Application of Geometric Series and Maclaurin Series
Relating to Taylor Series

Chinnaraji Annamalai
School of Management, Indian Institute of Technology, Kharagpur, India
Email: anna@iitkgp.ac.in
https://orcid.org/0000-0002-0992-2584

Abstract: This paper presents a novel idea to compute the Maclaurin series and Taylor series and
also provides application of the geometric series and the Maclaurin series.
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1. Introduction

In the earlier days, geometric series [1-20] with positive exponents served as a vital role in the
development of differential and integral calculus [38] and as an introduction to Maclaurin series,
Taylor series and Fourier series [44]. Geometric series have significant applications in physics,
engineering, biology, economics, finance, management, queueing theory, computer science and
medicine [6]. Also, the product of geometric series [21-37] with prime numbers plays a vital in the
sum of natural numbers and harmonic series [39-44].

2. Maclaurin Series
Taylor series is stated as follows:

f(x)=f(a)+f1(!a)(x—a)+f2(!a)(x—a)2+f3—(f)(x—a)3+---
P i
—nz:(; — (x —a)™

If a = 0 in the Taylor series, the Taylor series becomes the Maclaurin series:
NARQ £ 10 , f"(©)
£(x) =ZTxn = f(O) + g x o x? T e
n=0
Let us prove these series using the following power series

flx) = Z ap,x™ = ag + a;x + a,x? + azx3 + aux* + agx® + -
n=0

If x = 0 in the above power series, f(0) = a,.
Now, let us differentiate the power series as follows:

f'(x) = a; + 2a,x + 3a3x? + 4a,x3 + S5asx* + - . If x =0in f'(x), f'(0) = a,.
By differentiating f'(x), we get

f"(x) =2a; +3 X 2asx + 4 x 3a,x? + 5 X 4asx> + -+
If we do the same process again and again, we conclude that

_f'@® '@ f™00)

ap = f(0); a; = f'(0); ap = o1 y A3 =

3r T T
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Now, we obtain the Maclaurin series by substituting the values of a,, a;, a,, as, etc.

f(O) '@ , 1O , NAION
A TR T TR YT

By making the power series into general form, we get
f(x) = by + by (x —a) + by(x —a)® + bs(x —a)® +
f™(a)
n!

n=0

By substituting b,, = forn=0,1,2,3,-,in the general power series, we get

Taylor series: f(x) = f(a fla ( ) —a) +f”( ) —a)? +%@(x —a)d+

3. Application of Geometric Serles and Maclaurln Series
Theorem 3.1: The sum of alternative harmonic series is equal to In 2.

had _1 n-1
i.e.ZL= In2.
n

=1

n=

Case i: This theorem is proved using the geometric series.

LetS=1+x+x2+x>+x*+x°>+x0+x7 + -
S>xS=x+x2+x3+xt + x> +x0 +x7 +x8 4+

1

T = T+x+x2+x3+x*+x°+x8+x7 + -
Integrating on both sides with respect to x:

1
j 1_xdx=f(1+x+x2+x3+x4+x5+x6+x7+---)dx.

1

dx.
- X
Letu=1-—x; du = —dx; dx = —du.

1 1
Then, f dx = — f —du=—Inu=-1In(1-x).
1—x u

First, let us find the solution off 1

Now, j(1+x+x2+x3+x4‘+x5+x6+x7+---)dx= — In(1 —x).
x2 x3 x* x5 x% X7 x8

_—, e e = — 1—_
Sxto ottt In(1 - x)

%) et @ X7
:,Z_...:_lnﬂ—x):—Z—: In(1 — x).
= ="

n=1
Substituting x = —1 on both sides:

z(_)n n(1-(-1)) = Z(_)nﬂ_lzm{z(_)nl In2.

Case ii: Agaln this theorem is proved usmg the Maclaurin series

Let us consider the function: f(x) = In(1 + x).
Ifx=0in(x) =In(1+x),then f(0) =In(1+0)=In1=0.
Now, by differentiating the function f(x) = In(1 + x) and using x = 0, we obtain
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f) == (140 and f1(0) === (14 0)F = 1
T 14x T 140 = 1.

f"(x)=—A+x)2and f"(0) =—(1+0)"1=-1=—-(1).
£ = —2(1 + )% and £7(0) = —2(1 + 0)3 = —2 = —(21).
fP(x) =(-2)x(-3)(1+x)"*and f'(0) = 3! (1 + 0)~3 = 3L
fPx) = (=2) x (=3) x (=) (1 + %)~ and f¥(0) = —(4)).

Similarly, we can continue this process infinitely.
: . _ 7' (0) ') o, ") 3
Maclaurin series: f(x) = f(0) + Xt A

2!

1 1! 2! 3! 4! 5!
Then,In(1+x) =0 + ¥ —zxz +§x3 —Zx‘* +ax5 —Ex6 + .-
2 x3 x4- x5 x6
In(1+x) =x—7+?x3 —Zx4+?—?+---

By substituting x = 1 in the series (n(1 + x), we conclude that

o _1 n-—1

Z( ) = In?2.
n

n=1

4. Conclusion
In the article, the author expressed application of the geometric series and Maclaurin series. This
idea can enable the scientific researchers for further involvement in research and development.
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