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Abstract

In this paper, we investigate a relation between the differential
equations and the non trivial zeros of the Zeta function.
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1 Main result

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[I], page 14 Equation 2.1.5| as

s oo
C(s) = —— s/l W wes)ye01), S6)er, 1)

o 1—3s o tl+s
where {t} is the fractional part of the real t. We prove the following Theorem.
Theorem 1. Consider the function ¢ defined by the Equation . For every
TR andr € (%, 1) we have

|C(r+iT)| # 0.

Thanks to the Riemann functional equation we deduce that any non
trivial zero of the Zeta function has a real part equal to %, where the non
trivial zeros are defined in the following sense

Definition 2. Consider the function  defined by the Equation . Let be
s € C. We say that s is a non trivial zero of the function ( if

I¢(s)]=0 and R(s) € (0,1), S(s)e€ R
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2 Main Proposition

For every r € (0,1) and 7 € R* the Equation implies,
crtin) ! — /+0<> w T ubdu.
1

r 4T 1—r—ar

The aim is to studies the differential equation of solutions the functions

t
tes hrp(2,t) =707 {z +/ uf”*lfT{u}du}, zeC, t>1
1

We focus only on the bounded solutions (there is a unique bounded solu-

tion. All other solutions are oscillating and diverge to infinity in norm).

More precisely, the strategy to prove the Theorem is to prove that

sup;>1 [Vrr (==, 1)| < +oco implies 2r < 1. In other words ]C(TTLZTT)\ =0

implies 2r < 1.

For every 7 € R* and r € (0, 1) we consider the following differential equation
d

= (it et i, (2)
1
R+ /N 1) = ———— t1 .
le +/ ) .’I}() 11— — 47’ T [7+OO>_>C

In this paper we derive the functions only on Ry /N.

Lemma 3. For every 7 € R* and r € (0,1) there exists a unique continuous
solution Y7, (t) : [1,+00) — C of the differential equation [2). Further,

Yrp(t) = 77 / W ) > L.
0

Proof. Let be r € (0,1) and 7 € R* fixed. Since {u} = u for every u € (0,1)

then

t
. . t
tr+7,7'/ u*“'*lfr{u}du = 17.7 vt e [O’ 1]
0

—r—ar
Since 0 < {u} <1 for every u > 1 then the function

t
t— tT'HT/ u” T )} d,
0

is continuous and C' on Ry/N. The Equation (2) is a non-
homogeneous linear differential equation. The unique continuous solution
Yrp(t) : [1,+00) = C such that ¢.,(1) = ;——= is given by

wT,r(t) == tr—HT/ U_ZT_l_T{U}dU, Vit Z 0.
0
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Proposition 4. Let be 7 € R* and r € (0,1). Consider the continuous
solution ¥, (t) : [1,+00) — C of the differential equation (2)). Suppose that
SUp>1 [rr ()] < +00, then 2r < 1.

Notation 5. Denote

p(t) = 112 /({ }—f)du, vt > 0,

where we recall that {u} is the fractional part of the real w.

Lemma 6. The function p is a continuous 1-periodic function and satisfies

1
p(t) = —— exp(ij2nt), Vit >0.
];Z* (2m)?

Proof. The function u — {u} is l-periodic, then there exists a continuous
1-periodic function p : R — R such that

/{u}du—t/ {u}du——+p(> Wt > 0.

1 1 1
/ {u}du-/ udu= -,
0 0 2

/{u}du-t—-l—p() vt > 0.

Since

we get

The function p is a piecewise C°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n— Z ay, exp(ik2mt),
k=—n

converge uniformly on Ry to the function t — p(t), where (ag)r C C are the
Fourier coefficients of the function p.

/ ({v} - 7>d to =1t ;aj exp(ij2rt), Vit > 0.
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By definition of the Fourier coefficients we have

a; = /01 exp(ij27ru)(/0u ({U} - %)dv)du

1 [t 1
2/0 exp(—ij2ru)u(u — 1)du e j €

and

e 1
agp /0 u(u — 1)du D

1
p(t) = Y ——exp(ij2rt), Vt>0.

O

Lemma 7. Let be 7 € R* and r € (0,1). Let ¢, ,(t) : [1,+00) — C
be the continuous solution of the differential equation . Suppose that
supysq [Yrr(t)] < +oo. Then

k
sup n3077r(n)‘ < 400 and sup n2(1+r)/ ui2T*1LuJ977T(u)du‘ < 400,
nEN* k,neN* n
k>n
where -
Orr () 1= () + 5 —puu~t, Vu>1,

and where u > |u| is the floor function.

Proof. Let be r € (0,1) and 7 € R* fixed. By Lemma[3]

t
Prp(t) = £7H7 /0 u” T Y du, V> 1. (3)

Suppose that
sup |7 (t)| < 4o0.
t>1

Since

+oo .
sup |- (1)] < +00 = \ / w1 L dul| = 0,
t>1 0
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then

t ) +o00 )
/ u” T Yy du = —/ w” T Y du, V> 1
0 t

Equation can be written as

Yrp(t) = —t"T /t W O V> L. (4)

Consider the function p given in the Notation fl By Lemma [} the function
p is l-periodic, then it is bounded. Use the integration part formula in
Equation (4)),

7/)7',1“(75) = _1 !

)t
2r 4T p(t)
u
- <H?:1(i7 +J+ r))t””/ u_”_g_r/ p(v)dvdu,
t t

or by the notation of 6, of the present Lemma, we have

—+00

—+00

070 (t) = — (H?Zl(ir +j+ r))t”” /

t

T /tup(v)dvdu. (5)

By Lemma [6] we have

p(u) = Z , ! 5 exp(ij2mu), Vu > 1.

Since ) =0, then

JELZ* j27r)3

v 1
/ p(p)dp = —i Z Wexp(iﬂﬂv), Yo >1, Vn € N,
n jez*

and

‘// d,udv‘<22 <1, VYu>s, VneN. (6)

EZ*

TItem 1.
Using the integration part formula in the Equation , for every n € N we

obtain
niT—l—T/ —ZT 4— r/ / d,udvdu

(0 (n)] < TGy |j + 7 7|
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By the Equation @, we get
|07'77“(n)| r oo —4—r -3 *

Item 2.
In order to simplify the notation, for every k,n € N*, denote

k ) +00 ) v
Vir(k,n) ::/ u_lLuJu”_r/ v_”_S_T/ p(p)dpdodu.

For every k,n € N*, we have

k ) +00 ) 1
Vir(k,n) = —i/ u_lLuJu”_r/ pT TS Z (jan) exp(ij2mv)dv
" “ JEZ*
b [l Y e
T —— ulu ——— exp(ij2mu)du.
sy 2 (joam)3 P
JEZ*
Implies
k ) +o00 ) 1
Ver(k,n) = —i/ u_ltuju”_r/ p TS Z Wexp(iﬂﬂv)dv
b [ Y e
- utu —— exp(ij2mu)du
ir+2+r ), 2 (jom)3 P
JjEeZ*
+ Z/k u2HT) Z ! exp(ij2mu)du.
iT+24r £~ (j2m)3
n JEZ*

Use the fact

Z 2n) 7r) =0 and / Z 5 exp(ij2mv)dv = 0,
jezr " eZ*

and use the integration part formula to obtain

Ver(k,n)

+o0o
= (i7'+3+7‘)/ “Hou)u' T/ p T ’"/ / p)dpdsdvdu

i —3-2r 1 .
- E — 2mu)d
; 5 7“/n {u}u (o) exp(ij2mu)du

jez*

1+7r _32/ /
- 22— " w)dpdod
i7‘—|—2+r/ Jdudvdu. 0
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Using the Equation @; the Equation and implies

k
| / a0 (u)du| = Ty fir 4 4 ]|V ()|

k —+o0
<347 +ir)? / u " / v dvdu
n u

k
+ 5|1 47 + 7| / w3 du < 6[3 4 7 4 ir[Pn 720,
n

O

Proof of the Proposition[fl Let be r € (0,1) and 7 € R*. Use the change of
variable
t

1, Tt )+ {t), t21

72}7’,1‘ (t) =

The Equation can be written as

d - ~
ZUrr(t) = T + i) (1), VEERL/N, t > 1. (8)
For the particular initial condition of 1;,., we have
1
r(l)=——,
V(1) 1—r—ar

by the definition of @ZW we get
&Tﬂ"(l) =-L

The Equation implies the following new differential equation,

¢
Y rglt) = (i [ a)du = e, ez L
1
where we recall that w — |u] is the floor function. The wronksien is given
by

4
dt

where in order to simplify the notation, we denoted

() = 20t 0, (8) — 267 [t we o (1), (9)

U (t) = ‘/t w4, (u)du ’ and  wq,(t) == /t u_lﬂ(vf)ﬂr(u))du.
1 1
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By definition of 15777« we have

(t—1)

/1 u ), (u)du = — + /1 u [(r + 7)Y (u) + {u}} du

1—r—ir
(t—1) /t d
= 7 _ .- -7 Yrr d
1—r—i7‘+ 1 du¢’ (u)du
t
= T V)
By consequence
1 2 2
Urr(t) = goret™ + (ww(t))
_2(1—7‘)%(7?‘1,:(;))31:?(11)7,7‘(t))t’ Vt Z 1’ (10)
wWep(t) = — it + R (1)), V= 1.

Prove the Proposition by contradiction. Suppose that 2r > 1 and
sup;>q [¢rr(t)] < +o0. By The Lemma , we have

11

3 2
— — . 11
sup [ re(n) 5 g p(n)| < oe (11)
Using the Equation , we get
sup n? ar,¥rr(n) — @Tjr(n)‘ < 400, (12)
nEN*
where 5
O, (n):=n?— T’r_rn—i— Qrr —2(1 —=7r)p(n),
() G g 21— (o)
and where

arp = (1- r)? 4+ 7% and Brp = r? 4+ 72

Integrate the equation @D as a non-homogeneous linear differential equation,
we obtain

U, (t) =t hep(t,8), VE>s>1, (13)
t
Byr(t,s) = s 270, .(s) — 2/ w2 wy . (v)du.
S
By hypothesis 2r > 1. From the Equation , remark that

lim k2" [k;? - awxym(k)} = 0.

k—4o00
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The strategy to prove the present Proposition is to find a constant time
nr,r >> 1 such that

k llI_P k2(1_7’) — aT,'r'hT,T‘(k7 nT,T) > 0’
— 400

which gives a contradiction. In other words, the aim is to studies the asymp-
totic behavior of the function (solution) t — ¢? — a;, W, ,.(¢) and find this
function, when 2r > 1, can not approximate a polynomial function of first
order. More precisely, the polynomial approximated by this function is of 2r
order. We have

k,2(17r) . OéT,rhr,r(kan) _ kQ(lfr) _ aT,rn*QT‘I’T,r(n)

k
+ 2a77r/ ) w, e (w)du,  Vk,n € N*.

Use the second Item of the Lemma [7] and the Equation . Use the Equa-
tions , we get

1 2047) [kﬂ(l—r) — @by (kyn) — Do, n)} ‘ < oo,  (14)

sup
k,neN*
k>n
where

T, (k) = kK0 —n=2d, (n)

k
- /n w2 ) [2(1 —r)u+

rary

Brr

— 2am~p(u)u71] du,
or by the notation of ®,,,

T (k) = K20 _ p20=n) | Brr 77 1oy

57’,”'
a’T,T‘ —2r
—|—=——-2(1—-7)p(n )n
(15 — 20— ()
b rQryr 1
- / u " [2(1 —r)u+ —— — 20 p(u)u” ]du.
n 57’,7’
As in the Proof of the Lemma [7| we use the integration part formula. Using
the fact
By — T TOr 1—r

Brr  Bro(1—2r) 1-2r 0
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Since 2r > 1, we have

+oo
hm T, (kyn) =2(1 —r)p(n)n =2 + 2aTT/ w7 p(u)du

k—+

+oo ra Feo
+2(1 - r)/ w2 ({u} — §)du + 5:: / u T ({u} — *)

k—
+ Ty —
+4r(1 — 7“)/ w2 p(u)du + 57-; / =1y} - 2)
o e —2r—2 . e —2r—2 .
Qr,r (u)du — 20, ({u} )p(u)du

k——+o00 7

+oo u
+2(r+1)(2r +1) ﬂ”/n u—QT—?’/n p(v)dvdu
+8r(l—7r )(27~+1)/+Oo —2re 3/ /p Ydpdou
+4(2r+1)(r+1)am~/ T 3/ / w)dpdvdu

/ w2 3/ p(v)dvdu
—2(r+1 aT,T/ w2 3( ))2>du.

—2(r+1Das,
(r+1)

Since

‘/ dv‘<1 and ‘// dudv‘<1 Yu>mn, n €N,

Then, there exists ¢, > 0 such that for all n € N* we have

—2r—1 2(1+4r)

‘ < Crpn

lim I';.(k,n)+ Tﬁaip(n)n

k—-+o0 T
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Since 1
=—, V N
p(n) =15, Vne
Then
. 1 ra op_ _ -
‘kll)gloof.r,r(k,n)—kmﬁ:::n 2 1) < erom 2(1+r)

From the Equation , there exist n,, € N* s uch that

T I SN ;f;‘: s >0,
The Equation implies
kETOO 2|2 aT,r\IfT,r(k)‘ < 21475:: n;,zrfl
But since r € (%, 1), by the Equation we have
Jim (K2 = o, ()] =0,
Contradiction. O
Remark 8. In the previous Proof, using the fact
Vrr(l) = —1.
remark that the sequence (n‘“”zﬁ(n))new is given by the Riemann series;

. "1
() = = T TR EN
k=1

3 Proof of the Theorem [

Proof of the Theorem[]l Let be = € (0,1) and 7 € R*. Suppose that
|¢(x +iT)| = 0. By the Equation (1) we have,

C(fL‘ + iT) - _ /+oo ufirflfx{u}du'
0

T 4T
Then
+oo )
‘/ u_ZT_l_w{u}du‘ =0.
0
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Implies
t ) +o0o )
/ uw T du = —/ w T ) du, V> 1.
0 t
ot Y S
sup tm+’T/ u_ZT_l_I{u}du’ = sup tm‘HT/ u_”_l_”{u}du‘
t>1 0 t>1 t

400 1
< sup [tx/ u_l_xdu} < o (15)
t

t>1

Let 17 »(t) : [1,4+00) — C be the unique continuous solution of the differen-
tial equation . By Lemma |3[ and the Equation we have,

sup |17 »(t)] < +o0,
t>1
Thanks to the Main Proposition {] we get 2z < 1. O
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