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1 Introduction

This article attempts a new way of proving the Pythagoras’ theorem. For centuries,
people have used diverse tools such as combinatorics, calculus, geometry, algebra
and trigonometry to come up with hundreds of different ways to prove the theo-
rem [1][2][3]. The contributors who have shown these new ways have been equally
varied and diverse - spanning from ancient mathematicians to contemporary academics,
from recreational mathematicians (such as Miss E.A. Coolidge, a remarkable blind
girl [1]) to philosophers, from high-school students [4] to a former chief economist of
the World Bank [5], and even extending to a former president of the United States [6].
Here, I use some geometry, trigonometry and algebra to prove the theorem. There are
few proofs using trigonometry [4][7][8]. The reason why I even tried looking for one
more way to prove is probably best paraphrased by the character Lisa Simpson (from
The Simpsons) - I guess the hunt was more fun than the catch. [9]

2 Some basic definitions

The three internal angles of any triangle add up to 180◦.

In the figure, ∆ABC depicts a right-angled triangle, where ∠BCA = 90◦. Let
∠CAB = θ◦ and |AB| = c (hypotenuse), |BC| = a and |AC| = b. ∠ABC = (90 − θ)◦

(180◦ − (∠BCA + ∠CAB)). (The figure appears as though ∠CAB < ∠ABC, but it
should not matter; we can have ∠CAB ≥ ∠ABC and that would look like the figure
flipped horizontally.)

From the point C, we construct a triangle ∆ACQ such that ∠ACQ = 90◦ and
|CQ| = |AC|. This is an isosceles right-angled triangle. ∠QAC = ∠CQA = 45◦ and
|CQ| = b. ∠QAB = ∠QAC + ∠CAB = (45 + θ)◦.

We construct another triangle ∆ADB such that ∠ADB = 90◦, and |AD| = a and
|DB| = b (|AB| is equal to c). We can see that ∠BAD = (90− θ)◦ and ∠DBA = θ◦.

From the point D, we construct a triangle ∆DAP such that ∠PDA = 90◦ and
|AD| = |PD|. This is an isosceles right-angled triangle. ∠DAP = ∠APD = 45◦ and
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|PD| = a.

QP is a straight line passing through A (points Q, A and P are collinear) because

∠QAP = ∠QAC + ∠CAB + ∠BAD + ∠DAP

= 45◦ + θ◦ + (90− θ)◦ + 45◦

= 180◦

∠ABQ + ∠PBA = (90 − θ)◦ + θ◦ = 90◦. This means that ∆PBQ is a right-angled
triangle. |PB| = |PD|+ |DB| which is a+b, and |BQ| = |BC|+ |CQ| which is also a+b.

From the point P , we draw a line PT that is perpendicular to AB such that we get
a triangle ∆ATP (by extending AB to meet T ) such that ∠ATP = 90◦ and let |AT | = δ.
∠PAT = ∠QAB = (45 + θ)◦ (vertically opposite angles).

In a right-angled triangle, we define the sine of an angle as the ratio of the length
of the opposite side to the length of the hypotenuse, and the cosine of an angle as
the ratio of the length of the adjacent side to the length of the hypotenuse. By this
definition, in the right-angled triangle ∆ABC, sin θ◦ = |BC|

|AB| =
a
c
, and cos θ◦ = |AC|

|AB| =
b
c
.

sin(∠ABC) = sin(90 − θ)◦ = |AC|
|AB| , which is the same as cos θ◦. So cos θ◦ = sin(90 − θ)◦.
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It follows that for 45◦, sin 45◦ = cos 45◦.

Deriving cos(45 + θ)◦

In this section, we derive the formula for cos(45 + θ)◦ without using the Pythagoras’
theorem. This is well known [10] but is being presented again for use in the next sec-
tion.

We draw a line from the point Q which is perpendicular to AB and meets AB at
the point S. From C, we draw a line that is perpendicular to QS and meets QS at the
point U . From C, we draw another line that is perpendicular to AB and meets AB at
the point E.

Referring to ∆QAS, we can see that ∠QAS = (45 + θ)◦, and that |QS| is equal to
|QU | + |US| and |AS| is equal to |AE| − |ES|. Also, |US| is equal to |CE| and |UC| is
equal to |ES|.

UC is parallel to AB and QS is parallel to CE. ∠ACU = ∠CAB = θ◦ and ∠UCQ =
(90− θ)◦ (because ∠ACU + ∠UCQ = ∠ACQ = 90◦). It follows that ∠CQU = θ◦.

We now look at cos(∠QAS) which is cos(45 + θ)◦.

cos(45 + θ)◦ =
|AS|
|AQ|

=
|AE| − |ES|

|AQ|

=
|AE|
|AQ|

− |UC|
|AQ|

=
|AE|
|AC|

.
|AC|
|AQ|

− |UC|
|QC|

.
|QC|
|AQ|

From ∆CAE, we know that cos(∠CAE) = cos θ◦ = |AE|
|AC| , from ∆QUC, we know

that sin(∠CQU) = sin θ◦ = |UC|
|QC| , and from ∆ACQ, we know that cos(∠QAC) = cos 45◦ =

|AC|
|AQ| and sin(∠QAC) = sin 45◦ = |QC|

|AQ| . So

cos(45 + θ)◦ = cos θ◦. cos 45◦ − sin θ◦. sin 45◦

Because sin 45◦ = cos 45◦,

cos(45 + θ)◦ = sin 45◦(cos θ◦ − sin θ◦)
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3 The proof

In ∆ATP , ∠ATP = 90◦, and ∠PAT = (45 + θ)◦ (because ∠PAT = ∠QAB). Let
|AT | = δ. We know that sin(∠APD) = sin 45◦ = |AD|

|AP | =
a

|AP | . This means |AP | = a
sin 45◦

.

cos(∠PAT ) =
|AT |
|AP |

cos(45 + θ)◦ =
δ
a

sin 45◦
=

δ sin 45◦

a

We know that cos(45 + θ)◦ = sin 45◦(cos θ◦ − sin θ◦). This means that

sin 45◦(cos θ◦ − sin θ◦) =
δ sin 45◦

a

We know that cos θ◦ = b
c

and sin θ◦ = a
c
.(

b

c
− a

c

)
=

δ

a

δ =

(
ab − a2

c

)

In ∆BTP , ∠BTP = 90◦.

cos(∠PBT ) = cos θ◦ =
|BT |
|BP |

|BT | = |AB|+ |AT | = (c+ δ)

|BP | = |PD|+ |BD| = (a+ b)

cos θ◦ =
(c+ δ)

(a+ b)

We know that cos θ◦ = b
c
. This means that

(c+ δ)

(a+ b)
=

b

c

c2 + δc = ab+ b2

Replacing δ by
(

ab−a2

c

)
, we get

c2 +

(
ab− a2

c

)
c = ab+ b2

c2 + ab− a2 = ab+ b2

c2 = a2 + b2

So, the hypotenuse |AB|2 is equal to |BC|2 + |AC|2. ■
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