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Abstract

Using the differential equations, we obtain a more flexible expres-
sion for the Riemann Zeta function on the critical strip. This allows
us to prove that for every 7 € R* there exists at most a unique point

r € (0,1) such that %(g‘(r +ir)I(r+ m’)) = 0, where T is the Gamma

function.
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1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by the
Abel summation formula [[1], page 14 Equation 2.1.5] as

S

+oo
C(s):=— — s/l u " {uldu, R(s) € (0,1), I(s) €R*, (1)

1—s

where {u} is the fractional part of the real w. In order to simplify the
notation, denote B C C the critical strip, defined as

B:={scC: R(s)e(0,1), S(s)ecR*},

We prove the following theorems,
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Theorem 1. Consider the Zeta function given by the Equation . For
every s € B we have

C(s)I(s) = /01 u 2t <$ — 1>du — /01 u U (u)du,

where the real function W : (0,1) — R is defined as
+oo
U(u) = u_z/ {z} exp(—zuY)dz, Yu € (0,1).
0

Theorem 2. For every T € R* there exists at most a unique point r € (0,1)
such that

s(g(r i) D(r + iT)) ~0.

2 Basic Lemmas

For every s € B, the Equation is equivalent to,

0 -1 /+OO w1 {u}du.
1

s 1-—s

The aim is to studies the differential equation of solutions the functions
t
t— Ps(z,t) :=1t° {z +/ u_l_s{u}du}, zeC, t>1.
1

Remark that limg 1 oo t59s((1—5) "1, t) = —s71((s). The strategy to prove
the Theorem[T] is to find this limit. For every s € B we consider the following
differential equation

d
e = st~ e + 711}, (2)
1
t e RL/N, x(l)zli, zeC, z:Ry —C.
—s

Lemma 3. Let be s € B. There exists a unique continuous solution

Vs(t) : R% — C of the differential equation which is defined as

t
i (t) = £° /0 w S {uddu, V>0,
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Proof. Let be s € B fixed. The function
t
teRL — ts/ w7 {u}du,
0

is C* on R* /N and continuous on R* . Since {u} = u for every u € (0, 1),

then
1 1
/ w5 {u) = .
0 1— S

The Equation is a non-homogeneous linear differential equation. The

unique continuous solution ¢4(t) : R% — C such that ¢,(1) = . is given

by

t
D (t) = £° /0 w1 {uddu, Vi > 0.

Let us introduce the following notations,

Notation 4. Let ¢ : R — C be a continuous function, we denote the
function ®[g] : Ry — C as

7

Notation 5. We denote the function p: R — R as
p(t) :=A{t}, Vvt>0.
Lemma 6. For every n € N we have

1 2 <n+2

" [p)(t) = it ;::1 Bel )t”_k+2 +palt), V>0,

where (By)ken are the Bernoulli numbers and and where the real sequence
functions (pp)nen s defined for every k € N as

1

Pakr1(t) == (=1)F > Wsin(ﬂmt),
JEL*

pax(t) = (~1)F Y Wcos(j%ﬁ),
JEZ*
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Proof. Prove that

Q[p](t) = /0 {u}du = %t — % +po(t), Vt>0,

The function u — {u} is 1-periodic, then there exists a continuous 1-periodic
function p : R — R such that

¢ 1
/ {u}du = t/ {u}du + p(t), Vt>0.
0 0

1 1 1
/ {u}du:/ udu=—,
0 0 2

w5t = | (tu} = 5)du =50, vi=o 3)

The function p is a piecewise C°°, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

Since

we get

n
n— Z ay exp(ik2mt),

k=—n

converge uniformly on Ry to the function t — p(t), where (ay)r C C are the
Fourier coefficients of the function p.

p(t) = ajexp(ij2nt), Vt=>0.
JjEZ

By definition of the Fourier coefficients and the Equation we have
1
a; = / exp(—ij2mu)p(u)du
0

= /01 exp(—ijQﬂ'u)(/Ou ({U} — %)dv) du

1 M
= / exp(—ij2ru)u(u — 1)du = — VjeZz",
0 Jm

2

and

_1/1 (u—1)d __i__z;
a0 = 3 Ouu u=-—75= G2r)?
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The function p satisfies

1 1
t) = 7( "2t—1):—— t), Vt>0.
p(t)= Y s (elisemt) =+ polt)
JeL*
The Equation implies
1 1

ep)(t) = 5t — 15 +rot), VE=0.

Integrate successively to obtain

tn+1 n

1
=S T

rll

Ck
— k)

" p] (1) A" palt), V20, ¥n 20,

where (cx)gen are defined as

1

cor+1 =0 and co = (_1)k Z W’

jEZ*

Vk > 0.

By definition of the Bernoulli numbers (Bg)gen+, we get

. 1 2 ny2
0 = g > B

(n+2)! 4 ) +pa(t), ¥t >0, Yn >0,

=1

O]

3 Proof of the Theorem

Proof of the Theorem[]. Let be s € B and consider the continuous solution
¥s(t) : R% — C defined in the Lemma [3} We recall that

t
Ys(t) = ts/o uflfsp(u)du, vVt >0, (4)

where p(t) = {t} is defined as in the Notation [5| Using the fact p(u) = u for
every u € [0,1), we have

Ps(t) = (1—s)71t, Vte(0,1),

Then the function 1 satisfies the following differential equation

t%% C s+ (i), 130, 1s(0) = 0.
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By definition of @ in the Notation [ we get

LR =+ 1+ )P 0]+ O, (5)
Oy, (0) =0, V>0, Vn>0,

Integrate
t
O [y)(t) =t / w2 ) (w)du, Yt >0, Vi >0,
0

In particular, we get

(n + DI Hghs] (n)
nn+1

=(n+ 1)!ns/ u "I p) (u)du,  Vn >0,
0

which can be written as

(n + 1S 1)) (n)
nntl

“+o0o
=(n+ 1)!ns/ w25 [p) (u)du
0
+o0
—(n+ 1)!n5/ w25 pl(u)du,  Wn > 0.

Use the integration by part formula for the first integral of the right term of
the last equality, we get

+ )P+, +)ns e
(D) é;;;@)fs) [

+oo
—(n+ 1)!n5/ u " ES e p) (u)du,  Vn > 0.
Since p(u) = {u}. By definition of the Zeta function given by the Equation
, we get
¢(s) (n+Dm® _ (n+1)10"y)(n)

s H;Lill(] + 8) nntl
+00
—(n+ 1)!ns/ uw "I p) (u)du,  Vn > 0.
n

Using the Taylor formula and the definition of ®, we have

ntl n—l nn—x” x)dx
) = 5 [ (=) s(a)da,

Tl
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Then

((s) (n+Dn*  n+1
s 4 (j+s)  nnt!

| w=arieyte

—(n+1)n? /+<><> u "I [p) (u) du.

Replace in the last Equation the function s by it quantity given in the
Equation , we obtain

q@(n+nms:_n+1AQn_@%ﬁAﬂtlwwmwx

s H?ill(]_{_s) nntl

+o0o
—(n+ 1)!ns/ w25 p)(w)du,  Wn > 0.

Since s € B, then R(s) € (0,1) and p(u) = u for u € [0,1). Using the
integration by part formula, we have

/ (n—x)”xs/ u_l_sp(u)dudx—/ p(z) x_l_s/ (n —u)"u’dudzx.
0 0 0 x
We have obtained
1)Ins 1 m n
C(s) (nt1)in e / p(z) x_l_s/ (n —u)"u’dudx
0 T

s H?ill(j—i—s) nntl

— (n+1)In° /+0° w25 p) (u) du. (6)

n

By the Lemma [6] we have

" p](u) = palu) — q(n, ), (7)

where in order to simplify the notation, we denoted g(n,u) the following
Bernoulli polynomial

n+2 —
B un—i—? k
= _— 8
an.u) K (n+2— k) ®)
k=1
By the mnotation of p, in the Lemma [ we have

SUp,,>0 MaX,e(o,1] |Pn(v)| < +o0. By Stirling formula, we get

400
lim (n+ 1)!n8/ w2 5, (u)du = 0.

n——+0o
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The Equation @, implies

()T = tim (), 0
where
n+1 [ s [ u
o =— 8 1 — ) "u’dud
) == 2 [ty a1 [ = Byatduda
“+oo
+ (n+ 1)!ns/ w25 g(n, u)du.

and where I' is the Gamma function. Now, we simplify the limit
limy,—, o0 7s(n). By definition of ¢ in the Equation (§)), we have

n+1 [ s [ u
s(n) = — s 1 — —)"u’dud
mln) == [Tty a1 [0 = Byratduda
+o00 n+2 B u~k
1)in® Sl Y P —;
+ (n+ )n/n u 2 A Py u
1 n n
__nt / p(z) 3:15/ (1-— E)"usduclgc (10)
n 0 T n
n+2

1 1-k, k

B, n"u
1! —2+s —————du.
+n+ )Aq‘ 2T 2R

Implies

n+1

ns(n) = /On plx) x 1% /:(1 - %)”usduda:

n

1
+Au4ﬂ%mm, (1)

where in order to simplify the notation, we denoted

2 By, (n + 1)IntFy*

Pn(u) = s
£k (n+2— k)

Yu € (0,1), Vn > 0.

For every fixed n > 1 the function u — ¢, (u) is an alternating finite series.
For every fixed (n,m) € N? such that 4m < n we have

2(2m+1) 1—-k k dm 1-k, k
B 1! B 1)!
e (n+ 1)In" "Ry < on(u) < g (n—+1)n u,VuE(O,l),
Ze H (nt2- k) kzzl K (n+2— k)
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Then for every m > 1, we get

2(2m+1) B 4m B
k k . k k
k. k< < —_k
U s ngr—iI-loo on(u) Z T Vu € (0,1),
k=1 k=1
Implies

2(2m+1) B dm B

k. k< < —_k
ml—lg—loo ; k! = ngr—il-loo gOn(U) - mgriloo; k! u, Vu € (O’ 1)’

In other words, the following convergence is uniform

=XB U
. kE K
n oo Pn(u) = k! “ exp(u) — 1

From the Equation , we obtain
“+o0o +oo

lim n4(n) :—/ p(x) 3313/ exp(—u)u’dudx
0 T

n—-+0o
1
—2+s u _ 1>d
+/0 “ (exp(u) -1 -

Use the change of variable u — zv, for the first integral of the right term of
the last equality, we get

+o0 +o00
lim 7ns(n) ——/0 p(a:)/l exp(—zv)vidvdz

n——+o0o
1
—2+s u _ l)d
+/0 “ (exp(u) -1 -

—1, Yu € (0,1).

then

lim ns(n) =— /1+0<> US(/O+OO p(z) exp(—xv)dx) dv

1
+/0 u_2+s(exp(§) -1 1)du.

By consequence, the Equation @ implies,

C(s)(s) =— /1+0<> vs(/0+oo p(z) exp(—a:v)da:) dv

1
+/0 u_2+s(exp(z) -1 1)du.
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4 Proof of the Theorem

Proof of the Theorem[3 Let be 7 € R* fixed. Define the function
fr:(0,1) — R as

Folr) = s(g(r +ir)D(r + z'T)), vr € (0,1).

The strategy to prove the present Theorem is to prove that Td%ff (r) < 0 for
every r € (0,1). By the Theorem [I], we have

fr(r) = /01 sin(7 ln(u))u_Q'”(L 1) du

exp(u) —1

+ /01 sin(7 In(u))u™"V(u)du
1
= 1/0 (1 - cos(Tln(u))) %9(7’, w)du.

T

where in order to simplify the notation, we denoted

r

L U =14 1—r
g(r,u) = oxpu) — 1 u +u " (u), Yue(0,1),

Implies

d 1/t d d

%j}(r) = 7_/0 (1 — cos(Tln(u)))J@g(r, u)du

1 [t d d
_ T/O (1= cos(rin(w)) 5 = gl u)du, (12)

Since

+oo
U(u) = u_2/0 {z}exp(—zu)dz, Yu € (0,1),

Then for every u € (0, 1) the function g(r,u) can be written as
+00 u”
g(r,u) = u_l/o [W —u T Tz} | exp(—zut)dr.
Implies

d d +oo
e g(ru) = /0 o (, 2)u™ >4 exp(—au ) da
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11

where
- 1n(u)&% +1In(u)(2 = r)u,
+ 2 In(u) (GXPZL)I_I —u?)

+ (ln(u)(l +7r) —zln(u)u ! — 1)u727’{x}

For every fixed r € (0,1) we have “Lh,(u,2) > 0 for every u € (0,1) and
x > 0. Since h,(1,2) <0 for all z > 0, then h,(u,z) < 0 for every u € (0,1)
and z > 0 We obtain

d d

Vr e (0,1): @ag(r, u) <0, Yue(0,1).

By consequence, the Equation implies Td%fT(r) < 0 for every r € (0,1).
O
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