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Abstract

This work develops a family of solutions related to Shin’s model in produc-
ing accurate probability forecasts. More precisely, closed-form solutions are
derived based on an analytical approach to known solution and evaluated
experimentally for sports betting data sets.
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1 Introduction

In the realm of sports betting, accurate probability forecasts are essential for both
bettors and bookmakers alike. The efficacy of these forecasts significantly influ-
ences decision-making processes and financial outcomes. Bookmakers, who are
better at predicting event results than uninformed bettors, adjust odds not just to
balance their books, but also to exploit bettor biases, highlighting the critical role
of accurate forecasting in setting profitable odds (Levitt, 2004).

Probability forecasts are known to originate from three primary sources. First,
there are the forecasts from the betting market itself. Second, forecasts can stem
from complex models or traditional statistical approaches grounded in the funda-
mental aspects of sports or variables representing these traits. Third, experts like
bookmakers, insiders or sports commentators also provide forecasts on the probable
results of sporting events (Stekler, Sendor and Verlander, 2010).

Betting odds are widely used in determining probability forecasts because of
two main reasons: their availability and reliability. Betting odds are readily vis-
ible and accessible on any bookmaker’s platform and are presumed to be highly
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precise, as any inaccuracies could potentially harm bookmakers financially (Wun-
derlich and Memmert, 2020). Hvattum and Arntzen (2010) also supports this, as
they highlighted the superior predictive quality of betting odds compared to var-
ious quantitative models in forecasting soccer results. They demonstrated that a
consensus model based on betting odds provided more accurate forecasts for the
European championship in soccer than methods using the ELO rating and FIFA
World Ranking.

Different models also exist for determining probability forecasts from different
main sources such as past knowledge of related features. Dixon and Coles (1997)
developes a model that uses Poisson distribution based on number of goals with
parametrization in terms of their historical performance metrics. Spann and Skiera
(2009) compare the predictive accuracy of different models and they focus on rule
based combination to manage systematic gain, including those derived from betting
odds, emphasizing the diversity of models available for forecasting probabilities in
sports betting. Constantinou, Fenton and Neil (2013) explore the use of Bayesian
networks to model football match outcomes, employing the application of advanced
statistical methods to extract forecast probabilities from betting markets.

Strumbelj (2014) demonstrates that the probabilities derived from betting odds
through Shin’s model yield more precise forecasts compared to those obtained
through basic normalization or regression models. He utilizes Shin’s model with
fixed point iteration to address scenarios in the market where there are more than
two outcomes, aiming to calculate Shin probability equation of Jullien and Salanié
(1994). Here, we construct an approach based on similar motivation to determine
probabilities from raw odds for scenarios with three outcomes.

This paper is structured as follows: In section 2, we first review the known
solution of Shin’s model for n = 2. Then we introduce our novel closed from
solutions related to Shin’s model for n >= 3. In section 3, we compare and evaluate
proposed solutions with Shin and basic normalization methods on a public dataset.
Finally in section 4, we summarize and conclude our findings.

2 Analytical Solutions

2.1 Known solution of Shin’s Model for n = 2

Shin (1993) introduced a model designed to measure the incidence of insider trading

in financial markets, which have insider trading potential since individuals can

access non-public information about future events to gain an unfair advantage.

In the model, the expected profit of bookmakers is measured, accounting for the

presence of two types of bettors: insiders, who possess insider information, and

outsiders, who do not strategize in their betting. The bookie expects to payout
n n

to insider 2 > p;/m; and (1 — 2) > p?/m; to the outsiders where 7; is the array of
i=1 i=1

the bookie’s prices, z is the prevalence of insider trading and p; presents array of

winning probabilities. Assuming bookie’s revenue is constant at 1, the expected
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profit (EP) is calculated by

EP(r) = 1— i it (1= 2)p; (2.1)

7"'4
i=1 v

Considering that, in economic equilibrium, the expected profit of a bookmaker will
be 0, m; can be solved in terms of z and p.

T = \/zpi + (1 —2)p? i \/ij + (1= 2)p? (2.2)

Shin employed an iterative approach in his model, dealing with linearized versions
of his equations (Jullien and Salanié, 1994). However, Jullien and Salanié (1994)
showed that a straightforward nonlinear estimation method can be implemented
by inverting Eq. (2.2) to yield Shin probabilities (Strumbelj, 2014).

\/z2+4(1—z)%2—z
2(1 - 2)

pi = (2.3)

n
where 8 = Y m;.
i=1

Strumbelj (2016) presented that z can be solved using fixed-point iteration starting

at zo = 0 by using condition »  p; =1
i=1

[\

il = Z(\/zgn +4(1 - zm)%) —2 (2.4)

i=1

For the specific scenario where there are only two possible outcomes (n = 2), Eq.
(2.4) possesses an analytical solution (Strumbelj, 2016).

2= <”+7;(1)T§”_ I)m (2.5)

where m, = 7 + Mo and T_ = m — 7y

2.2 New solutions related to Shin’s Model for n >= 3

In this section, we construct an approach to use analytical solution to go further.

In the case of 3 possible outcomes (n = 3) we propose similar symmetry with
3

m_i = m — »_ 7 where m; > f — 1. What we mean, in its simplest form, is to
ki

select one of the 3 outcomes, treating the other two as a single whole then apply

the known solution and scan the combinations. This reduces 3-outcome option to
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2-outcome and requires that z parameter in Eq. (2.5) become dependent on i-th

outcome.

(8 —1)(r2; - B)
5(7731 —1)

Z; =

In this case Eq. (2.3) transforms into

w2
\/212 41— z)F — 2

b= 21— z)

p; is then normalized to obtain p;

*

b;

3
>}
=1

pi =

(2.6)

(2.7)

(2.8)

We apply our probability calculation for 3-outcomes on the market data, which

includes odds for match result outcomes of 10 matches from UEFA Conferance

League, given in Table 1.

3

Event Name o1 09 03 D1 Do D3 > pi

i=1
Spartak Moskova - FC Orenburg 1.22 4.57 6.54 0.80059 0.13615 0.06326 1.0
Fiorentina - Maccabi Hayfa 1.22 4.63 6.38 0.80048 0.13253 0.06699 1.0
Club Brugge - Molde 1.17 4.97 7.57 0.83962 0.11833 0.04205 1.0
Slavia Prag - AC Milan 2.52 3.06 2.14 0.33278 0.25650 0.41072 1.0
Lille - Sturm Graz 1.45 3.52 4.57 0.65659 0.20782 0.13559 1.0
West Ham - Freiburg 1.44 3.67 4.49 0.66244 0.19627 0.14129 1.0
Atalanta - Sporting Lizbon 1.64 3.30 3.61 0.56884 0.22996 0.20120 1.0
M Tel Aviv - Olympiacos 2.74 337 1.89 0.29799 0.22257 0.47944 1.0
Viktoria Plzen - Servette 1.78 2.87 3.54 0.51507 0.27895 0.20598 1.0
PAOK - Dinamo Zagreb 1.58 3.34 3.83 0.59361 0.22440 0.18199 1.0

Table 1: Odds for given events and calculated values of p; based on Eq (2.8).

In order to see details for behaviour of our approach, we propose p; with p; =

JF(B)p;.

pi:fﬁ)

where > p; = 1.
i=1

\/z? +4(1 — zz)%2 -z
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Assuming 7 = 7, mo = amw, w3 = b,

B=m(l+a+b) (2.10)
7 =m(l—a—0b) (2.11)
m_o=m(a—1-=0) (2.12)
m3=m(b—1—a) (2.13)
Eq. (2.6) becomes as below.
B 1 ( 11-§—aa+bb) 5)
(2.14)

T ((i;;;?) 1)
(B-1) ((H)Q —/3)

2 = . (2.15)
7 ((i&‘:;;’?) - 1)
( 1b+al+ba)) N 6)
75 = (2.16)
¢ ((if;;:s)) 1)
fzi,8) = ! = (2.17)

Now, computational experimentation on f(z;, f) for (a, b) pairs with m; > 8 — 1 is
summarized in Table 2.

B f(Zi,ﬁ)
1.05 1.0256
1.10 1.0526
1.15 1.0811
1.20 1.1111
1.25 1.1429
1.30 1.1765

Table 2: 8 and f(z;, 8) values for (a, b) pairs with m; > 8 — 1. That is, if we have m; > 8 —1 for
all 4, we get f(z;, ) results independent of the choice of a and b values.
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Table 2 suggests that we can use the power of symmetry which is a = b = 1, in the
special case of all the odds are equal to each other (Vo;, 0; = 0), we obtain § = 37
since (Vm;, m; = m)and p; = 1/3. Substituting 5 into Eq. (2.6) we obtain

. (B-1(E-Y)

(8=3)(B+3)

and substituting 1/3 into p;, f(/3) is obtained and z; can be written as a norm in
order to avoid range restrictions.

(2.18)

1
f(B) = (2.19)
[ (B8 2 (- =0es) - (e
2(1- B0y
(6=3)(73)
(B—1D(% — B)
i = 2.20
§ ’ B2, —1) ( )
When we substitute f(/5) in Eq. (2.9) we obtained analytical solution for p;
1 \/234—4(1—,21»)%2—21-
i = 2.21
b 3 (\/z*2+495(1z*)z*) 2(1 — Zi) ( )
2(1—=z*)

We apply the solution found in Eq (2.21) on the market data given in Table 1
and obtain same results in that precision.
In case of expanding the range of odds which falls within the range of 1.01 to

10, sum of their probabilities that is Z p; = 1 in 10719 tolerance. It shows that

our approach ensures the probability dlstrlbutlon in a certain region.
z* can be generalized, when the number of outcomes are more than 3, as in
n = 3 using the same special case with § = nm and p; = 1/n.

o |B=D( =2 )
[ 22
L |[B=1)(2; - B)
=y =
B 1 \/z +4(1—ZZ)F—ZZ»
e ( z*2+gg(l_z*)_z*) 21— =) (2:24)
2(1—2%)

We applied our probability calculation (Eq 2.24) for n = 4 on the market data,
which includes odds for total goal outcomes of 10 matches given in Table 3. For
n > 4, detail investigation of our analytical approach is beyond the scope of this
study but early results suggest that closed form solutions work in a certain region.
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M=
=

Tottenham - Sheffield United 6.16 2.08 2.54 5.53 0.06841 0.47542 0.36413 0.09204
Bournemouth - Arsenal 4.32 1.87 295 891 0.15686 0.54442 0.29424 0.00448

Event Name 01 09 03 04 P Do 3 D4
i=1
Fenerbahge - Gaziantep 6.1 2.09 258 575 0.07785 0.47295 0.35881 0.09039 1
Arsenal - Nottingham Forest 522 1.98 274 6.99 0.11221 0.50635 0.33022 0.05122 1
Adana Demirspor - Rizespor  5.73 2.04 2.64 6.21 0.09083 0.48768 0.34762 0.07387 1
Watford - Plymouth 424 186 299 9.15 0.16255 0.54808 0.28851 0.00087 1
Newcastle United - Aston Villa 4.21 1.87 3.05 9.58 0.17004 0.5437 0.28361 0.00266 1
Lille - Nantes 424 187 3.04 9.45 0.16758 0.54374 0.28474 0.00394 1
Wolverhampton - Brighton 493 195 28 7.55 0.12609 0.51613 0.32025 0.03753 1
Almeria - Real Madrid 5.82 2.05 2.62 6.08 0.08679 0.48465 0.35102 0.07754 1
1
1

Table 3: Odds for given events and calculated values of p; based on Eq (2.24).

3 Experimental Results

We evaluate the forecasting accuracy of probabilities using Ranked Probability
Score (RPS) (Epstein, 1969). Ranked Probability Score can be defined as follows

RPS = =33 5= Y e (3.1)

i=1 j=1

where p; is the probability estimate of outcome j, r is the number of outcomes and
e; is the actual probability of corresponding outcome j.

In our case we have three outcomes: Home, Draw, Away and p; refers to the
probability estimate of home team winning, py refers to the probability estimate of
the event ending in a draw and ps refers to the probability estimate of away team
winning. Similarly, e; refers to the actual probability of home team winning, ey
refers to the actual probability of the event ending in a draw and e refers to the
actual probability of away team winning.

Since results of events (H, D, A) can be considered ordinal, we believe RPS is
a good evaluation metric. We compute scores for our approach, Shin and Basic
Normalization methods for comparison.

We evaluate the proposed method on events played in the English Premier
League between 2000-2001 season and 2020-2021 season, a total of 21 seasons (Lixi,
2021). The dataset consists of 6590 matches played in total by 40 different teams.
We use odds from four different providers: Bet365, Interwetten, Landbrokes and
William Hill. Table 4 and Table 5 suggest that the results are similar across three
methods and it shows that our closed form solution works well.

Additionally, we contrast the outcome uncertainty for basic normalization,
Shin’s model and our proposed method by computing Shannon Entropy. Shan-
non entropy serves as a metric for assessing the level of uncertainty or randomness
within a dataset or information set and it is used for an investigation with similar
motivation (Strumbelj, 2014). Shannon entropy reaches its maximum value when
all outcomes are equally likely, indicating the highest level of uncertainty or ran-
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Method Mean Median

Basic Normalization  0.1985 0.1592
Shin 0.1982 0.1592
Proposed 0.1981 0.1586

Table 4: Mean and median ranked probability scores of methods.

Proposed Shin Basic Normalization
Mean Median Mean  Median Mean Median

Bet365 0.1953 0.1570  0.1953 0.1554 0.1954 0.1565
Interwetten  0.1995 0.1590 0.1997  0.1605 0.2002 0.1610
Landbrokes  0.1984 0.1595  0.1985  0.1599 0.1987 0.1589
William Hill 0.1992 0.1590 0.1993  0.1609 0.1995 0.1604

Odd Provider

Table 5: Provider based mean and median ranked probability scores of methods.

domness and conversely, it reaches its minimum when there is no uncertainty, such
as when all outcomes have a probability of 1 or 0, indicating complete certainty.

H(X) ==Y P(x;) - log,(P(:)) (3.2)
i=1
Method Mean Standard Deviation
Basic Normalization 1.4932 0.5224
Shin 1.4265 0.1809
Proposed 1.4085 0.1991

Table 6: Comparison of outcome uncertainities.

Table 6 and Table 7 suggest that the results are consistent and similar across
three methods.
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Proposed Shin Basic Normalization
Mean Std Mean Std Mean Std

Bet365 A 1.3915 0.2179 1.4062 0.2022 1.4790 0.5608
Interwetten 1.4238 0.1805 1.4439 0.1602 1.5003 0.4868
Landbrokes 1.4044 0.2043 1.4228 0.1865 1.4897 0.5261
William Hill 1.4144 0.1936 1.4329 0.1748 1.5039 0.5158

League

Table 7: Provider based average uncertainity and standard deviation values.

4 Conclusion

In this study, we propose novel closed form solutions related to Shin’s model for
n = 3. We evaluate the proposed solution on a public dataset and compare our
findings with Shin and basic normalization methods. Results confirm the findings
of Strumbelj (2014) regarding the potential of Shin’s model and our findings also
suggest that closed-form solutions which this study proposes can be an alternative
perspective in producing accurate probability forecasts for sports betting.
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