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Abstract

Using the di�erential equations, we obtain a more �exible expres-

sion for the Riemann Zeta function on the critical strip. This allows

us to prove that for every τ ∈ R
∗ there exists at most a unique point

r ∈ (0, 1) such that ℑ
(
ζ(r+ iτ)Γ(r+ iτ)

)
= 0, where Γ is the Gamma

function.
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1 Main results

Consider the representation of the Riemann Zeta function ζ de�ned by the
Abel summation formula [[1], page 14 Equation 2.1.5] as

ζ(s) := − s

1− s
− s

∫ +∞

1
u−1−s{u}du, ℜ(s) ∈ (0, 1), ℑ(s) ∈ R∗, (1)

where {u} is the fractional part of the real u. In order to simplify the
notation, denote B ⊂ C the critical strip, de�ned as

B := {s ∈ C : ℜ(s) ∈ (0, 1), ℑ(s) ∈ R∗},

We prove the following theorems,
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2 W. Oukil

Theorem 1. Consider the Zeta function given by the Equation (1). For

every s ∈ B we have

ζ(s)Γ(s) =

∫ 1

0
u−2+s

( u

exp(u)− 1
− 1

)
du−

∫ 1

0
u−sΨ(u)du,

where the real function Ψ : (0, 1) → R is de�ned as

Ψ(u) = u−2

∫ +∞

0
{x} exp(−xu−1)dx, ∀u ∈ (0, 1).

Theorem 2. For every τ ∈ R∗ there exists at most a unique point r ∈ (0, 1)
such that

ℑ
(
ζ(r + iτ)Γ(r + iτ)

)
= 0.

2 Basic Lemmas

For every s ∈ B, the Equation (1) is equivalent to,

ζ(s)

s
= − 1

1−s
−
∫ +∞

1
u−1−s{u}du.

The aim is to studies the di�erential equation of solutions the functions

t 7→ ψs(z, t) := ts
[
z +

∫ t

1
u−1−s{u}du

]
, z ∈ C, t ≥ 1.

Remark that limt→+∞ t−sψs((1−s)−1, t) = −s−1ζ(s). The strategy to prove
the Theorem 1, is to �nd this limit. For every s ∈ B we consider the following
di�erential equation

d

dt
x = st−1x+ t−1{t}, (2)

t ∈ R∗
+/N, x(1) =

1

1− s
, z ∈ C, x : R∗

+ → C.

Lemma 3. Let be s ∈ B. There exists a unique continuous solution

ψs(t) : R
∗
+ → C of the di�erential equation (2) which is de�ned as

ψs(t) = ts
∫ t

0
u−1−s{u}du, ∀t > 0.
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Proof. Let be s ∈ B �xed. The function

t ∈ R∗
+ 7→ ts

∫ t

0
u−1−s{u}du,

is C∞ on R∗
+/N and continuous on R∗

+. Since {u} = u for every u ∈ (0, 1),
then ∫ 1

0
u−1−s{u} =

1

1− s
.

The Equation (2) is a non-homogeneous linear di�erential equation. The
unique continuous solution ψs(t) : R

∗
+ → C such that ψs(1) =

1
1−s . is given

by

ψs(t) = ts
∫ t

0
u−1−s{u}du, ∀t > 0.

Let us introduce the following notations,

Notation 4. Let g : R+ → C be a continuous function, we denote the
function Φ[g] : R+ → C as

Φ[g](t) :=

∫ t

0
g(u)du, ∀t ≥ 0,

,

Notation 5. We denote the function p : R→ R as

p(t) := {t}, ∀t ≥ 0.

Lemma 6. For every n ∈ N we have

Φn+1[p](t) = − 1

(n+ 2)!

n+2∑
k=1

Bk

(
n+ 2

k

)
tn−k+2 + pn(t), ∀t ≥ 0,

where (Bk)k∈N are the Bernoulli numbers and and where the real sequence

functions (pn)n∈N is de�ned for every k ∈ N as

p2k+1(t) := (−1)k
∑
j∈Z∗

1

(j2π)2k+3
sin(j2πt),

p2k(t) := (−1)k
∑
j∈Z∗

1

(j2π)2k+2
cos(j2πt),

https://doi.org/10.33774/coe-2023-sb63n-v6 ORCID: https://orcid.org/0000-0002-1851-1496 Content not peer-reviewed by Cambridge University Press. License: All Rights Reserved

https://doi.org/10.33774/coe-2023-sb63n-v6
https://orcid.org/0000-0002-1851-1496


4 W. Oukil

Proof. Prove that

Φ[p](t) =

∫ t

0
{u}du =

1

2
t− 1

12
+ p0(t), ∀t ≥ 0,

The function u 7→ {u} is 1-periodic, then there exists a continuous 1-periodic
function p̃ : R→ R such that∫ t

0
{u}du = t

∫ 1

0
{u}du+ p̃(t), ∀t ≥ 0.

Since ∫ 1

0
{u}du =

∫ 1

0
u du =

1

2
,

we get

Φ[p](t)− 1

2
t =

∫ t

0

(
{u} − 1

2

)
du = p̃(t), ∀t ≥ 0. (3)

The function p̃ is a piecewise C∞, continuous on R and 1-periodic. By
Dirichlet Theorem, the Fourier series

n 7→
n∑

k=−n

ak exp(ik2πt),

converge uniformly on R+ to the function t 7→ p̃(t), where (ak)k ⊂ C are the
Fourier coe�cients of the function p̃.

p̃(t) =
∑
j∈Z

aj exp(ij2πt), ∀t ≥ 0.

By de�nition of the Fourier coe�cients and the Equation (3) we have

aj =

∫ 1

0
exp(−ij2πu)p̃(u)du

=

∫ 1

0
exp(−ij2πu)

(∫ u

0

(
{v} − 1

2

)
dv

)
du

=
1

2

∫ 1

0
exp(−ij2πu)u(u− 1)du =

1

(2jπ)2
, ∀j ∈ Z∗,

and

a0 =
1

2

∫ 1

0
u(u− 1)du = − 1

12
= −

∑
j∈Z∗

1

(j2π)2
.
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The function p̃ satis�es

p(t) =
∑
j∈Z∗

1

(j2π)2

(
exp(ij2πt)− 1

)
= − 1

12
+ p0(t), ∀t ≥ 0.

The Equation (3) implies

Φ[p](t) =
1

2
t− 1

12
+ p0(t), ∀t ≥ 0.

Integrate successively to obtain

Φn+1[p](t) =
1

2

tn+1

(n+ 1)!
+

n∑
k=0

ck
(n− k)!

tn−k + pn(t), ∀t ≥ 0, ∀n ≥ 0,

where (ck)k∈N are de�ned as

c2k+1 = 0 and c2k = (−1)k
∑
j∈Z∗

1

(j2π)2(k+1)
, ∀k ≥ 0.

By de�nition of the Bernoulli numbers (Bk)k∈N∗ , we get

Φn+1[p](t) = − 1

(n+ 2)!

n+2∑
k=1

Bk

(
n+ 2

k

)
tn−k+2 + pn(t), ∀t ≥ 0, ∀n ≥ 0,

3 Proof of the Theorem 1

Proof of the Theorem 1. Let be s ∈ B and consider the continuous solution
ψs(t) : R

∗
+ → C de�ned in the Lemma 3. We recall that

ψs(t) = ts
∫ t

0
u−1−sp(u)du, ∀t > 0, (4)

where p(t) = {t} is de�ned as in the Notation 5. Using the fact p(u) = u for
every u ∈ [0, 1), we have

ψs(t) = (1− s)−1t, ∀t ∈ (0, 1),

Then the function ψs satis�es the following di�erential equation

t
d

dt
ψs = sψs + {t}, t ≥ 0, ψs(0) = 0.
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By de�nition of Φ in the Notation 4, we get

t
d

dt
Φn+1[ψs](t) =(n+ 1 + s)Φn+1[ψs](t) + Φn+1[p](t), (5)

Φn+1[ψs](0) = 0, ∀t ≥ 0, ∀n ≥ 0,

Integrate

Φn+1[ψs](t) =t
n+1+s

∫ t

0
u−n−2−sΦn+1[p](u)du, ∀t ≥ 0, ∀n ≥ 0,

In particular, we get

(n+ 1)!Φn+1[ψs](n)

nn+1
= (n+ 1)!ns

∫ n

0
u−n−2−sΦn+1[p](u)du, ∀n ≥ 0,

which can be written as

(n+ 1)!Φn+1[ψs](n)

nn+1
= (n+ 1)!ns

∫ +∞

0
u−n−2−sΦn+1[p](u)du

− (n+ 1)!ns
∫ +∞

n
u−n−2−sΦn+1[p](u)du, ∀n ≥ 0.

Use the integration by part formula for the �rst integral of the right term of
the last equality, we get

(n+ 1)!Φn+1[ψs](n)

nn+1
=

(n+ 1)!ns

Πn+1
j=1 (j + s)

∫ +∞

0
u−1−sp(u)du

− (n+ 1)!ns
∫ +∞

n
u−n−2−sΦn+1[p](u)du, ∀n ≥ 0.

Since p(u) = {u}. By de�nition of the Zeta function given by the Equation
(1), we get

ζ(s)

s

(n+ 1)!ns

Πn+1
j=1 (j + s)

= −(n+ 1)!Φn+1[ψs](n)

nn+1

− (n+ 1)!ns
∫ +∞

n
u−n−2−sΦn+1[p](u)du, ∀n ≥ 0.

Using the Taylor formula and the de�nition of Φ, we have

Φn+1[ψs](n) =
1

n!

∫ n

0
(n− x)nψs(x)dx,
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Then

ζ(s)

s

(n+ 1)!ns

Πn+1
j=1 (j + s)

= −n+ 1

nn+1

∫ n

0
(n− x)nψs(x)dx

− (n+ 1)!ns
∫ +∞

n
u−n−2−sΦn+1[p](u)du.

Replace in the last Equation the function ψs by it quantity given in the
Equation (4), we obtain

ζ(s)

s

(n+ 1)!ns

Πn+1
j=1 (j + s)

= −n+ 1

nn+1

∫ n

0
(n− x)nxs

∫ x

0
u−1−sp(u)dudx

− (n+ 1)!ns
∫ +∞

n
u−n−2−sΦn+1[p](u)du, ∀n ≥ 0.

Since s ∈ B, then ℜ(s) ∈ (0, 1) and p(u) = u for u ∈ [0, 1). Using the
integration by part formula, we have∫ n

0
(n− x)nxs

∫ x

0
u−1−sp(u)dudx =

∫ n

0
p(x) x−1−s

∫ n

x
(n− u)nusdudx.

We have obtained

ζ(s)

s

(n+ 1)!ns

Πn+1
j=1 (j + s)

= −n+ 1

nn+1

∫ n

0
p(x) x−1−s

∫ n

x
(n− u)nusdudx

− (n+ 1)!ns
∫ +∞

n
u−n−2−sΦn+1[p](u)du. (6)

By the Lemma 6, we have

Φn+1[p](u) = pn(u)− q(n, u), (7)

where in order to simplify the notation, we denoted q(n, u) the following
Bernoulli polynomial

q(n, u) :=
n+2∑
k=1

Bk

k!

un+2−k

(n+ 2− k)!
. (8)

By the notation of pn in the Lemma 6, we have
supn≥0maxv∈[0,1] |pn(v)| < +∞. By Stirling formula, we get

lim
n→+∞

(n+ 1)!ns
∫ +∞

n
u−n−2−spn(u)du = 0.
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The Equation (6), implies

ζ(s)Γ(s) = lim
n→+∞

ηs(n), (9)

where

ηs(n) :=− n+ 1

n

∫ n

0
p(x) x−1−s

∫ n

x
(1− u

n
)nusdudx

+ (n+ 1)!ns
∫ +∞

n
u−n−2−sq(n, u)du.

and where Γ is the Gamma function. Now, we simplify the limit
limn→+∞ ηs(n). By de�nition of q in the Equation (8), we have

ηs(n) =− n+ 1

n

∫ n

0
p(x) x−1−s

∫ n

x
(1− u

n
)nusdudx

+ (n+ 1)!ns
∫ +∞

n
u−s

n+2∑
k=1

Bk

k!

u−k

(n+ 2− k)!
du

=− n+ 1

n

∫ n

0
p(x) x−1−s

∫ n

x
(1− u

n
)nusdudx (10)

+ (n+ 1)!

∫ 1

0
u−2+s

n+2∑
k=1

Bk

k!

n1−kuk

(n+ 2− k)!
du.

Implies

ηs(n) =− n+ 1

n

∫ n

0
p(x) x−1−s

∫ n

x
(1− u

n
)nusdudx

+

∫ 1

0
u−2+sφn(u)du, (11)

where in order to simplify the notation, we denoted

φn(u) :=
n+2∑
k=1

Bk

k!

(n+ 1)!n1−kuk

(n+ 2− k)!
, ∀u ∈ (0, 1), ∀n ≥ 0.

For every �xed n ≥ 1 the function u 7→ φn(u) is an alternating �nite series.
For every �xed (n,m) ∈ N2 such that 4m ≤ n we have

2(2m+1)∑
k=1

Bk

k!

(n+ 1)!n1−kuk

(n+ 2− k)!
≤ φn(u) ≤

4m∑
k=1

Bk

k!

(n+ 1)!n1−kuk

(n+ 2− k)!
, ∀u ∈ (0, 1),
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Then for every m ≥ 1, we get

2(2m+1)∑
k=1

Bk

k!
uk ≤ lim

n→+∞
φn(u) ≤

4m∑
k=1

Bk

k!
uk, ∀u ∈ (0, 1),

Implies

lim
m→+∞

2(2m+1)∑
k=1

Bk

k!
uk ≤ lim

n→+∞
φn(u) ≤ lim

m→+∞

4m∑
k=1

Bk

k!
uk, ∀u ∈ (0, 1),

In other words, the following convergence is uniform

lim
n→+∞

φn(u) =
+∞∑
k=1

Bk

k!
uk =

u

exp(u)− 1
− 1, ∀u ∈ (0, 1).

From the Equation (11), we obtain

lim
n→+∞

ηs(n) =−
∫ +∞

0
p(x) x−1−s

∫ +∞

x
exp(−u)usdudx

+

∫ 1

0
u−2+s

( u

exp(u)− 1
− 1

)
du.

Use the change of variable u 7→ xv, for the �rst integral of the right term of
the last equality, we get

lim
n→+∞

ηs(n) =−
∫ +∞

0
p(x)

∫ +∞

1
exp(−xv)vsdvdx

+

∫ 1

0
u−2+s

( u

exp(u)− 1
− 1

)
du.

then

lim
n→+∞

ηs(n) =−
∫ +∞

1
vs
(∫ +∞

0
p(x) exp(−xv)dx

)
dv

+

∫ 1

0
u−2+s

( u

exp(u)− 1
− 1

)
du.

By consequence, the Equation (9) implies,

ζ(s)Γ(s) =−
∫ +∞

1
vs
(∫ +∞

0
p(x) exp(−xv)dx

)
dv

+

∫ 1

0
u−2+s

( u

exp(u)− 1
− 1

)
du.
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4 Proof of the Theorem 2

Proof of the Theorem 2. Let be τ ∈ R∗ �xed. De�ne the function
fτ : (0, 1) 7→ R as

fτ (r) := ℑ
(
ζ(r + iτ)Γ(r + iτ)

)
, ∀r ∈ (0, 1).

The strategy to prove the present Theorem is to prove that τ d
drfτ (r) < 0 for

every r ∈ (0, 1). By the Theorem 1, we have

fτ (r) =

∫ 1

0
sin(τ ln(u))u−2+r

( u

exp(u)− 1
− 1

)
du

+

∫ 1

0
sin(τ ln(u))u−rΨ(u)du

=
1

τ

∫ 1

0

(
1− cos(τ ln(u))

) d

du
g(r, u)du.

where in order to simplify the notation, we denoted

g(r, u) :=
ur

exp(u)− 1
− u−1+r + u1−rΨ(u), ∀u ∈ (0, 1),

Implies

d

dr
fτ (r) =

1

τ

∫ 1

0

(
1− cos(τ ln(u))

) d

dr

d

du
g(r, u)du

=
1

τ

∫ 1

0

(
1− cos(τ ln(u))

) d

du

d

dr
g(r, u)du, (12)

Since

Ψ(u) = u−2

∫ +∞

0
{x} exp(−xu−1)dx, ∀u ∈ (0, 1),

Then for every u ∈ (0, 1) the function g(r, u) can be written as

g(r, u) = u−1

∫ +∞

0

[ ur

exp(u)− 1
− u−1+r + u−r{x}

]
exp(−xu−1)dx.

Implies

d

du

d

dr
g(r, u) =

∫ +∞

0
hr(u, x)u

−2+r exp(−xu−1)dx
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where

hr(u, x) :=
1

exp(u)− 1
− u−3+r − (1− r) ln(u)

1

exp(u)− 1

− ln(u)
exp(u)u

(exp(u)− 1)2
+ ln(u)(2− r)u−1,

+ x ln(u)
( u−1

exp(u)− 1
− u−2

)
+
(
ln(u)(1 + r)− x ln(u)u−1 − 1

)
u−2r{x}

For every �xed r ∈ (0, 1) we have d
duhr(u, x) > 0 for every u ∈ (0, 1) and

x > 0. Since hr(1, x) < 0 for all x > 0, then hr(u, x) < 0 for every u ∈ (0, 1)
and x > 0 We obtain

∀r ∈ (0, 1) :
d

du

d

dr
g(r, u) < 0, ∀u ∈ (0, 1).

By consequence, the Equation (12) implies τ d
drfτ (r) < 0 for every r ∈ (0, 1).
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