eigenvalue of A with corresponding
eigenvector X = Xe; + 2Xey, such that (W)“X # 0 . Then X = Xor equivalently
A € C(ig).
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(ii) Let A € C3*" be a iy - Skew - Hermitian Matriz and X is a eigenvalue of A with
corresponding eigenvector X = 'Xey 4+ Xey, such that (3X)*'X # 0. Then A = —\ or
equivalently \ € i1C(ig).

Proof.
(i) Let A € Cy*" be a iy - Hermitian Matrix i.e. A* = A
Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A such that (2X)'1X £ 0
= AX = )\X
X*tA*t >\*X>kt
= XA =X X* (As A is i; - Hermitian matrix A* = A)
= (XMA)X = (XX
= X*(AX) = M(X*X)
= X*(\X) = M (X*X)
= M X*X) = M (X*X)
= (A= N)X"X =0
= (N =2)(2X) Xe; 4+ (2 = N)(X)! 2X ey = 0
= (A =20X)'X =0and 2\ — N)(X) %X =0
=N-D=0and A -0 =0 (. (X)X #£0 = (X)'2X #£0)
= N\=2 and 2\ =1\
= A = De; + Dey = Deg + Deg = N
= X € C(ip)
(i) Let A € C5*" be a i; - Skew - Hermitian Matrix i.e. A* = —A
Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A such that (2X)* X # 0
= AX = )\X
(AX)*t ()\X)*t
X*tA*t )\*X*t
= X*(—A) = M*X* (As A is iy - Skew - Hermitian matrix A* = —A)
= —(X"A)X = (XX
= —X*(AX) = M (X"X)
= —X*(A\X) = 2 (X*X) (- AX = \X)
= —AX*X) = N( X*X)
= A+ M)XX =0
= (N +2)(X) Xey + O+ W) (X)X ey, =0
= MM+ X =0and A+ DN)(IX)2X =0
=D+ =0and A+ N =0 (- (X)X #0= (X)"2X #0)
=N\ =-D and 2 = -1\

(- AX = \X)
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= A =Nep + Nex = —(Der + Nep) = -\
= X € 1C(iy)

Proposition 2.11.

(i) Let A € C3*" be a iy - Hermitian Matriz and X is a eigenvalue of A with the cor-
responding eigenvector X = Xe; + 2Xey, such that (3X)*'X # 0 . Then A = M or
equivalently A € C(iy).

(ii) Let A € C5*" be a iy - Skew-Hermitian Matriz and X is a eigenvalue of A with
corresponding eigenvector X = Xe; + 2Xey, such that (2X)''X # 0. Then A = —\¥or
equivalently \ € i5C(iy).

Proof.
(i) Let A € Cy*" be a iy - Hermitian Matrix i.e. A% = A
Let X = 'Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A such that (2X)*1X £ 0
= AX = )\X
= (AX)#t = (AX)#
= X#A# = \# X
= X#A = \# X# (As A is iy - Hermitian matrix A% = A)
= (X#TA)X = (W X#)X
= X#(AX) = M (X#X)
= X7 \X) = M (X#X) (.- AX = \X)
= MX#X) = \#(X#X)
= (A= M)X#X =0
= (N =2)(X)Xe; + (A =N (X)2Xey =0
= (A =2)(AX)"X =0 and (] — N)(IX)2X =0
=N—A=0and A -\ =0 (.- 3X)''X = (X)!2X #£0)

=\ =2
= A = Nep + Dey = Deg + Dey = N7
= )€ C(ll)

(ii) Let A € C5*" be a iy - Skew- Hermitian Matrix i.e. A7t = —A

Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A such that (2X)*1X £ 0

= AX = )\X

= (AX)#t = (AX)#

= XWA# = \# X

= X#(—A) = N X#! (As A is iy - Skew - Hermitian Matrix i.e. A%t = —A)

= — XA = )\ X

= — (XA X = (W X#)X
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—XH(AX) = \NF(X#X)
= — X AX) = VW (X#X) (- AX = AX)
= —AX#X) = M (X#X)

(=X = M)X#X =0
= A+ M)XHFX =0
= (N +2)(3X) Xeg + (A + W) (X)) 2Xey =0
= (M +2) (X)X =0 and (2 + W) (X)X =0
=N+ =0and A+ =0 (. (X)X = (X)"2X £ 0)
= = -2\
= X =De; + ey = —Deg — ey = =\
= X\ € 15C(iy)

Proposition 2.12.
(i) 41492 - Hermitian Matriz have Hyperbolic Eigenvalues.
Suppose A € C3*™ be a iyiy - Hermitian Matriz and X is a eigenvalue of A. Then
A=\ or equivalently A € H.
(ii) Suppose A € C3*" be a iyis - Skew - Hermitian Matriz and X is a eigenvalue of A.
Then A = —\' or equivalently A € i1H or i,H.

Proof.
(i) Let A € C3*" be a iyiy - Hermitian Matrix i.e. A" = A
Let X = Xe; +2X e, be the eigenvector of the matrix A associated with the eigenvalue
A
= AX = )X
= (AX)" = (\X)"
= X'1tAY =)\ X"
= X'A =)\ X" (As A is iyiy -Hermitian matrix i.e. A" = A)
= (X'"A)X = (N XHX
= X'(AX) = (X tX)
= X"T(AX) = N(X"X) (- AX = \X)
= AMX"X) =N (X"X)
= A=N)X"X =0
= (A =W)(X)'Xey + (A =) (X)X ey =0
= (A =N(X)'X =0 and (2 - D)(X)'2X =0
=N-D=0and A -2 =0 (" (IX)"'X # 0 and (2X)' %X #0)
= A =Nand A =2
= X =1Xe; + ey = Deg + ey = N
= AcH
(ii) Let A € Cy*™ be a iyi - Skew - Hermitian Matrix i.e. A = —A
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Let X = Xe; +2X ey be the eigenvector of the matrix A associated with the eigenvalue

= AX = 2\X

= (AX)" = (AX)"

= X'1tAt =)\ X"

= X*(—A) = XN X" (As A is i,iy - Skew - Hermitian matrix i.e. A" = —A)
= —(X"TAX = NXHX
= —X"*AX) = N(X"*X)
= —X"T(AX) = N (X"X)
= —AMX"X) =N (X"X)
= A+ MN)X"'X =0

= (A + D)) Xey + (O + D) (X)) 2Xey =0

= MM\ +W)(IX)X =0and 3\ +2)(X)12X =0

=N+ =0and A+ =0 (. (X)X # 0 and (2X)'2X #0)
=\ = -1\ and 2\ = -2\

= A=De; + ey = —(Kel +§62) =\

= X € 11 H or i,H

(- AX = AX)

i

Proposition 2.13. Let A € C3*" be a iy - Unitary Matriz and X is a eigenvalue of A with
corresponding eigenvector X = 'Xe; + 2X ey, such that (3X)''X # 0. Then A = (\71)*.

Proof. Let A € Cy*" be a iy - Unitary Matrix i.e. A¥A = AA* =1

Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue

A such that (2X)*1X # 0

= AX = \X
= (AX)* = (AX)*

= X*tA*t — )\*X*t

= (XH*ANAX = (VW X*AX (- AX = \X)

= X*(AA)X = N NX*X)

= X)X = MAX*X) (- ATA = AA* =)
= X*X = MAX*X)

= (1 = MN)X*X =0

= (1 -2 (X)" Xe; + (1 — D2 (X)) 2Xey = 0

= (1 -20)(X)"'X =0 and (1 — WA)(IX)'2X =0
=1-20=0and 1 -2 =0 (. (X)X £0= (X)X #£0)
=2\ =1and N2\ =1

1y _ 1 2y 1
#/\—iand )\_K

= A= 1)\61 -+ 2)\62 = %61 -+ %62 = % = ()\_1)*
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Note 2.4. ) is a non-singular and \* is a multiplicative inverse of .

Proposition 2.14. Let A € C3*" be a iy - Unitary Matriz and X is a eigenvalue of A with
corresponding eigenvector X = 'Xe; + ?Xey, such that (X)X #0. Then A = (\"H)#.

Proof. Let A € C5™™ be a iy -Unitary Matrix i.e. A#A= AA# =]
Let X = Xe; +2X e, be the eigenvector of the matrix A associated with the eigenvalue
A such that (2X)*1X #£0
= AX = )\X
= (AX)# = (AX)#!
= XHA# = \# X#
= (XA AX = WV XFHAX (- AX = \X)
= X# AP A)X = MNAN(X#X)
= XX = MXNX7X) (- ATPA = AA# = 1)
= X#X = NN XH#X
= (1 = AN X#X =0
= (1 -=2N)X) Xep + (1 — N2 (X)X e, =0
= (1 -2N)CX)X =0 and (1 — N2\ (X)'2X =0
=1-2N=0and 1 — D =0 (- (X)''X = (1X)!2X £ ()
=AW =1
=N\ =5 and A = &
= A=De1+ e =51+ 62 = 5 = (A

Note 2.5. ) is non-singular and \# is a multiplicative inverse of \.

Proposition 2.15. Let A € C3*" be a 119y - Unitary Matriz and X is a eigenvalue of A.
Then A = (A71)'.

Proof. Let A € Cy*" be a iyis - Unitary Matrix i.e. ATA = AA" =1

Let X = Xe; +2Xe, be the eigenvector of the matrix A associated with the eigenvalue
A

= AX =X

= (AX)" = (\X)"

= XAt = NX"

= (XTAHAX = NV XHAX (- AX = \X)

= X'HATA)X = NAXX)

= X1DX = ANNX"X) (- ATA=AA" = 1)

= XX = NA\X"'X)

= (1-ANN)X"'X =0

= (1 —=DN)(IX) ' Xey + (1 —222)(2X)! 2Xey =0

= (1 =D (AX)"'X =0 and (1 —22)(2X) %X =0



EIGENVALUES OF BICOMPLEX MATRIX 13

=1-D=0and 1 -2 =0 (.- (IX)*'X # 0 and (2X)*2X # 0)
= A\ =1and 22\ =1
:>1/\:%and2)\:%

= A= 1)\61 + 2)\62 = %61 + %62 = % = ()\_1>/

Note 2.6. )\ is non-singular and X" is a multiplicative inverse of \.

Proposition 2.16. Let A € C}*" be a iyiy - Hermitian Matriz and X and Y are two

eigenvectors of A associated with the eigenvalues A and p such that A — u & Oy . Then
XY =0.

Proof. As A is iyiy - Hermitian Matrix, A = Aand X' =\, 4 = p

Let X and Y are the eigenvectors of the matrix A associated with the eigenvalues A
and pu respectively

= AX =X and AY = uY

Now,

AX = 2X

= (AX)*" = (\X)"*

= XAt =\NX"

= XtA=)MX"(-At=Aand N = ))

= (XTA)Y = A\ XYY

= XHAY) = AMXY)

= X' (pY) = MXY)

= u(XY) = \XY)

= (u—NXY =0

= XY =00 pu—X\¢0y)

(- AY = uY)
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