PARITY OF THE CENTRAL PARTIAL QUOTIENT OF THE CONTINUED
FRACTION EXPANSION OF D

RICHE SEBASTIEN

ABSTRACT. The form D = (k)2 +1, k € ZT is known to generate all positive non square integers D
having a continued fraction expansion v/ D = [ao; 2ap]. Another known form that generate all positive
non square integers D for the expansion of VD = [ag; a1, a1, 2a¢] is D = (k-a? +k+ %)2 +2k-a1+1,
with a1 and k € Z1, and already we see that a; is restricted to even values for an integer solution D
to exist, and when k = 0, the period is not primitive (the shortest).

In this paper, a form that generate all non square integers D for any given period £ = 2n + 1 or
£=2n, D and n € ZT, will be provided. It will be shown that the partial quotients a; (0 < i < n)
can be given any positive value for a solution to exist, and that the only restriction, if any, is on the
parity of the central quotient a,,. When k = 0, the period is sometimes not primitive and in three
scenarios, it is never primitive. It will also be shown that for £ > 0 the period is always primitive.

A study of all the sequences of continued fraction expansions of length ¢ where a,, is incremented
and the other partial quotients a; are fixed will be done, highlighting their cyclic nature.

1. INTRODUCTION

Many forms' that generate? non square integers D, where the continued fraction expansion of v D
has a specific period length, are known. Some of them are notorious like the Berstein families [1] with
for example D = ((2a + 1)/ + a)? + 2a + 1 generating some numbers with period 65. Some forms are
also known to generate all non square integer D for a given period ¢, like the ones in the abstract.

Many, if not all of these forms will make use of patterns between the partial quotients a; to reduce
the number of variable used in the form. For instance, when a; = a1 for 1 < i < £, like in the case of
¢ =2 or £ =3, we can use univariate Fibonacci polynomials Fy(a1) or Pell numbers. For ¢ = 3, the
form looks like (W)2+2k-FQ(al)+l, but for the general case, the use of multivariate polynomials,
or continuants, cannot be avoided.

In this context, a precise knowledge of admissible partial quotients, and therefore admissible contin-
uants, is a requirement for the generation of all v/D having a continued fraction of any given period.

1.1. structure. The first section contains some definitions and a few global remarks. In section 2, it
will be shown that for a set of partial quotients a; with 0 < 7 < £, the a¢ quotient cannot be arbitrary.
A form, based on a system of linear equations, that generate all non square integers D for any given
period £ = 2n + 1 or £ = 2n, D and n € ZT will be provided. Section 3, shows that the central
quotient a, cannot be arbitrary either, but unlike for ag, if there is a restriction on a,, it is only on
its parity. Section 4 will provide an alternative form in which the variable w has a central role. In
section 5, The case k = 0 where the period is not always primitive will be examined, and we will see
when it is strictly non-primitive. It will be shown that for k£ > 0 the period is always primitive. Some
inequalities related to p, ; + %—1\/5 will also be given for k = 0 and k # 0.

Date: 2024-06-19.

2020 Mathematics Subject Classification. Primary 11A55.

lequation VD = lao; a1, az2...] expressed as a quadratic equation, or a closed form
2what Berstein [1] calls ”construct”
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2 RICHE SEBASTIEN

1.2. some definitions. Let the regular continued fraction expansion of the square root of a non square
integer D € Z* be written v'D = [ag; a1, az, ..., as_1, 2ag] where £ is the length of the period, and its

vt convergent is denoted % = lag; a1, ..., ay]. By this definition, ag is also a positive integer.
1
V D= apn + 1
@+ ———
as + N

Since the continued fraction expansion is palindromic, the partial quotients a; = ay_; for 0 < i < £
(refer to Perron [7] for classical proofs). This paper will only consider period ¢ > 1 unless specified.

Remark 1.1. The superscript notations qv+“ used in this paper is equivalent to Perron’s notation B, ,

in [7, p.14] where p is what he calls an indice shift. They both translate to the simple continuant
K(ai4p,--.,av+,). The notation differs from exponents by a little * sign.

Remark 1.2. The use of mod as an operator giving the remainder in the euclidean division is to
be viewed as a convenient way to represent the smallest non-negative residue (a mod b). It can be
differentiated from congruences by the classical parenthesis notation and the use of an equal sign:
¢ =amod b versus ¢ = a (mod b). When the modulus and denominators have no common factors, a
modular multiplicative inverse is sometimes used (as denominator).

1.3. main results. An integer solution D to equation v D = [ag; a1, ..., ag—1, 2a¢] can be found, for any
period £ = 2n + 1 or £ = 2n, n € ZT, with any positive partial quotients a; (0 < ¢ < n). Theorem 3.4
shows that only a,, may eventually have a constraint on its parity. We can generate all these solutions

) 2
with D = ((16 + kh) + o + kdq,_, where k = 0 gives the smallest of them. Theorem 5.2 shows
that when k& > 0, the period is always primitive, and theorem 5.4 shows that when k& = 0, there is no

expansion with a primitive period ¢ when ¢ = 2 and a; is even, or when ¢ = 3, or when ¢ = 4 and
2a0-8s—aqg T 2ag9 -t —7r ag-t—s
1 = = = m - t — M =
dy_3 dy—1 dy_o
ap — A, < ap—q will be introduced, where w is periodic mod §t with period g,,_,, 2¢,,_; or 2(]71712 in
a sequence of continued fraction expansions having the partial quotients a; (0 < ¢ < n) constants and
an incremented. A study of these sequences will be done, greatly improving our understanding of the

partial quotients relation.

a1 = 2. The cyclic variable w = W’ + kdt =

2. THE GENERAL FORM

The convergents denominators q, are multivariate polynomials, or continuants, and their variables
are the partial quotients a;. For a given set of a; (0 < i < £), encoded in q,_,, q,_, and q€_3“, the
quotient ag cannot be random. This section determine all possible values of ag and ag = D — ag for
that set, giving a general form for the generation of all corresponding D. An alternative form will also
be presented in section 4 with some surprising properties.

2.1. A linear equation with two unknowns.
This well known continuant matrix identity, using the convergents denominator notation

qy_ qy_ ay 1 a 1 ap—1q 1
(21) L :<1 0><1 o)( 1 0)
) Qe—3

can be found by induction and was also used in Halter-Kock [4, p.1].
Another identity, from Poorten [8, p.110], and also found in Muir [6, p.234] gives

- w :<a0 1) e e <a0 1)
Py_q dp_1q L0 Qy_o qy_3 10
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PARITY OF THE CENTRAL PARTIAL QUOTIENT OF THE CONTINUED FRACTION EXPANSION OF VD 3

By developing the right hand side and using g, ,"" = ¢, ,, found by quotients symmetry a; = a,—;
for 0 < i < ¢ and by continuant reversibility K(aq,...,am) = K(am,...,a1), we get

(2.3) Dq,_y pey _ agqy_y +2a00 o+ 45" agdyy + 4y
Pe—1 Qo oGy T 9o Qo1

Taking the determinants of matrix (2.1) and the top left element of matrix (2.3) we get the following
system of linear equations with unknowns (D — a3) = ag, and 2aq

(2.4) U1z’ = Qpoolp—p = (1)
(2.5) { Qg =qp_1(D —af) — 2a4q,_,

for which solutions are

(2.6) 2a0 = mq,_; + (=1)F'q,_yq, 3"
(2.7) { D —ag =mgq,_, + (-1)"*! (qe—3+1)2

where m € Z. These solutions are also found in Muir [5, §53 p.29] or Perron [7, §25 p.98]. From these
solutions, we now have this equation for D

ma,_; + (1) g, g5\ ,
(28) D= < -1 ( )2 —24¢—-3 +mq£72 + (_1)Z+1(q£73+ )2

Multiplying equation (2.7) by g¢,_, and subtracting equation (2.6) multiplied by ¢, "' and using
equation (2.4) gives

(2.9) Qlp_o — 2a9q, 5" = (—1)'m

Remark 2.1. (2.7)< (2.6) since D < (ag + 1)%.

Remark 2.2. As Muir noted in [6, §21 p.235], The expansion of VD 7may always be reduced to a

periodic continued fraction with only three elements in its period”, which is this non simple continued
fraction (leading to equation (2.5) when expanded):

+1

qp_
VD =ao + = 1
(—1)
Qoo+ ———
Qs+ dy_3
-2 VD + ag

Lemma 2.3. Equation (2.8) has no integer solution if and only if the quantity q,_,q, 5" is odd.

Proof. If q,_, is odd, equation (2.4) shows that ¢, , and ¢, ;" must be even, which implies from
equation (2.6), that m is even. This also implies that the quantity mg,_ , is always even. From
equation (2.8), we can conclude that qé_zqé_:;r1 must always be even for D to be an integer. O

This result was shown by Muir in [5, §55 p.31] and was also shown by Friesen in [3, p.11], and
likewise, m will be replaced by b or 2b depending on the parity of g, ; as follow

Lot 6 — 1 %f g1 =0 (mod 2)
2 ifg,_ ;=1 (mod?2)
Setting m = 0b allows to work with b € Z with unrestricted parity. Equation (2.8) becomes

D= <b5qg—1 + (1)”1‘];—2%—3+1

2
(2.10) > +b8g,_y + (—1)" (g,_y ")
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Lemma 2.4. With equation (2.10) written as D = (ag)*+ag, D € Z* a non square integer and £ > 2,

let af, = ap mod %, and let oy = g mod 0q, .. If the partial quotients a; for 0 < i < £ are set

to arbitrary fized values having solutions, then D' = (a})? + «f, is the smallest of them. It will have a
continued fraction expansion VD' = [ag; a1, ag, ..., ag—1, 2ag).

Proof. By fixing all partial quotients a; for 0 < ¢ < ¢, the quantities ¢,_;, ¢,_,, and g,_;"" will also be
fixed, since they depend only on those partial quotients. The only variable in equation (2.10) becomes
b. By modulo, af is therefore the minimum positive (see remark (2.6) and (2.9)) value that ag could
eventually take, and «f is the minimum positive value that ag could eventually take. Establishing
they are part of the same expansion will complete the proof: From this classical identity, in Poorten
[8, p.104], which uses matrix (2.1)

(ao 1> 491 dp_o _ [Pe-1 Pe2
10 Qo' Qs o1 9p—2

and inserting the top right element of the matrix in equation (2.5), we find

1

N

Po_o = Qoy_g T qp_3

2

Py =q_1(D —aj) —ayq,_,
rewritten as

Py_o 2 Agp_s

ot ayg,_
D—d= Dy T Ag9p_»
qp_q

then if og < dgq,_,, we have

2 _ Pr2 +agqy_

ag=D —ay = ———= < dq,_,
Qo1
Dyp_o
= 2a, < +a, <0q,_,
9p—2
0q,_
= ag < g !
, . . , 5%71 . . . . . .
so that o < dg,_, implies ay < , and since b is an integer in equation (2.10), there is no other
]
ag smaller than dg, , and no other a, smaller than qe—1. They therefore are part of the same
expansion. O

Set k = b— b where V' is the value of b leading to aj, and «f. Equation (2.10) becomes

) 2
(2.11) D= (ag +k q’;”) + af + kdgq,_,
With
]
(2.12) ap = aly + k qg‘l
(2.13) ag = ag + kdg,_,
where k > 0 is also an integer, and assuming ¢ > 2 we have from equation (2.10), (2.12) and (2.13)
—1)¢+1 +1 )
(2.14) af = (=1)"q,_q,_3 mod 9—1
2 2
12
(2.15) af = (1) (q,_3"") "mod dq,_,
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Remark 2.5. variables associated to the smallest solution D’ are marked with an apostrophe.

1

Remark 2.6. For £ = 2, since ¢, ;"' = 0, the smallest solutions to equation (2.6) and (2.7) are

1)
ap = qg_l and af = dq,_,, but they cannot be expressed with the above modulo which would reduce

them to 0 (since D and ag are positive and D = ag? + ap is non-square, ap must be positive).

_qefs+l> mod 0qy_q

Proposition 2.7. For { > 2 we have aj = (
2q,_

Proof. By starting from equation (2.5) af - q,_; = 2a,-q,_o +q, 5 and taking the modulo. From
equation (2.4) and lemma 2.3, we know that ¢, ;"' odd implies g, , even and ¢, ; odd, which means

dq dq
ged(2q,_o, —51) =1, andif ¢,_,"" is even, the 2 in the denominator vanishes and ged(g,_,, —5=+) = 1.

In any case, the modulus and the denominator have no common factor, which allows the use of fractions,
or multiplicative inverse, in the modulo. O

+1
dy_3

mod dq,_
=) -

Proposition 2.8. For { > 2 we have «f, = (
Proof. By starting from equation (2.5) af - q,_, = 2a{, - q,_, + q,_5" and taking the modulo. Since
ged(q,_q,0q,_5) = 1, the modulus and the denominator have no common factor, which allows the use
of fractions, or multiplicative inverse, in the modulo. O

Remark 2.9. In the above propositions, zero has no multiplicative inverse and qe_g+l > (0 when ¢ > 2,
soay >0and af >0

This leads to a simplified general form for £ > 2, k > 0

1

(2.16) D= ((_261;_3;) mod 6%1 + k(sq‘;l)2 + (q“q:z) mod 8q, , + kég, ,

3. SOLUTIONS TO VD = [ag; a1, as, ..., ap—1, 2ag]

As Muir stated in [5, §55 p.31]: ”No integer can be found whose square root when expressed as a
continued fraction with unit-numerators has q1,qo, ..., q2,q1 for the symmetric portion of its cycle of
partial denominators, unless either K(qi ...q2) or K(qa . ..qz2) be even”. This was proven in lemma 2.3.

This section will show an equivalent proposition that for period £ =2n + 1 or £ = 2n, n € Z*, the
partial quotients a; for 0 < @ < n, and by symmetry, for [ —n < i < [, can be given any positive value
for a solution to exist, and the only restriction, if any, is on the parity of the central quotient a,,.

3.1. prerequisites. Using Euler’s identity for continuants, see Muir [6, p.230] or Perron [7, p.18
formula 36], and using Perron’s indice naming with the addition of what he calls an indice shift '1’,
like in [7, p.17 formula 35], with «, 8,7, u positive integers

K(a,LH s 7aa+ﬁ+"/+ufl) : K(aa+u+17 ERE) aa+,3+ltfl)
(31) _K(a;u s aaa+6+u—l) . K(aa+u+1; LR aa+5+'y+u—1)
:(—1)5_11((%’ s Gagpu—1) K (Ao Brptts - - Qo Brytpu—1)

a series of identities will be produced, in convergents notation. Cases where «, 8 and/or v are not
positive can be verified using ¢,™" =1, ¢_; ™" =0, and ¢_,™" =1 for any integer h.

Remark 3.1. The middle term a,, is appearing once for ¢ even and twice for ¢ odd, there is a partial
quotient symmetry a; = a;—; for 0 < i < I, and continuants are reversible K(a,...am) = K(am, ...a1).
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Identities for / =2n+ 1, n € Z*

(32) g,y =(g,)"+ (q,_1) (a=n—1, B=1, y=n, u=1)

(33) @ 9=0,8,_1 +q_19,_o (a=n—1, B=1, y=n—1, u=1)

(3 4) q, = 0,9, 1 + Qo (a=n-2, B=1, v=1, p=1)

( ) 4 3+1 _ (q 1+1)2 + (q 2+l )2 (a=n—2, B=1, y=n—1, p=2)
n— n—

I

dentities for / =2n, n € Z*

(3:6) 3" =dyo (Gy T s) (a=n—3, f=1, y=n—1, u=2)
(3 7) p_o = q’rzflqnfl+1 + qn72qn72+1 (a=n=2, f=1, y=n—1, u=1)
(3 8) Qp_o = qnqn—2+1 + qn—lqn—SJrl (a=n—1, f=1, y=n=2, p=1)
(3 9) qn72qn72+1 _ qnflqn73+1 _ (_1)n (a=0, f=n—2, y=1, p=1)
(310) G = (@™ 0™ (1) e
a=n-3, f=1, y=1, p=2
(3 11) qnfl+1 = anqn72+1 + qn73+1
(a=n=2, B=1, y=n, p=1)
(3 12 ) qé—l = qn—l(qn + qn—2)

3.2. equivalences.

Lemma 3.2. If{=2n+1, n € ZT, then the following two assertions are equivalent

(1) ¢,_59,_3" =1 (mod 2)
(2) one of these statements is true:
(a) g,_5 =0 (mod 2) and a, =1 (mod 2)
(b) q,,_14,_5 =1 (mod 2) and a 0 (mod 2)

Proof. First we prove (1) = (2):

(1) and equation (2.4) force g,_, to be even, so that equation (3.2) gives ¢, = ¢,,_; (mod 2), and
equation (3.3) with ¢,_, odd force both ¢, and ¢, _; to be odd. This shows with equation (3.4) that
a, #q,_o (mod 2), which proves (2).

Now we prove (a) = (1):

(a) and equation (3.4) show that ¢, = ¢, ; (mod 2), which with equation (3.2) proves g, _, to be even.
Since p,_5q, 1 — Pp_149y_5 = £1, we have ged(q,_1,q,_5) = 1 50 q,_, is odd and with equation (3.3)
which forces both ¢, and g, _, to be odd, proves g, ;"' #q, _,"" (mod 2). Equation (3.5) then proves
qy_5 " is odd which completes the proof of (1).

And we prove (b) = (1):

(b) and equation (3.4) force ¢, to be odd, which with equation (3.2) proves g,_, to be even. Since
Dy_op_1 — Py_19p—o = =1, we have ged(q,_,,q,_5) =150 q,_, is odd and with equation (3.3) proves
4, 1" #4q, »" (mod 2). Equation (3.5) then proves ¢, ;" is odd which completes the proof. O

Lemma 3.3. If{ =2n, n € Z™", then the following two assertions are equivalent

(1) ¢,_59, 3" =1 (mod 2)
(2) ¢,_, =0 (mod 2) and a,, =1 (mod 2)

Proof. First we prove (1) = (2):

(1) implies g, ;"' is odd so both sides of equation (3.6) are odd, meaning both side of equation (3.11)
41 —q, 3" = a,q, 5" are odd too, proving a, odd. (1) also implies g, , is odd, and with
(¢, +4q,_3"") odd from equation (3.11), and by using equation (3.10), it proves g, , even and (2).
Now we prove (2) = (1):

q,_, even and equation (3.12) means q,_, is even, and since p,_»q,_; — Py_1q,_o = £1, we have
ged(g,_1,4,_) = 150 q,_, is odd and with equation (3.7), shows that ¢, _,q,_,"" is odd. With a,, odd,
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. . . +1 +1 +1 . .
we see both sides of the equation (3.11) written as a,,q,, " =4¢,,_; —q,_5 are odd, so both sides
of equation (3.6) are odd and ¢, ;"' is therefore also odd, proving (1). O

Theorem 3.4. The partial quotients a; for 0 < i < n, and by symmetry for l —n < i <1 can be given
any positive integer value for a solution! to exist. The only restriction, if any, is on the parity of the
central quotient a,.

Proof. From lemma 2.3, we see that lemma 3.3 and lemma 3.2 are describing scenarios with no integer
solution to VD = [ao; a1, ag, ..., ag—1,2ap]. Since q,_; and g, _, only depend on quotients a; in the
range 0 < i < n, they have fixed values for a given set of a; in that range, which implies that statements
(a) and (b) in lemma 3.2 cannot both occur for the same set, so from lemma 3.2 for odd periods, with
an eventual restriction on the parity of a,, there is always solutions. From lemma 3.3, for even periods,
when g, _, is even, there are solutions for even a,, otherwise there is always a solution. O

Corollary 3.5. For any period £ = 2n or 2n + 1, n € Z*, and for any partial quotients a; € ZT
(0 < i < n), there are infinitely many non square integers D, where the continued fraction expansion
of V'D has period ¢ and these partial quotients.

Proof. From theorem 3.4, and the fact that there are infinitely many possible a,, (for any & > 0).
Moreover, if any of these a,, is fixed, there are still infinitely many solutions. Indeed, the equation (2.11)
includes the variable k > 0 for infinitely many possible values of ag. O

4. AN ALTERNATIVE FORM

An alternative formulation of af and «f, (for £ > 2), only using partial quotients a; (0 < ¢ < n), can
be set up with the variables r, s, ¢ defined bellow for ¢ even and ¢ odd

+1 +1 o 41 41
=qp— lqn 1~ 9n—19-3 "=49% -1 — 9p-19n-2

{=2n s—qn g, (=2n+1{ s=gq, ;"q, ;"
qn—lqn—Z = qn—lqn—l

where 7, s,t are positive integers (verifiable with equation (3.1) using (8=1, y=1, u=1 or 2)).
First we show that

(4.1) S Q=T q o+t q 5"

for ¢ = 2n, using equations of subsection 3.1:
S Q=T Qo ttoq g
Gt ey (G F Ay n) =T G F Uy 1Tl (G s

+1 +1 +1 +1 +1

9pn—1 4p—2 94,19, = (qn_lqn_1 —4q,_ 1qn 3 )Qe 2 + qn_19,—29,— 2 q,_3
G191 (@yn €= G s) = Gy 1, 3, (qn 19— 1 B S/ TS I T/ M S
G191 Qa2 G = Gp—2) = ~Cy1Bp—s3 o1t
QU 9= o +4y 19,5 O

+1

+1

for £ = 2n + 1, using equations of subsection 3.1:
qu =T ¢y ttoqy"
(¢, ") ((g,)> +(q,_1)°) =7 q,_ 2+( ) ((qn VP A (4,07
(qn q,_ 1+1) (qnqn 1 o —4q,_19,_9 )( 1 Jrqn 1qn 2 1)+(qn_1qn_2+1)2
( +1)2 (qnqn_1 )2 (qn 149y,— 2+) (n 1952 )2 U

By setting
(4.2) w = ((-1)"g, 5 s —q, 5" -7]) mod &t

linteger solution D to equation v'D = [ag;a1,az, ..., a1, 2a0)
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we find that
Woegq_
4.3 [ et S
(4.3) ) 2%
Wgq, o+s
4.4 r_ =2 | 7
(4.4) Qo :

This can be verified with ag (resp. «ag) from equation (2.10) using ', and equating with above af, (resp.
o), with the help of equation (2.4) and equation (4.1):

(D) gy pqp 3 +V0q (D) gy s =gy ] +0) g+

2 - 2t
= 0t(b' — C/)Qe_1 = T(_1)2+1[(_1)£+1 - Qg_lﬂ_g“] + (_1)£+1Qe_2[%_1 t5 = 94_3“ 1]
q,_, 1

— 5t(b/ o C/)i(_1)f+l =8Qu_1 — T qpog— t- q€—3+ =0

It follows that the equality is verified (for ¢/ = V).

With equation (2.12) and (4.3) (or equation (2.13) and (4.4)) we have

(4.5) w=w + kdt
From the same equations we get
{ 2a0-5-t=w-q,_ ;- 5+71"5
Qo rt=w-q_qo-T+7r-S
or

(4.6) w:2a0-5—+clyo~r:2a0~t—T:a0-t—s
dy_3 dy_1 dy_o

Similarly to equation (2.6) and (2.7) being solutions to equation (2.4) and (2.5) we have
Grl—g’ — Qalp—p = (1)
{ S Q=T G 9+t-q 3"
for which solutions are (M € Z)
(4.7) { r=Mgq,_, +(-1)"q,_nq, 3t

(4.8) § = MQe,Q + (_1)“_1(%73“)%

Multiplying equation (4.8) by g, , and subtracting equation (4.7) multiplied by ¢, ;"' and using
equation (2.4) yields, similarly to equation (2.9),

(4.9) S qo—Tq 5 =(-1)'M
4.1. Other properties of w. In addition to equation (4.5) and equation (4.6), there are other prop-
erties of w which are of great interest.

Multiplying equation (2.7) (resp. (2.6)) by t and subtracting equation (4.8) (resp. (4.7)) then dividing

by q,_, (resp. q,_,) gives equation (4.6) on the left side and on the right side we have:

(4.10) w=m-t—M
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Now we will also show that w = a9 — A,: Let the complete quotients of the expansion of the
D+ Ap_

continued fraction of vD be denoted r, = u, with 7o = VD, and use the following:

Qp—1

(4.11) Ap = Ar_p—1 See Perron [7, p.90] with (0 < h < ¢)

(4.12) Qp—1 = Qy—p—1 See Perron [7, p.90] with (0 < h < ¢)

(4.13) Ap_1+ Ay = apap—1 See Perron [7, p.83 formula 4] with (h > 0)

(4.14) ang,_y + Ang, = p), See Perron [7, p.75 formula 5] with (h > —1)

(4.15) on-1qy, — Angy,_1 = Pp_4 with (h > 0)

(4.16) Py =aoq, +q, 4" See Perron [7, p.15 formula 29] with (h > —1)

Remark 4.1. Indexes are shifted compared to Perron’s notation: A,_1 = P, and a,_1 = @,. The
notation A;/a; dates back to Euler [2, p.36]. This index shift also better match formulas like Ay = ay,

q, . o +aqp, .
D = a3 + o and more specifically o; = ay_;_o = Pille—iza ™ 4iPu—i—2 with —1 < ¢ < £ and A; =

dy1

Py 1~ 1Py 2
491

Ap_i 1= with 0 <7 < L.

Remark 4.2. equation (4.15) is build by using equation (4.13) and equation (4.14):

9 = anqp_1 T Qo
Ah—14qp = ah—l(ahqh71 + thg)
on-1qy, = Ap—1q,_1 + Anrq,_1 + an_1q,_,
an-1q, = Anqp_1 + D04
Using all above equations and equation (3.2), (3.11) and (3.12), for £ = 2n we have

Angy_y = a4, 14n(q, + q,_5)
=, _1(Ang, + ang,_y — (ng,_; — Ang,_,))
=q,,_1(Ang, + ang, 1 — (n—24¢, 1 — An-14,_,))
=¢,,_1(Pp, = Pn_2)
=04, _1 (G = Cp2) T €1(@_y™ —ap_s™)
=ao(q,_, —2t) +r

(ao—A )qE 1T

which gives ag = and with equation (4.6) leads to w = ag — A,

2t
for £ = 2n + 1 we have the same result:

Ang_y = An((qn)2 + (%4)2)
=40(9,)* + 4,4, 1 — (4,4, 1 — An(g,_1)?))
=An(4,)* + g, 4,y — (14,4, — An(q,_1)%))
O
=(a04,, + 41" ), — (@04, 1 T Qs )4
=a0((¢,)% = (@_1)*) + 0y = G1 @y
=ap(q,_, —2t)+r

which, as above, leads to

(4.17) w=ag— A,
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VD + A,

Remark 4.3. with >1land D — A2 = (\/E—i— An)(\/T) — A,) = apay—1 (Perron [7, p.83

formula 5]) we see that /D — A,, < ay,_1, therefore w < a,,_1

§
Remark 4.4. from equation (2.12), (4.5) and (4.17) we have A, = A} + k‘i(q#1 — 2t)

Now we will show in lemma 4.7 and 4.10 that in a sequence of continued fraction expansions where
the partial quotients a; (0 < i < n) are constants and a,, is incremented, w, as defined in equation (4.5),
is periodic mod 6t with period ¢, _,, 2q,_, or 2qn_12.

Lemma 4.5. For integer solutions D to /D = [ag; a1, az, ..., ag_1, 2a0), ¢y, =1 (mod 4) when £ =
2n+1, and q,_, = a, (mod 2) when ¢ = 2n

Proof. When ¢ is odd, taking the determinants of matrices (2.2) with RHS expanded like in matrix (2.1),
will give p£_12 — Dq£_12 = —1. Since pz—12 =0or1 (mod 4) and D is an integer, g,_, cannot be even.
And since g,_, is a sum of squares (see equation (3.2)), then g,_, =1 (mod 4). When ¢ = 2n is even,
from g, = a,q,_, +q,_, and equation (3.12) we get g, , = anq,_,>+2q,_,4,,_, and by lemma (3.3),
q,,_, cannot be even if a, is odd, therefore ¢, ; = a, (mod 2). O

Definition 4.1 (quadratic sequence). Let’s take a palindromic expansion of the form

[ap; a1, a2, ..., Gn, ..., a2, a1, 2ag] for £ = 2n or £ = 2n+1. Let’s fix the partial quotients a; (for 0 < ¢ < n,
and by symmetry for [ —n < i < [) to any chosen positive constants. By developing (—1)“*'(g, ,-s—
qy_5 " 1) from equation (4.2) using r and s defined in section 4, using equation 3.3 (resp. equation 3.7)
and equation 3.5 (resp. equation 3.6) for ¢ odd (resp. ¢ even), and developing ¢, and ¢, ;"' with
equation 3.4 (resp. 3.4) and equation 3.11 (resp. 3.11) in order to isolate a,,, we now have a polynomial
with variable a,, and constant continuants (they only depend on the partial quotients we fixed):

flap)=A-a®> +B-a,+C
with the following constants A, B, C for £ even or £ odd:

A=0
t=2n B = _qn—Q(qn—2 9 9
+1 +1 +1
C= —4p_19,—2 (qn73 ) - qn72(qn72 ) qn—3

+143
) .
A = qnfl(qn72+1)3
1 1 1
[ =2n + 1 B = gqn—l(qn—2Jr )Qqn—SJr - qn—2(qn—2Jr )3
+1 +1 +1 +1 +1
C= qn—l(qn—Z )3 - qn—2(qn—2 )2qn—3 + 2qn—1qn—2 (qn—3 )
Let the ordered set of numbers y; = f(j) with j = 1,2, 3... be the quadratic sequence (or arithmetic
progression when A = 0) defined by the sequence formula f(a,) and term position j, then for any
positive integer T, y;4r = y; + T(A-T +2A - j + B), so in order to find the smallest period of the
quadratic sequence mod dt, we have y; 17 = y; (mod 6t) <= T(A-T+2A-j+B) =0 (mod §t) <

ot
5t|T(A-T+2A - j+ B), and the smallest T satisfying this relation is T' = wcd(A T124 j 7 B.01)

2

T is the smallest period of the sequence of y; mod dt.

Table (1) shows an example of an arithmetic progression y; from a sequence of continued fraction
expansions with fixed partial quotients a; (for 0 < ¢ < n) where a,, is incremented, and have a parity
restriction (in this example a,, must be even for a solution D to be an integer). We see that y; is
periodic mod t with period 4, and ' = f(a,) mod 6t will take its values in the set {5,11}. The
sequence of values y; mod 0t is < 2,11,8,5,2,11,8,5,2,... >. Note that in Table (1), the purpose
is not to show that the continued fraction expansion /57/4 = [3;1,3,2,3,1,6], but to show that ag
computed with equation (2.6) for [ag;3,1,1,1,3,2a0] is not an integer, as shown by lemma (2.3).
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TABLE 1. Sequence of expansions for £ = 6 with a; =3, as =1 where 6 =1 and ¢t = 12

continued fraction expansion = v/ D

j an o1 A B C Yj Ya, y;moddt wmoddt
[7/2 ;3,1,1,1,3, 7] =+/57/4 1 4 0 -3 -7 -10 2
[26 m] V690 2 2 4 0 -3 -7 -13 -13 11 11
[49/2;3,1,3,1,3, 49] = /2453 /4 3 4 0 -3 -7 -16 8
(19 :3,1,4,1,3, 38 =+/371 4 4 4 0 -3 -7 -19 -19 5 5
[19/2;3,1,5,1,3, 19 = /381/4 5 4 0 -3 -7 -22 2
[56 ;3,1,6,1,3,112] = /3165 6 6 4 0 -3 -7 -25 -25 11 11
[93/2; m] /8745 /4 7 4 0 -3 -7 -28 8
33 ;3,1,8,1,3, 66| = /1106 8 8 4 0 -3 -7 -31 -31 5 5
[31/2 3,1,9,1,3, 31] = 1/993/4 9 4 0 -3 -7 -34 2

Remark 4.6. Definition (4.1) makes a direct mapping between the quadratic sequence of terms y,, (or
eventually y;) and a sequence o of continued fraction expansions where a,, is incremented and the other
partial quotients a; (0 < ¢ < n) are fixed. The concept of periodicity applied to sequences of continued
fraction expansions is equivalent to the one applied to their quadratic sequences counterpart, as if the
expansion linked to a,, was represented by the number y,,, .

Lemma 4.7. For { odd, w as defined in equation 4.5 is periodic mod 0t with period 2%—12: in the
sequence of continued fraction expansions of length ¢ where a, is incremented and the other partial
quotients a; (0 <1i < n) are fized.

Proof. Using the quadratic sequence of y; defined in (4.1), and from ¢, _,q, ,"" —¢q, ,q,, 3" = (-1)"
in equation (3.9), we have ged(q,,_,,q,,_, ') =1 and ged(q, _,.q, o) = Lsoif weset A-T+2A4-j+B =
E-q, 1—a, 5(q, ") with E=(q, " )*(T+2j)+3(q,_ 5 )?q,_ 5, and since g, ,(g, " ') has
no common factor with g, ,, we have gcd(A-T+2A-j+B,q,_,) = 1 and therefore, with t = ¢, _,q,,_;,
we have gcd(A-T+2A-j+ B,t)=1

Case 1, q,_, is even
Lemma (3.2) tells us that g, , even implies that there is no parity restriction on a,, so a, can take
the same values as j in the sequence y,, defined by y,, = y;, and lemma (4.5) tells us that ¢,_, is odd
so 6 = 2. Since t is even, gcd(A - T + 2A - ay, + B,t) = 1 implies ged(A-T + 24 - a, + B,2t) = 1, and
T = 2t is the smallest period of the sequence of y,, mod §t.

By equation (4.2) and (4.5), we have w = f(a,) (mod 6t), and since y,, = f(ay), w is periodic mod
0t with period 2t in the sequence of continued fractions expansions where a, is incremented and the
other partial quotients a; (0 < i < n) are fixed. For k fixed in equation (4.5), w is periodic like w'.

Note that equation (3.9) puts a lot of restrictions on the parity of g, , ¢,, o, ¢, 5" and g, s
(e.g. they cannot be all odd or all even) and Table (2) shows all possible parity combination for ¢, ,
even and the resulting parity of A, B, C, f(a,) and w. The parity of w and f(a,) are identical modulo
2t (two congruent quantities have the same parity modulo an even number), and as shown in Table (2),
the parity of w alternate with the parity of a,,.

Observation 4.8. With ged(A-T +2A - j+ B,dt) =1, the set S1 = {1,2,3,...,2q, ,% — 1} of numbers
less than 2¢ contains all values taken by (y; mod 0t). w’ in equation (4.2) will also cycle through all
the values of S.

+1

Case 2, g, _, is odd
When ¢,,_, is odd, there is a restriction on the parity of a,, to have an integer solution, as we saw in
lemma (3.2). In this case, Lemma (4.5) tells us that ¢,_, is odd and therefore § = 2. In the construction
of the sequence of y;, 6 = 2 will be used whatever the parity of j is. Since we only look at y,, for
allowed a, in the end, it won’t be an issue. Table (3) shows all possible combinations for ¢, _, odd
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TABLE 2. possible parity combinations according to equation (3.9) for g, , even

Gz Gyos  Guoy A B C an Yan w
odd  odd  odd —> | even odd odd °I¢ T cvem even
even. == odd odd
odd odd even = | even odd even odd = odd odd
ven = even even

TABLE 3. possible parity combinations according to equation (3.9) for ¢, _, odd

Gy no  n-s A B C y;  (y; mod dt)
odd odd even = | odd odd odd odd odd
odd even odd = | even even even even even
even odd odd = | odd odd odd odd odd
even  even odd —> | even even even even even

and the resulting parity of A, B,C,y; and (y; mod 6t). Since ged(A-T +2A-j + B,t) = 1, we have
that gcd(A-T +2A - j + B, 2t) can be either 1 or 2 so the smallest possible T is T' = ¢ (which is odd),
and since ¢t = ccd(A T+ ;il T B.20) holds for all cases of Table (3), the smallest period of the
sequence of y; mod 4t is indeed T" = t. But we also see that for a quadratic sequence of y;, where A, B
and C are fixed, the parity of (y; mod 6t) is always the same for that sequence, independently of the
parity of j. With ged(A-T +2A - j + B, dt) = 2, the set of all values taken by (y; mod dt) will either
be the set {1,3,5,...,2t — 1} of odd numbers less than 2¢ or the set {0,2,4, ..., 2t — 2} of even numbers
less than 2t, and will be repeated twice in the period 2t. Since t is odd and w’ will only take one on
two values of y; mod ¢, w’ will also cycle through all numbers of one of these sets in this 2¢ period.
The period is therefore 2t = Qqn_lz. For k fixed in equation (4.5), w is periodic like w’.

E.g. for £ = 5 with a; = 3, we have ¢ = 9 an the following sequence of values y; mod ¢t on a 2t
period: < 5,13,9,11,1,15,17,7,3,5,13,9,11,1,15,17,7,3 >, in bold w’ takes one on two values of
that sequence and cover all the odd set {1,3,5,...,2¢ — 1} in this 2¢ period.

Observation 4.9. As Table (3) shows, y; = ¢, ,"' mod 2. The set S; = {1,3,5,...,2¢, ,* — 1} of odd
numbers less than 2¢ or the set Sy = {0,2,4,...,2¢, ,? — 2} of even numbers less than 2¢ contains all
possible values of (y; mod 6t) depending on the parity of the constant g, ,"'
cycle through all the values of one of these two sets depending on qn_;

. w’ in equation (4.2) will
1 .
parity. O

Lemma 4.10. For ¢ even, w is periodic mod dt, in the sequence of continued fraction expansions of
length ¢ where a,, is incremented and the other partial quotients a; (0 < i < n) are fized, with period
q,,_, when q, _, is even, and with period 2q, _, when g, s odd.

+ 1

Proof. Using the arithmetic progression y; defined in (4.1), and from ¢, 54, 5" — ¢, 14,_3"

(=1)™ in equation (3.9), we have ged(q, ,,4,, o ) = 1 and ged(q, 4,4, 5) = 1 so with 4 = 0,
! ot .

B=—q, ,(q, ") andt=gq, ,q, , wehave T = m and since

5qn—1

ged(B, 6t) = ged(q, (0,5 )% 0y 14p_2) = d_s - gd(q,_, ", 6), we have T = ged(q, ™, 0)’

Case 1, q,,_, is even
Equation (3.12) implies ¢, , even and 6 = 1, so the smallest period of y; mod ét is T' = ¢, _,. By
lemma (3.3), ay, is limited to even parity, so the progression y,, defined by y,, =y, for j = 2,4,6... will
contain only one on two values of the progression y;. By equation (4.2) and (4.5), we have w = f(a,)
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(mod 6t), and since y,, = f(a,), w is periodic mod 6t with period ¢,,_; in the sequence of continued
fractions expansions where a,, is incremented and the other partial quotients a; (0 < ¢ < n) are fixed.
Note that g, _, even implies B odd, and C = qn73Jrl mod 2, and with a,, even, all w have the same
parity (same parity as f(ay), taken mod ¢, , even). For k fixed in eq (4.5), w is periodic like w’.

E.g. for £ = 6 with a; = 3 and as = 3, we have T' = ¢, _; = 10 and the following sequence of values
y; mod 6t on that period T: < 12,21,0,9,18,27,6,15,24,3 >, in bold w’ takes one on two values of
that sequence.

Observation 4.11. With ged(B, 6t) = q,,_,, the set Sy defined by the form
hq, 5+ ((=1)"q,_5""q,_3"") mod g, _, with integer h (0 < h < g,_,) contains all the values taken
by (y; mod 6t). w’ in equation (4.2) will cycle through all values of the set S defined by the form

2hg, o+ ((-1)"q, ,""q, 3"") mod 2g, ., with integer h (0 < h < qnil ), which is half of the set Sy

(due to a,, parity restriction).

Case 2, g, _, is odd
Lemma (3.3) shows that there is no limitation on a,, and Lemma (4.5) tells us that ¢,_, = a,, (mod 2),
so 0 will alternate between 1 and 2 depending on the parity of a,, starting with § = 2 for a,, = 1. We
will take 2 different progressions y;, one for § = 1 and one for § = 2, and w’ will alternatively take its
value from the first progression (for j even) and second progression (for j odd).

The first progression mod dt (6 = 1) will have period 7" = ¢,_; and contains numbers smaller
than ¢ repeated twice on a 2¢, ; period. Since ¢, ; is odd and ' will only take one on two values
of the progression y; mod dt, w’ will also cycle through all these numbers (like explained in case 2 of
lemma 4.7). The period is therefore 2¢, ;.

The second progression mod 60t (6 = 2) will have period T' = ¢,,_, or T' = 2q,_, depending on the
parity of ¢, _,"". Forgq, ,"" even, ged(q, _,"",d) = 2 and the period is T' = ¢,,_, and contains numbers
smaller than 2t repeated twice on a 2¢g, _, period. Since ¢, , is odd and w’ will only take one on two
values of the progression y; mod ¢, w’ will also cycle through all these numbers (like explained in case
2 of lemma 4.7). The period is therefore 2g, ,. For ¢, ,"" odd, the period is T' = 2¢, , and contains
numbers smaller than 2¢ on that period.

There can be an overlap between the two progressions for numbers smaller than ¢, but not for
numbers larger or equal to t. In all cases, the period for w’ (and w for fixed k in eq (4.5)) will be 2¢,, ;.

E.g. for £ = 6 with a; and ap = 2, we have ¢, _; = 5 and qn_2+1 even and the following sequence
of values y; mod dt on a 2g, , period for the first progression: < 6,0,4,8,2,6,0,4,8,2 >, in bold
the values taken by w’, and for the second progression: < 6,10,14,18,2,6,10,14,18,2 >, in bold the
values taken by w’, with an overlap for some values smaller than ¢ = 10.

Observation 4.12. For the first progression y; mod 0t for § = 1, the set Sy defined by the form hg,,_, +
(-1)"q, 5 "'q,_3"") mod g, ., with integer h (0 < h < g,_,) contains all the values taken by (y; mod
dt). When 6 =1 (a, even), w’ in equation (4.2) will cycle through all values of that S set.

For the second progression y; mod 6t for § = 2, the set Sy will depend on the parity of qn72+1. For
4, o even, the set Sy defined by the form 2hg, , + ((—1)"q, " 'q, 5" ) mod 2q, ., with integer h
(0 < h < gq,_,) and numbers smaller than 2¢ contains all the values taken by (y; mod ¢t). When § = 2
(an odd), W' in equation (4.2) will cycle through all values in that S set.

For g, ,"" odd, the set Sy defined by the form hg, , + ((—1)"g, 5" 'q,_5"") mod g, _, with integer
h (0 < h < 2q,_,) and numbers smaller than 2¢ contains all the values taken by (y; mod dt). When
0 =2 (an odd), ' in equation (4.2) will cycle through all values in the set S3 defined by the form
2hgq, o+ ((-1)"q,_,""q, 3" +4q,_o) mod 2q, , with integer h (0 < h < q,,_,), which is half of the
Sy set. O

Corollary 4.13. for { = 2n, «,,_, is periodic with the same period as w in the sequence of continued
fraction expansions of length ¢ where a, is incremented, k is fived and the other partial quotients a;
(0 <i<n) are fized.
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1

Proof. Using equation (4.14) and (4.16) we have o, 1q, o+ A, 16,1 = Pp_1 = G0q,,_; + qn72Jr ,

ag— A + o ag— A + i
leading to v, ; = (a0 w11+ G- , or (o w1+ dns with equation (4.11), and to
qn—2 qn—2

_ qu—l + qn—2+1

an—l -

using equation (4.17), q,,_4, q,,_, and qn_2+1 being constants, only dependent
Ap—2

on a; with 0 < i < n. The rest follows from lemma (4.10). O

Remark 4.14. A link between w and non-primitive expansions is shown in lemma (5.6).

5. PRIMITIVE PERIOD AND SMALLEST SOLUTIONS

When we set k = 0 in equation (2.11), we get the smallest possible solution D for a fixed set of a;
(0 < i < £), but with k£ = 0, the period is not always primitive. Sometimes it is never primitive, like for
¢ = 3 where setting k > 0 is enough to ignore them. This section will show that for £ > 0 the period is
always primitive, and show when it is primitive at k¥ = 0. Some inequalities related to p, ; + th\/ﬁ
will also be given for £k =0 and k # 0.

Lemma 5.1. The partial quotients of a continued fraction expansion of the square root of a non square
integer D, written VD = [ag; a1, ag, ..., ag—1, 2a9], with primitive period £,, have the property a; < ao
for £, 1i. For primitive and non primitive period, a; < 2aq when ¢ > 0.

Proof. Let the complete quotients of the expansion of the continued fraction of v/D be denoted r, =

D+ Ay_
7\F +An 1, with ro = v/D. Using the following properties (with integer h > 0) (see remark (4.1)):
Qp—1
(1) Ap—1 < ag See Perron [7, p.76 formula 7]
(2) Ap_1+ Ap = apap—1 See Perron [7, p.83 formula 4]
(3) a1 =22for0<i<y, See Perron [7, p.93 formula 5]

2
(2) and (1) gives ap < - aol, and using (3) we get a; < ag for 0 < i < £, and by periodicity, for all a;

with £, t 4. And since all ap—q for h > 0 are positive integers, we have aj < 2a¢ for h > 0, the period
being primitive or not. O

Theorem 5.2. The period £ of the continued fraction expansion of the square root of a non square
integer D generated by equation (2.11) with k > 0, is always primitive.

Proof. Lemma 5.1 tells us that all a; < ag for £, { ¢, and if the period £ is not primitive, we find one or
more a; = 2ag in the range 0 < i < £, but no a; > 2ag. Lemma 2.4 tells us that D’ = (a}))? + o}, when
k = 0, is the smallest D having these partial quotients a; so we know that a; < 2ay for 0 < i < ¢, but we
also know that any other D with these partial quotient are found by setting k& > 0 in equation (2.11),
implying 2aj, < 2a¢ and therefore a; < 2aq for 0 < i < ¢, so the period ¢ is primitive for those D. O

Remark 5.3. Since there is symmetry and repetition in the partial quotients, £ must be a multiple of
¢, as noted by Perron [7, p.73] ”The number of elements in a non primitive period is always a multiple
of the number of elements in a primitive period”.

Theorem 5.4. When k = 0, in a sequence of continued fraction erpansions of length £ = 2n or
¢ =2n+1 where a, is incremented and the other partial quotients a; (0 < i < n) are fized, there is
no expansion [ag; ai, az, .-, ag| with a primitive period £ when ¢ = 2 and a;y is even, or when £ =3, or
when £ =4 and a1 = 2. In all other cases, there are infinitely many expansions where £ is the primitive
period and k = 0.

a
Proof. Let’s assume k = 0 in what follows. For £ = 2, we have g, , = a;. For ¢q,_, even, aj = 71 from

remark (2.6), leading to [ao; 2ag, 2ag]. The period ¢ is therefore always non-primitive in that case, and
the primitive period ¢, = 1. When ¢,_, is odd, we have a; # 2ag so a; < 2ao from lemma (5.1), and
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the period ¢ is always primitive in that case.
For ¢ = 3 the period ¢ is non-primitive as it can be directly checked with its form D = (k- a? + k +
9)2 + 2k - a1 + 1 where setting k = 0 produces the £, =1 form D = (%)% + 1.

Now, we will look at the general case for £ > 3 odd and £ > 2 even and show when the period ¢ is not
primitive (¢ # ¢,,) for an expansion in an infinite sequence o of continued fraction expansions where a,,
is incremented and the other partial quotients a; (0 < i < n) are fixed, as described in definition (4.1).

As Lemma 5.1 tells us, a; < 2ag for ¢ > 0, and if the period £ is not primitive, we find one or more
a; = 2ag in the range 0 < ¢ < ¢, and the symmetric part of an expansion of primitive length ¢, is
repeated to form the symmetric part of the expansion of length /.

Case 1, ¢ > 3 is odd and D’ = [ag; ..., an, An, ..., 2a0)

For /¢ to be non-primitive, we must either have a,, = 2aq or a,, < 2a¢ with some a; = 2a( for ¢ # n and
1#£ L.

When a,, = 2a9, we have the expansion [ao; ..., a;, 2a0, 2a9, a;, ..., 2a¢], but since we have two con-
secutive quotients 2ag, all partial quotients must be 2ag (property of the palindrome, symmetry and
periodicity) for £ to be non-primitive, leading to ¢, = 1. Since the partial quotients a;(i # n) are
fixed, there is only maximum one such expansion of non-primitive length in the infinite sequence o (a
different a,, would otherwise force these a; to be also different). All other sequences are primitive in o
for those fixed partial quotients.

When a,, < 2a¢ and some a; = 2aq for i # n and i # £, we have the expansion
(@03« vy Ay Ay oy 200, oevy Ay Ay oevy 200, vey Ay Q.. 2a0] With at least (property of the palindrome, sym-
metry and periodicity) two 2aq inside the symmetric part, and for ¢ non-primitive, a mirror a, for
each a,, (on each side of a 2ag quotients at equal distance), so £ > 9 and since there are at least two a,
before a 2a¢ and at least three repetitions, we have 2 < ¢, < ¢/2. Since the partial quotients except
the central ones are fixed, there is only maximum one such expansion of non-primitive length in the
infinite sequence o, and all other sequences are primitive in o for those fixed partial quotients.

Case 2, ¢ > 2 is even and D' = [ag; ..., an, ..., 2a0]

For /£ to be non-primitive, we must either have a,, = 2ag with eventually some a; = 2aq for i # n and
1 #£ £, or a, < 2ag with some a; = 2aq for i # n and i # /.

When a,, < 2a¢ and some a; = 2aq for i # n and i # ¢, we have the same reasoning as for £ odd and
an expansion [ag; ..., A, «e, 240, «eey Apyy ooy 240, «vy Ay .oy 2a0] With at least (property of the palindrome,
symmetry and periodicity) two 2aq inside the symmetric part, and for ¢ non-primitive, a mirror a,
for each a, (on each side of a 2a¢ quotients at equal distance), so £ > 6 and since there are at least
one a, before a 2a¢ and at least three repetitions, we have 1 < ¢, < £/2. Since the partial quotients
except the central one are fixed, there is only maximum one such expansion of non-primitive length in
the infinite sequence o, and all other sequences are primitive in o for those fixed partial quotients.

When a,, = 2a¢ and some a; = 2aq for i # n and i # £, we have the expansion
[ag; ..., 2ag, ..., 2a0, ..., 2a0, ..., 2ag] and ¢, < ¢/2. Since the partial quotients except the central one are
fixed, there is only maximum one such expansion of non-primitive length in the infinite sequence o.
But as we will see next, this is the first non-primitive expansion in a series of non-primitive expansions
with increasing a,, to be found in the sequence o.

When a,, = 2a¢ and no other a; = 2ag for i # n and ¢ # ¢, we have the expansion [ay; ..., 2ag, ..., 2ag
with two repetitions of the primitive expansion, so £, = £/2 = n. This case is particular since for the
fixed partial quotients a; (0 < i < n = £,) there are infinitely many solutions 2aq for the expansion
[ao; ..., 2a0] of primitive length £, as shown in equation (2.12) where 2ag = 2ag + k(dq,, _;) = 2a; +
k(dq,_,) with 6 =1 for ¢, _, even and § = 2 for ¢, ; odd (Note that for 2a(, the period ¢/2 may
still be non-primitive which is what was described previously where some a; = 2ag for ¢ # n and
i # ). This means that there is a non-primitive expansion every dq, , in the sequence o. Even if
there is a parity restriction on a,,, we are sure to find a primitive expansion between two non-primitive
expansions in the sequence o when ¢, ; > 2. In this case we find an infinity of expansion with
primitive period. We now look at the cases where ¢, _; < 2: Using Fibonacci numbers F;,, we have
Gn—1 = Kn_1(a1,a2,....;an—1) > K,_1(1,1,...,1) = F,, so we know that for £ > 8 we have ¢, , > 2.
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For ¢ = 6 we have q, ; = Ks(ai,az) but there is no solution with odd partial quotients for ¢, = 3,
so for £ = 6, expansions with non-primitive periods ¢/2 have ¢, ; > 2. For ¢ = 4 we have ¢, ; = ay,
so when a; > 2 we have g, _; > 2. When a; = 1, there is no parity restriction on a, and there is a
non-primitive expansion every two expansions (dg, _, = 2) in the sequence o and therefore a primitive
expansion every two expansions also. Lastly, still for £ = 4, when a; = 2 there is a parity restriction
on a, and all expansions of the sequence o are of non-primitive period since they repeat every two
expansions (dg, _, = 2), and match all the non-restricted a,, cases. O

Remark 5.5. For £ =1 we have k > 0, and there is no smaller period anyway.

Lemma 5.6. When ¢ is even and there is a non-primitive expansion |ag; ..., an = 2ag, ..., 2ag], in the
infinite sequence o of continued fraction expansions as described in definition (4.1), all non-primitive
expansions of o will have w = 0 and appear in the sequence o with the same period, described in
lemma (4.10), as w.

Proof. The case ¢ even and a,, = 2ao described in theorem (5.4) leads to n = ¢, for non-primitive
expansions (except eventually for the smallest 2ag = 2a;, where we use ¢/2 instead of £,) and a non-
primitive period expansion appearing every dq,, , in the sequence o, which is also the period of w in
the sequence o as shown in lemma (4.10). Since k = 0, we have w = w’.

. aog-t—s | . .
From equation (4.6), w = 0 using s and ¢ defined in section 4, we have
a0y, 19,2~ g1 4 o q
to—19%,—2 ~ Y,—1 9e,—2 0,—2
w = P P P P — (aO . qu_l _ q[p_1+1) P
dy_o dp_o

Now, ag - q,_; = 2a5-q,_5 +q,_3"" from equation (2.5) and ¢, ,"" =a, ¢, 5" + ¢, 5" from
equation (3.1) with (a=¢-3, 8=1, y=1, u=2) gives ¢, ;" = ap - q,_,. Applied to £, (or £/2 since /2 is
also a period) we have ag - q, _; — qu_1“ =0, so w = 0 for those non-primitive expansions. O

5.1. Some inequalities.

Lemma 5.7. For { > 2, when ag = ajy (k=0 in equation (2.11)) we have

Po_q 1)
(5.1) — < =
(q¢_1)2 2
2D
(52) Py > T
2v/D
(5.3) Qp_q > 5
4D
(54) pefl + qgfl\/ﬁ > T
]
Proof. By definition we have ag < o1 with integers on both sides. If we add L2 < 1 to the
4y 1
. . . . dp_o 5%_1 . .
left side, the inequality still holds: ay + —= < which by using p,_, = aoq,_; + q,_, from
o1
. . . 59571 . . . 5%72
matrix (2.3) leads to inequality (5.1). From ag+1 < and multiplying by ag and adding ——= on
] o 1
both sides we have a3 + ag + q;_Q < pg_l and since 2 < ap by remark (2.1) and also % < qg_Q
. _ 0G_s _ 2 OPg_y :
(by definition when k = 0), we have ag < ag + and therefore D = af + ap < leading to
]
inequality (5.2). Inequality (5.3) can be verified using vD < ag + 1 < qg_l, and inequality (5.4) by
using inequality (5.2) and inequality (5.3). O
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Lemma 5.8. when ag # aj, (k> 0 in equation (2.11)) we have

Dypy o
(5.5) — > -
(g4)% " 2
2D
(56) Py < T
2vD
(5.7) qQ < =
4D
(5.8) Py +q_VD< 5
. 5‘1[_1 . dp_o 9y_1 .
Proof. By definition we have ag > — so with ag + q— > — using p,_, = aoq,_, + q¢,_o from
-1

0qy_y
2

)? we find inequality (5.7), and from inequality (5.6)

matrix (2.3) we find inequality (5.5). From matrix (2.3) where Dq, _, > aop,_; + aoq,_5 > p;_y

0qp_y

we find inequality (5.6). From D > a3 > (
and inequality (5.7) we find inequality (5.8). O

Lemma 5.9. For { = 2 and ag = af, we have the same inequalities (5.5), (5.6), (5.7), and (5.8) as
when ag # aj

0qy_y

Proof. Using lemma (5.8) logic and the fact that we have ag = and q,_, >0 O

Remark 5.10. When ¢ = 1 and ag = a(, we also have the same properties as when ag # ag, except

_ 1)
that we can have L12 =3 when p,_; = g,_; = 1 which happens when D = 2. This can be checked

(04
directly with p, ; =ap and ¢,_; =1 and § = 2.

Remark 5.11. Numbers having a primitive period of £, = 1 or £, = 2 can appear in the generation
of numbers with period ¢ > 2 as the smallest solution D’ (of non-primitive period ¢) for some set
of partial quotients. In that case, properties of lemma (5.7) will apply to them since the values of
Po_1> Qp_1> 9p_o and q€_3+1 used will be from a multiple ¢ > 1 of the primitive period. In those cases,

Qo1 = Ggy1 > 1 Qpp = Qig, o > 1and g3 =g, 5 >0.
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