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Abstract. Whatever dark matter is, it must be one irreducible
unitary representation of the extended Lorentz group or another.
We here develop a formalism of mass dimension one fermions
and bosons of spin one half, and show that they provide natural
dark matter candidates. By construction, they are covariant un-
der space-time translations and boosts. However, incorporating
the rotational symmetry is non-trivial and requires introducing a
two-fold Wigner degeneracy thus doubling the degrees of freedom
for particles and anti particles from two to four. With Wigner
degeneracy, we have a well-defined theory of mass dimension one
fields of spin one half that are physically distinct from the Dirac
field. They are local, Lorentz covariant and have positive definite
free Hamiltonians. The developed framework also has the po-
tential to resolve the cosmological constant problem, and supply
dark energy.
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1. Introduction

Without exaggeration, dark matter and dark energy reflect an incomplete-
ness of the standard model (SM) of high energy physics. Here, we weave a
story in which both of these aspects find a natural solution. We propose
that dark matter particles arise as irreducible unitary representations of the
extended Lorentz group with a two-fold Wigner degeneracy [1].! Besides the
two fold degeneracy, the new fields are endowed with mass dimension one.

Combined, we find that these facts severely restrict the constructed fields
to interact with the SM fields. Thus these provide natural dark matter
candidates. Furthermore, the formalism is endowed with not only spin one
half fermions but also with spin one half bosons in a unified manner. Coupled
with recent works [4], this circumstance cancels the fermionic and bosonic
contributions to the vacuum energy density for the matter fields of the dark
as well as SM sector. Equivalence principle then suggests that the quantum
corrections to these energy densities must be of the same sign, and thus have
the potential to account for the observed dark energy.

The breakthrough presented here realises that attempts to bring the for-
malism of mass dimension one fields of spin one half in line with that of Wein-
berg [2] requires the introduction of a two-fold Wigner degeneracy. When
this is done, a formalism at par with that of Weinberg emerges with the
consequences noted above. As observed in the Abstract, the mass dimension
one fields are, by construction, covariant under space-time translations and
boost. For this reason, we will mainly focus on the constraint introduced by
the rotational symmetry, and find a solution that had evaded the subject so
far.

3. A new quantum field with a two-fold degeneracy
All works on mass dimension one fermions are founded on the observation

that [5,6]:

if ¢(p) transforms as a left-handed Weyl spinor, then up to a

! Also see Appendix C of Chapter 2 in [2], and the referee reports collected together in
the Acknowledgement section of [3].



multiplicative phase factor (), the ©¢*(p) transforms as a right-
handed Weyl spinor; and vice versa, that is: if ¢(p) transforms
as a right-handed Weyl spinor, then up to a multiplicative phase
factor ¢,, the ©¢*(p) transforms as a left-handed Weyl spinor.

Here, © is the Wigner time reversal operator for spin one half

@:((1)‘01). (1)

By choosing the spin projection of the left-handed Weyl spinor to be +1/2
and taking {, = +¢ we obtain self conjugate Elko. Setting {, = —¢ we get anti
self conjugate Elko. Here, Elko is the German acronym for Eigenspinoren
des Ladungskonjugationsoperators. In English, it means eigenspinors of the
charge-conjugation operator. The indicated self and anti self conjugacy are
under the R & L charge conjugation operator

cz<_?@ Z?)K. (2)

where K complex conjugates functions and spinors to its right. Specifically,
self conjugate and anti self conjugate Elko have eigenvalue 1 and —1 with
respect to C.

This procedure provides the formalism with four self conjugate and with
four anti self conjugate spinors. Those constructed from the left handed Weyl
spinors are denoted [6] by A (p), A° (p), A{(p), \?(p) and those constructed
from the right handed Weyl spinors are denoted by p (p), p° (p), 2t (p), p2 (p).

In implementing the rotational invariance of the fields, with Elko as ex-
pansion coefficients, the spinors at rest play a fundamental role. Therefore,
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and for the p$7(0)
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To introduce the two fold degeneracy, we note that the non linear nature of
C operator transmutes the self and anti self conjugacy under A(0) — +iA(0)
(and also under p(0) — +ip(0)). Thus, besides A\J(p) as self conjugate Elko,
we have —i\{(p) = p3(0) as self conjugate Elko. Similarly, besides A4 (p)
as anti self conjugate Elko, we have —i\3 (p) = p1(0) as anti self conjugate
Elko. This is entirely due to the non-linear nature of C.

It then allows a doubling of the degrees of freedom long ago proposed
by Wigner on general quantum field theoretic grounds [1]. Exploiting this
circumstance, we define a self conjugate set of Elko

£(0,1) = 22(0), £(0,2) = A%(0), (7)
5(07 3) = Pi(0)7 5(07 4) = :05(0)7 <8>

and an anti self conjugate set of Elko

¢(0,1) = X1(0), ¢(0,2) = A4(0), (9)
C(O’ 3) = pﬁ(0)> Q(O, 4) = pi‘(O), (10)

to define a new quantum field

B d3p 1
/\(IL’> _/ (271')3 2mE(p)

<3 [alp.0)ep.o)e " + b (p o) (p.a)e??]. (1)

The annihilation and creation operators are left free to satisfy fermionic,
or bosonic, statistics. We will attend to this aspect as we proceed. In the
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definition of A\(x), {(p, o) is related to the £(0, o) by the R& L boost operator

£(p, o) =D(L(p))§(0,0)
_ E+m [ | + 22 Foam 0

; oy |£0.0) (12)

2m ~ E+m

with L(p) representing pure boost. Similarly

¢(p, o) = D(L(p))C(0, 0). (13)

Introduction of doubly degenerate set of Elko as just done appears for the
first time in literature. It has profound consequences for the covariance under
inhomogeneous Lorentz group. Since the A\(x) respects boost and spacetime
translation symmetry as written down, it must be shown that the Elko at
rest must emerge from rotational symmetry and must not be assumed in ad
hoc manner. But since we have already introduced the Elko at rest we must
show that these are consistent with the rotational symmetry.

Towards this end, we note that the rotation generators for Elko, are writ-
ten in a basis in which 7, is diagonal. Thus the explicit form of J satisfying
the su(2) algebra is

Lo, O 1fo, 0
jm—§(0 O'x)’ jy—§<o Uy),

z_l(% °). (14)

2 0 o,

The irreducibility of the representation is a bit subtle. Here it suffices to men-
tion that discrete symmetries and mass dimensionality of the fields account
for that.

The crucial observation now is the following: If the chosen set of Elko that
enter the definition of A(z) are to be consistent with rotational symmetry,

there must exist an su(2) satisfying set of J < (Jx, Jy, J.) for spin half, such

that?
Z&/ 0,0') ZJM &(0,0), (15)

2See, equations (5.1.25) and (5.1.26) in [2].
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and

D (0,0 Ty == T (0,0). (16)
o’ l

If we use the u(0,0) and v(0,0) of the Dirac formalism with appropri-
ate phases on the right hand side of above equations, the J = %a‘ solves
the rotational constraints. However, for Elko one necessarily needs to intro-
duce a two fold degeneracy to solve these constraints. A somewhat lengthy
calculation reveals that indeed the J exists, and is given by

0 —o, 1fo, o0
<0z 0 )’ Jy_i(o cry)’
1 0 o,
TS -

Furthermore, these indeed satisfy [J,, J,| = iJ, and cyclic permutations; that
is: the su(2) algebra. We thus have a fully Lorentz covariant quantum field
with Elko as its expansion coefficients. The spacetime translation symme-
try is implemented through the exponentials e* that appear in \(z), the
boost symmetry enters the formalism through (12) and (13) provided £(0, o)
and ((0, o) satisfy the rotational constraint — something which we have just
proven.

N | .

We emphasise that without invoking the two fold Wigner degeneracy, the
rotational constraints (15) and (16), with £(0, o) and (0, o) as input, cannot
be satisfied. So, A(z) is necessarily irreducible. This last assertion is fully
supported by an examination of the discrete symmetries, and will be the
subject of an archival version of this communication. In the formalism we
have developed a choice of phases for Elko in equations (3) to (6) is incorpo-
rated implicitly.?> Without making this choice, the rotational constraints are
violated! Examples of this mistake are wide spread in the Physics and Math-
ematics literature on quantum field theory, see for example the rest spinors
for the Dirac formalism presented in references [7,8].

But, both the J and the J, given by equations (14) and (17) respectively,
satisfy the same su(2) algebra. Consequently, we can apply a similarity
transformation S to make J coincide with J. The S is found not to commute

3The phases are restricted to &1 to preserve their character under charge conjugation
operator C.



with the discrete symmetries of A(x). Thus, there exist at least two physically
distinct solutions. One an irreducible field A(x), and the other a direct sum
of two Dirac fields. The doublet of Dirac fields, not necessarily with the same
mass, emerges as a natural companion to A(z). Once the latter is identified
with the dark matter sector, the formalism leads to a unification of the matter
sectors of the SM and the dark sector.

4. Elko dual, and adjoint

Under the usual Dirac dual, Elko have vanishing norms. For this reason,
we introduce the following duals

§(p.0) = [+D¢(p,0)] 0, (18)
((p,0) = s[-D(p,0)] 0, (19)
where the Dirac operator D is defined as

DY m~ " (20)

Explicit calculations yield the action of D on Elko, and read [5,9,10]

D¢(p,1) = +i&(p,2), DE(p,2) = —i&(p,1),
D¢(p,3) = —i&(p,4), DE&(p,4) =+i&(p,3), (21)

and

D((p,1) = —i¢(p,2), D((p,2)=+i((p,1),

This property of Elko under D is crucial to the mass dimensionality of A(z).
With the duals thus defined, we obtain the orthonormality relations

E(pa U)é(p, 0/) =2m 500'7 Z(p7 O-)C(p7 OJ) = —2ms 500’7

and Lorentz invariant spin sums

Y &P, 0)E(p, o) =2mly, (23)
> (p,o)l(p.o) = —2ms],. (24)



Therefore, the adjoint of \(x) is defined as

- B d3p 1
>\($) _/ (271')3 ZmE(p)

x 3 [0l (p,0)E (B, o)™ + b(p, o) (p,0)e %],

5. The mass dimension of A(x) and darkness

Detailed calculations following reference [6] show that for s = +1 we
obtain a fermionic field, and for s = —1 we secure a bosonic field, with anni-
hilation and creation operators satisfying the appropriate anti-commutation
or commutation relations. Evaluating the time ordered product*

(IZAE)A@)]]) (25)

yields the Feynman-Dyson propagator (for the fermionic as well as the bosonic
field, taking into account the statistics parameter s and the above obtained
spin sums)

d4p —ip~(93'—$) 2'4
e .
(2m)* pupt — m? + e

(MR @) ) = i / (26)

Thus mass dimension of the A(z)- X (x) system is one, with the free Lagrangian
density given by

-

Lo(z) = % (9 X(@),A2) — X ()A(2) (27)

With Ly(z) as above, one can immediately calculate the momentum conju-

gate to A\(x)
8£0 (Q?)

~ OA(x)
and one can verify the standard locality anti-commutators (for fermions)
and commutators (for bosons). Furthermore, modulo vacuum energies, the

p(r)

0 <
@) (28)

4There is an obvious typo in equation (63) of reference [6] . The adjoint symbol is
missing from f.



Hamiltonian is positive definite for fermions as well as bosons; and if they
carry the same mass, the contributions to zero point vacuum energies cancel.

Because of mismatch between mass dimensionalities of one versus three
half, A(z) cannot form doublets with the SM fields. In addition, the pres-
ence of singlets of the form ¢(x)X(z)y(x), would lead to violation of charge
conservation, assuming that dark matter does not carry SM charges.® This
fact renders A(z) a natural dark matter candidate. The allowed interactions
are: a quartic self interaction [X(x)\(x)]?, and with Higgs via ¢(z) X (2)\(z),
and ¢?(x) X(z)\(z).

6. Discussion and concluding remarks

Mass dimension one fermions without Wigner degeneracy now has two
decades of history [11,12]. Its expansion coefficients, Elko, along with the
associated fields, have been widely studied in cosmology to mathematical
physics [13-18].5 However, from early on, a problem had persisted about
formalism’s rotational symmetry [19-22] till it was resolved by introducing
the notion of 7-deformation in references [23-25]. Here, the problem is mani-
festly resolved by incorporating Wigner degeneracy. This degeneracy was not
pursued by Weinberg on the grounds that [2], “no examples are known of
particles that furnish unconventional representations.” Despite that, one of
the present authors had taken issue with this omission in a book review [26],
and even he did not fully realise the cost of this omission. This paper corrects
that now, and incorporates Wigner degeneracy in the formalism — to the best
of our knowledge for the first time. In a forthcoming paper we plan to report
on discrete symmetries and examine in detail the irreducibility of A(z).

We opened this communication with the assertion that whatever dark
matter is, it must be one irreducible unitary representation of the extended
Lorentz group or another. Here, we have confirmed that if Wigner degeneracy
is incorporated in the formalism of mass dimension one fields then indeed
dark matter is naturally incorporated in the physics beyond the standard
model.

Seh(x) is a Dirac field.
6For an extensive list of references one may consult [6].
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