Euler Perfect Box
a,b,c,d,e f, g, k €N,. Does Euler Perfect Box exist?
Proof:

A)a<b<c

g% =a?+b*+cileth=a+r,c=a+k, a#+r+k
va<b<c>a<at+r<at+k=>r<kbuta<r,ora>r

g% = a?+h?+c?

v g?=a’*+(a+r)+(a+k)?

g? = a*+a*+2ar +r? + a? + 2ak+k?

g? =3a? + 2ar +r? + 2ak+k?

g? =3a%+ 2ar +r? + 2ak+k*+2ak + a*—2ak — a?

g% = (4a® + 4ak+k®»)+Q2ar + r?—2ak — a?)

~ g% = a+k)?+ (2ar+r?—2ak — a?)... (eql)

if Qar+r?—2ak —a?) =0 = 2ar+r? = 2ak + a* >

a=r =k ..Contradictiontoa #r # k =

2ar+r?—2ak — a? # 0 > g% is a complete square or g? is not a complete square
v (2a+ k)? + (—3a% — 2ak) = (a + k)? is a complete square ...eq2,&
v g% = Qa+k)*+ Qar+r*—2ak —a?) ...eql

~is (—3a? — 2ak) = (Qar+r?—2ak — a?)? ...ineql & eq2] ...eq3]:

i) a<rr<k:leta=3,r =4,k =5,and substitute in eq3

is —3(3%) = 2(3)(5) = 2(3)4 +42-2(3)5 — 32?
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is—57=1?

n =57 # 1= (—3a? — 2ak) # Qar+r?—2ak — a*) =

in eql: g2 is not a complete square = g & N,
ii)a>r,r<k:leta=6,r =4,k =05,and substitute in eq3
is —3(6%) — 2(6)(5) = 2(6)4 + 42—-2(6)5 — 62?

is —168 = —32?

~ —168 # —32 > (—3a? — 2ak) # (2ar+r?—2ak — a?) =
ineql: g2 is not a complete square = g & N,

= The Euler Perfect Box does not exist

B)a<b<cletbh=a+r, a=r

+ d? = a? + b?

d? =a? + (a +r)?

d? = a? + (a + a)?

d? = a? + (2a)?

d? = a? + 4a?
d?=5a?=d=aV5¢N,

The Euler Perfect Box does not exist
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C)ifa=b<c

v d? = a? + b2
~d? =a?+a?
d? = 2a?
d=v2a =d¢N,
The Euler Perfect Box does not exist

D)ifa=b=c

wd? =a?+ b2
o d? =a?+ g2
d? = 2a?

d=av2 = dé¢N,

The Euler Perfect Box does not exist

https://doi.org/10.33774/coe-2024-471d9-v2 ORCID: https://orcid.org/0000-0002-8954-9264 Content not peer-reviewed by Cambridge University Press. License: All Rights Reserved


https://doi.org/10.33774/coe-2024-47ld9-v2
https://orcid.org/0000-0002-8954-9264

