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Abstract. A fundamental question in the conjunction of information theory, bio-

physics, bioinformatics and thermodynamics relates to the principles and pro-

cesses that guide and control the development of natural intelligence in natural 

environments where information about external stimuli may not be available at 

prior. A novel approach to the challenge of natural learning is proposed in the 

framework of constrained optimization where maximums of the information fit-

ness of the internal states of the system with the states of external stimuli under 

the natural constraints of natural learning are associated with the optimal learn-

ing. The progress of natural intelligence can be interpreted in this framework as 

a strategy of approximation of the solutions of the optimization problem via a 

traversal or “hopping” over the extrema network of the objective function, the 

information fitness under the natural constraints that were examined and de-

scribed. Nontrivial conclusions on the relationships between the complexity, var-

iability and efficiency of the structure, or architecture of learning models made 

on the basis of the proposed formalism can explain the effectiveness of neural 

networks as collaborative groups of small intelligent units in biological and arti-

ficial intelligence. 
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sentations; constrained optimization; statistical thermodynamics. 

 

1 Introduction 

The emergence and development of natural intelligence happen at the conjunction of 

several thriving disciplines in modern science: information theory, biophysics, bioin-

formatics, computational, statistical and topological fields and aspects in mathematics 

and others. In this analysis, practical constraints imposed by the requirements of the 

physical existence of the system can be as important as general theoretical principles of 

the transfer of information and learning. 

An essential observation in the theory of natural intelligence is that an intelligent 

system that is developing in a natural environment cannot be expected to have the in-

formation, description or a model, etc. of its environment that are accurate; detailed; 

and complete at its prior state; therefore, this knowledge has to be acquired through 

some process of interaction with it. 
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 This observation in the analysis of the processes and principles of the emergence and 

development of natural intelligence resonates with the studies of unsupervised artificial 

learning systems, a well-researched field in theoretical and applied computer science 

that explores the possibility and processes of acquisition of information from the inter-

action of a learning system with its environment that are not dependent on, and do not 

require significant prior knowledge about it. 

 In this work we attempted to develop a view on the progress of natural intelligence 

that combines information-theoretical and physical characteristics of the process of ac-

quisition of information from the interactions with the sensory environment in the 

framework of the constrained optimization problem. This approach leads to the formu-

lation of a unified general framework of the evolution of natural intelligent systems as 

a continuous process of fitting their information models to the sensory environments, 

guided by the optimization principle under the essential physical constraints of natural 

intelligent systems as a basis for the production of differentiated responses to sensory 

stimuli the effectiveness of which is verified in empirical trials.  

2 Related Work 

Information-based approaches in the theory of natural intelligent systems were intro-

duced and developed since the groundbreaking works of Shannon [1] and Shroedinger 

[2]. An immense body of research has been compiled since in the active and expanding 

field that will be challenging to review with any fairness in a limited space, so we will 

focus on the directions and results that are directly related to the subject of our study: 

the theory of unsupervised learning, where essential information about the sensory en-

vironments can be inferred directly from the interactions with the environment (repre-

sented by samplings or “data”); and the thermodynamic and evolutionary approaches 

that attempt to formalize and describe the ability of natural learning systems to attain 

ever higher levels of attunement or fitness to their environments. 

The ability of pioneering unsupervised generative models such as Restricted Boltz-

mann Machines, Deep Belief Networks [3,4] and related ones to create effective infor-

mation models of simpler types of data is well-known and researched. Many effective 

approaches, types and architectures were examined since including neural models [5,6] 

that proved effective in modeling complex and realistic data such as high-quality im-

ages, music and others [7].  

In the experimental studies, many important results were reported, such as the spon-

taneous concept learning experiment that observed the emergence of concept sensitivity 

on a single neuron level with an unsupervised generative neural model trained with 

massive sets of realistic images [8]. Distributions in informative representations of vis-

ual data were studied with generative neural models [9,10] pointing at the effect of 

geometric structuring in the generative representations. Geometric and topological 

structure of conceptual representations of visual data was described in detail in [11]. 

Studies [12,13] offered both broad and in-depth reviews of methods and approaches in 

unsupervised learning and dimensionality reduction. 
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Intriguingly, concurrently with these studies into artificial intelligent systems recent 

advances in the research in biological intelligence demonstrated the commonality of 

low-dimensional neural representations in the processing of sensory information by an-

imals and humans [14,15]. These results suggest both interesting and intriguing paral-

lels between the learning processes of artificial and biological systems, perhaps guided 

by common laws and principles. 

Following the foundational works of Shannon, many studies focused on the infor-

mation processes in natural learning systems based on the framework of thermodynam-

ics. 

Studies [16-18] to name only a few, explored the principle of maximum entropy as 

the formalism of the description of the processes in the natural systems. Information 

entropy, introduced by Shannon can be seen as both a close and natural measure of a 

“fitness” of a natural learning system to its physical environment and maximization of 

it, as a natural existential objective for such systems. However, there can be certain 

caveats in a direct application of this framework to the theory of natural intelligence; 

evidently, natural biological and learning systems exist in essentially open thermody-

namic environments with strong flows of energy and materials, far from the equilibrium 

state.  

As well, the essential existential constraints of natural systems cannot be ignored 

[19]. An important aspect of feasibility of any natural learning system, model, architec-

ture, etc. is its ability to exist and operate within the essential physical constraints. We 

will attempt to address some of these questions in this study. 

In [20], the authors approached the problem of learning the essential information in 

the signal in the framework of constrained optimization. It can yield results on the op-

timal level of compression of the original signal and the generalization ability of the 

learning system where the correctness of the encoding is known either via a certain 

distance function (the rate distortion function) or another variable, such as a known 

category or class. We will attempt to show that the problem of natural learning can be 

formulated in the general case in terms of constrained optimization as well. 

Another active area of research lies in the plane of incremental variations and adap-

tations of the information model and structure (architecture) of learning systems: what 

processes guide their ability to model sensory environments of increasing complexity? 

Such processes require information models and architectures, for example, neural ones, 

to be flexible and adaptable that is, possess the ability to change incrementally [21,22], 

attaining progressively higher information fitness to their sensory environment while 

remaining with the limits of the essential existential constraints. 

In the view of the extensive body of research and the results accumulated over the 

time in the field, open areas and questions remain. What are the connections between 

the general principles of learning of natural intelligent systems and the problems and 

directions in the theory and practice of learning, including data compression, dimen-

sionality reduction and learning without prior knowledge? What principles and pro-

cesses guide the ability of learning systems to evolve and adapt toward the ability to 

interpret progressively more complex sensory inputs and build differentiated responses 

that are both effective and efficient? 
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In this work, we attempted to approach these questions by first formulating the prob-

lem of natural learning as that of the constrained optimum: maximization of the objec-

tive function represented by the mutual information/entropy of the external states of the 

environment and the internal states of the learning system under the essential material 

constraints of natural learning systems including, critically, memory; computation re-

sources; and other physical resources and energy. This formalism can yield non-trivial 

insights into the essential functions of natural learning systems including the ability to 

compress sensory stimuli as the basis for forming intelligent differentiated responses; 

and conceptualize them for efficient production of responses verified by empirical tri-

als. As well, it can provide a conceptual basis and a formalism for examination of the 

evolutionary ability of natural intelligent systems [23].  

The rest of the paper is organized as follows: in Section 3, we discuss the statement 

of the constrained optimization problem of natural intelligence, including the formula-

tion of the objective and essential constraints. Section 4 focuses on the formalization of 

the problem of generative learning and its connection to geometric categorization in 

informative representations of sensory data. Section 5 contains the formulation and 

analysis of the framework of evolutionary description of progressing natural intelli-

gence as a traversal of the extrema network of the optimization problem under the ob-

jective of maximization of the information fitness and the results obtained in this plane 

of analysis. Section 6 is devoted to the discussion of proposed approaches, results and 

their connections to other results and directions of research in the field. 

3 Natural Intelligent Systems: Objectives and Constraints 

As was commented earlier in the opening section, natural intelligent systems are related 

to models in unsupervised learning field of computer science by the fact that they can-

not rely on massive prior knowledge about their sensory environments.  

 One of the essential problems in unsupervised learning relates to the ability of learn-

ing models to conceptualize sensory information, that is, compact it into a manageable 

set of common types, states or “concepts”. Correct interpretation of general types of 

sensory observations, external and internal is a critical foundation for constructing dif-

ferentiated responses to sensory stimuli that maintain or advance the state of the system 

relative to its existential objective. Then, it can be concluded that the problem of natural 

intelligence can be related, directly and closely, to interpretation of sensory observa-

tions and their samplings that will be generally referred to as “sensory data” in terms of 

characteristic types, concepts or states. 

3.1 Essential Constraints of Natural Intelligent Systems 

Natural intelligent systems are characterized by their ability to produce differentiated 

responses as a result of their interactions with the environment, while satisfying certain 

essential constraints governed by the physical reality of their existence. Compression 

of sensory data is one of these requirements that are fundamental to the existence of a 

natural intelligent system.  
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Indeed, physical resources available to natural intelligent systems are limited and in 

the early stages of development, strongly constrained. Memory and computing power 

(compute) are the two of the critical resources that are required for production of dif-

ferentiated responses and strongly constrained by the physical factors.  

Memorizing previous sensory observations and their association to the internal states 

of the system is critical for production of differentiated responses: in the absence of 

such prior information, the correct interpretation and response to any sensory input 

would have to be relearned again and again. However, realistic natural systems simply 

cannot “afford” to store raw sensory records due to the practical constraints of the avail-

able memory and other essential resources. 

Compute in production of differentiated responses is another constrained resource: 

a realistic intelligent system cannot afford to build an entirely new response for each 

new sensory input within the imposed constraints of resources and time. Then, it must 

attempt to group or “conceptualize” sensory stimuli into characteristic types, concepts 

or states; prioritize; and use pre-built general responses to similar stimuli. 

These observations help to formalize the essential constraints of natural intelligence 

as: 

1. The observed sensory samplings (data) D must be compressed or compacted for 

storage in a representation or “embedding” L of reduced dimensionality: dim(𝐿) ≪
dim(𝐷), while the information in D that is essential for the production of correct 

differentiated responses is preserved to an acceptable extent. 

2. Sensory data needs to be conceptualized, that is, effectively grouped into classes, 

types, concepts or states of similarity that can be associated with similar responses. 

3. The constraints on the energy and other material resources must be satisfied at all 

times during the lifetime of the system. 

It can be concluded then that for a natural intelligent system, compression of data that 

describes its sensory environment is a critical practical necessity. Natural intelligence 

can emerge and develop only within the region of the internal parameters defining the 

system that satisfies the outlined constraints. Physical and practically feasible intelli-

gent systems must, have no choice but to compress sensory information as it relates 

directly to the essential constraints of their existence. Then, in its turn, an effective 

compression and conceptualization of sensory inputs can provide the basis for produc-

tion of differentiated responses to the sensory stimuli that maintain or advance the sys-

tem toward its existential objective. 

3.2 Objectives of Natural Intelligent Systems 

As discussed earlier, intelligence that can be described by the ability to produce differ-

entiated responses to the stimuli from the environment to advance its existential objec-

tive. This ability requires some way of storing information about the earlier observa-

tions and trials.  

Indeed, having no information about prior states and inputs, and short of testing all 

possible options, there would be no information to produce responses differentiated 
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between the inputs. For example, attempting a feeding response where a predator is 

nearby can have catastrophic consequences for the learner. 

The second important observation that was made is that this data (that is, samplings 

of the sensory environment) has to be compressed in such a way that it preserves the 

essential (for the intelligent system) information about the sensory stimuli. If compres-

sion results in a significant loss of information, it cannot be used to construct effective 

responses that will be successful in the empirical trials. 

Then, compression of sensory data with preservation of its essential information con-

tent can be defined as the objective for natural intelligent systems. 

3.3 Natural Learning as a Constrained Optimization Problem 

Let us consider sensory inputs in a space D that can be expressed or “observed” in 

certain observable factors x: the observable distribution X ∈ 𝐷, and its compressed rep-

resentation in a certain space L described by “hidden” or latent factors t. The constraint 

of compression of sensory data with the preservation of information can be described 

by the class of encoding mappings 𝐸 = { 𝑒 } (𝐷 → 𝐿), the associated distribution 

𝑝𝑒(𝑥, 𝑡), 𝑥 ∈ 𝐷, 𝑡 ∈ 𝐿, and the mutual information [1] of the distributions X and its 

latent image, E(X), Ie(X, E(X)). 

Then, the objective of retaining the essential information about the sensory environ-

ment under the constraints of natural learning as discussed earlier, can be formulated 

as maximization of the mutual information of the sensory data in the input to the learn-

ing system and the latent distribution, Ie over the space of encoding transformations e 

∈ 𝐸, or, equivalently, distributions pe under the essential constraints of natural learn-

ing. 

In the view of the discussion above, the optimization problem thus defined is clearly 

constrained, specifically by:  

─ the critical constraints on the memory and computing power; 

─ other resource constraints: physical materials and energy, in training and operation. 

 Then, the problem of natural intelligence can be defined as a case of the classical 

multi-parameter constrained optimization: 

 𝑀𝑎𝑥(𝐼𝑒(𝑒)) |
𝑒:Λ

;  𝑑(𝑒) ≤ 𝑑𝑚𝑎𝑥 ;  𝑐(𝑒)  ≥ 𝑐𝑚𝑖𝑛;  𝜌(𝑒)  ≤ 𝜌𝑚𝑎𝑥 (1) 

where d, c: the memory and conceptualization constraints, 𝜌(𝑒, 𝑔): the combined re-

source constraint (physical resources, energy, etc.); 𝛬: the set of parameters that de-

scribe the encoding mappings, E / pe.  

The optimization problem in (1) then describes a case of inequality constrained op-

timization (Kunh-Tucker conditions, [24]). It is known that solutions of the problem 

(1) are the extrema, local or global of the Lagrangian functional: 

 𝐿(𝐼𝑒 , µ𝑟𝑒𝑑 , 𝜂𝑐𝑜𝑛 ) =  𝐼𝑒(𝑒) − 𝜂𝑐𝑜𝑛(𝑑(𝑒) − 𝑑𝑚𝑎𝑥) − ∑ µ𝑘(𝑔𝑘(𝑒) − 𝑐𝑘)𝑘  (2) 

where 𝜂𝑐𝑜𝑛, µ𝑘: the Lagrangian multipliers for the constraints of memory, conceptual-

ization and other essential constraints in (1); gk(e), ck: the constraints. 
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Next, one can make some practical observations on the application of the thus for-

mulated problem statement to realistic natural intelligent systems. 

Let us assume that the optimization variables (e) in (1) and (2) are described by 

certain parameters that combined, define the full set of the learning parameters of the 

system, 𝛬.  

With natural learning systems, the learning parameters are commonly divided in two 

classes. The physical constraints that are considered nearly immutable are described by 

the structure or “architecture” of the learning model: A = { ak } ~ const, whereas the 

training parameters V: { vj }  can be updated in the process of learning to achieve an 

optimum of the objective. It can be the architecture of an artificial neural network, other 

artificial learning systems or models or physical biological networks of neurons and 

synapses. Then, 𝛬 = { 𝐴, 𝑉 }. 
Next, a realistic natural system can be challenged to learn the exact value of the 

mutual information Ie in (1) as it would require the explicit and complete description of 

the encoding distribution. Instead, in practical processes of learning, the unknown value 

of Ie can be effectively approximated by a measure of accuracy or “fitness” Fe(S) on a 

representative subset of samples S in the original data space that can be calculated with 

a given configuration of the architecture and training parameters, 𝜆 = (𝑎, 𝑣) and a rep-

resentative subset of samples in the input space, S. There are different approaches to 

this approximation as will be discussed further in the section on unsupervised learning. 

Then, with a fixed architecture and an effective approximation of the objective func-

tional, the system can seek a solution of the optimization problem (2) via a Bayesian 

process [25] of updating the training parameters V based on the difference (distance) of 

the prior (the original set of samples) and the posterior (the prediction produced by the 

learning system) achieving the minimization of the learning error and a solution, at least 

local, to the constrained optimization problem. In this interpretation, the general prob-

lem of natural intelligence (2) translates into the standard problem of machine learning: 

 𝑇𝑜𝑝𝑡: 𝑀𝑎𝑥(𝐹𝑒(𝑡)) |
𝑆(𝐷)

 (3) 

where Topt: the optimal configuration of trainable parameters of the model that achieves 

the maximum of the measure of generative accuracy over the distribution of the original 

data; S(D):  a representative sample (training set) of the original distribution, D. Note 

that the introduction of an immutable architecture and the approximation of the objec-

tive, the information entropy, effectively “hid” the constraints in the unconstrained 

problem (3) that can be seen as an approximation of (2). 

4 Generative Learning and Conceptualization 

In this section we will consider a well-established direction in self-supervised learning 

that can be instrumental in the analysis of the constraints of compression and concep-

tualization. In this approach, the ability of the system to learn and conceptualize sensory 

inputs stems from the capacity to restore, or generate the observable distribution from 

its compressed, “encoded” form. Models of generative self-supervised learning are thus 

trained to reproduce the input distribution with high accuracy and precision by 
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imposing the incentive to reduce the error or distance between the batches of input data 

and generations produced by the model in the process of learning. 

4.1 No “Natural Limit” in Unsupervised Data Compression 

Dimensionality reduction was and is being studied at a great depth with a large number 

of insightful results obtained to date including those mentioned in the review section. 

An essential observation that will be made from the outset of this analysis is that in the 

case of unsupervised dimensionality reduction, that cannot rely on prior knowledge of 

the essential characteristics of the sensory data, there is no theoretical, information the-

oretical or other cause or principle that can determine or point to the best or optimal 

level to which the data needs to be compressed. 

 The argument first observes that any generative data compression of an original sam-

pling, distribution or data D, that is capable of restoring it from a compressed represen-

tation R via a generative transformation G: R → D would result in a loss of information 

about if the dimensionality of the representation is lower than that of the original dis-

tribution, excluding special cases as degenerate parameters, limited region of the dis-

tribution, etc. 

 This conclusion follows from the results on the invariance of topological dimension 

(Brouwer’s invariance of domain and the related). Indeed, if the perfect compressed 

representation existed in the lower dimension, there would exist a homeomorphism be-

tween the topological distributions of the data in the original space and its compressed 

image in the latent space, of two different topological dimensions. That supposition 

would then contradict the results on the invariance of the topological dimension. 

 Then, a trivial case of the perfect, zero-loss representation is always available if the 

dimensionality restriction is lifted with the identity transformation 𝐸(𝐷 → 𝐷): 𝐸(𝑥) =
𝑥, where D: the original data (a distribution of data points that represent sensory stimuli 

in the space of the original observable parameters). 

 Thus, between the identity transformation and a compressed representation R in a 

latent space L, 𝑅(𝐷 → 𝐿), dim(𝐿) < dim(𝐷), any non-trivial reduction of dimension-

ality would result in a loss of some information about D, defined as the non-existence 

of a mapping that allows to restore D from L precisely: 

 𝐺(𝐿)  ≃ 𝐷 ⇒ Dim(𝐿)  ≥ 𝐷  (4) 

where G: the generative transformation, and excluding aforementioned exceptions.  

From this result, as the optimal level, dimension or criteria of the compression of data 

cannot be formulated in general terms based only on information theoretical principles, 

there follows an essential for natural learning systems observation that the constraints 

and incentives of dimensionality reduction in their information models have to be dic-

tated by the practical conditions of their existence and interaction with the environ-

ment. These conditions, as discussed earlier, can be expressed formally as the essential 

constraints of natural learning. 
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4.2 Constrained Optimization in Generative Learning 

As in Section 3.3 we consider sensory input space D and its compressed representation 

in the latent space L described by latent factors t, encoding transformations 𝐸(𝐷 → 𝐿), 

the associated distribution 𝑝𝑒(𝑥, 𝑡), 𝑥 ∈ 𝐷, 𝑡 ∈ 𝐿, and the mutual information of the 

distributions X and its latent image, E(X), Ie(X, E(X)). 

In the generative approach, the intelligent system must also have the means to restore 

the compressed representations to the input space to compare the stored information 

with new inputs, and to verify the correctness of the encoding function. This function 

can be described by the class of generative transformations: 𝐺(𝐿 → 𝐷), the distribution 

𝑝𝑔(𝑡, 𝑥), 𝑥 ∈ 𝐷, 𝑡 ∈ 𝐿, and the mutual information Ig(t, G(t)). 

Then, following the approach outlined earlier in Section 3.3 and the concept of gen-

erative learning outlined above, the fitness objective of generative learning can be de-

fined as maximization the mutual information of the sensory data in the input to the 

learning system and distribution generated distribution: Ir = I(X, X’=G(t)) over the 

space of encoding and generative transformations described by the tuple (e, g), e ∈ 𝐸, 

g ∈ 𝐺) again, under the essential constraints of natural learning: 

 𝑀𝑎𝑥(𝐼𝑟(𝑒, 𝑔)) |
𝑒,𝑔:Λ

;  𝑑(𝑒, 𝑔) ≤ 𝑑𝑚𝑎𝑥;  𝑐(𝑒, 𝑔)  ≥ 𝑐𝑚𝑖𝑛;  𝜌(𝑒, 𝑔)  ≤ 𝜌𝑚𝑎𝑥  

As in (1), d, c: the memory and conceptualization constraints, 𝜌(𝑒, 𝑔): the combined 

resource constraint (physical resources, energy, etc.); 𝛬: the set of parameters that de-

scribe the encoding/generative tuple (e, g) with the Lagrangian of generative learning: 

 𝐿(𝐼𝑟 , µ𝑟𝑒𝑑 , 𝜂𝑐𝑜𝑛 ) =  𝐼𝑟(𝑒, 𝑔) −  ∑ µ𝑘(𝑔𝑘(𝑒, 𝑔) − 𝑐𝑘)𝑘  (5) 

where µ𝑘: the Lagrangian multipliers for the constraints, gk(e, g), ck: the constraints of 

dimensionality reduction, conceptualization and other material constraints. 

Similarly to what has been outlined in Section 3.3 the optimization variables (e, g) 

of generative learning in (5) are defined by the architectural/structural and training pa-

rameters: 𝛬 = { 𝐴, 𝑉 }. 
An effective approximation of the mutual information in (5) can be modeled by a 

measure of generative accuracy Fg(S, G(E(S)) on a representative subset of samples S 

in the original data space, i.e., the distance between the original sampling and the result 

generated by the model in the metric of the input data space (“the generation trick”); it 

can be calculated readily with a given configuration of the architecture and training 

parameters, 𝜆 = (𝑎, 𝑣) and a representative subset of samples in the input space, S. 

Then, as in (3), Section 3.3 a solution of the optimization problem (5) can be sought 

via a Bayesian process of updating the training parameters V based on the difference 

(distance) of the prior (the original set of samples) and the posterior (the generation 

produced by the learning model): 

 𝑇𝑜𝑝𝑡: 𝑀𝑎𝑥 (𝐹𝑔(𝑡)) |
𝑆(𝐷)

  

https://doi.org/10.33774/coe-2024-d0s2d ORCID: https://orcid.org/0000-0001-5929-8954 Content not peer-reviewed by Cambridge University Press. License: All Rights Reserved

https://doi.org/10.33774/coe-2024-d0s2d
https://orcid.org/0000-0001-5929-8954


10 

where Topt: the optimal configuration of trainable parameters of the model that achieves 

the maximum of the measure of generative accuracy over the distribution of the original 

data; S(D).  

The statement above describes the standard formulation of the objective of self-su-

pervised learning [12,13]. Note, again, how the introduction of the immutable architec-

ture and the generation trick effectively “hide” the essential constraints in the uncon-

strained problem of unsupervised learning (5). 

4.3 Generative Compression and Geometric Conceptualization 

In this section we will attempt to provide some arguments that the constraint of con-

ceptualization that is related to the ability of the system to factorize or classify stimuli 

into common types in some cases in some cases can be effectively realized by that of a 

strong dimensionality reduction. We will consider the following lemma of geometric 

conceptualization: 

Under the conditions of: 

1. Learning success: the learning system is capable of achieving generative accuracy 

above certain minimum: A(D, G(D)) > Amin = α 

2. Generalization: the accuracy is preserved across all and any representative set of 

samples in the original data space: ∀ 𝑆(𝐷): 𝐴(𝑆, 𝐺(𝑆)) >  α. 

3. A strong dimensionality reduction to a low dimension dL that allows simplified top-

ological classification of the data distribution manifolds. 

4. Conceptualization or factorization of data in the observable space: the original dis-

tribution is comprised of characteristic types of similarity: D = {C1, .. Ck}, Ck: the 

classes or types of similarity in the observable space. Note that neither the types nor 

their observable or latent distributions are known to the model at prior. 

5. Constant structure (architecture) of the model in the stages of training and trials. 

generative models with well-separated (as defined below) regions of the latent distri-

butions of the concepts, i.e., the types of similarity are prevalent in the ensemble of 

learning models of the same architecture trained on the same representative input sam-

ple. 

 

Outline of the proof 

We will consider the simplest case of the composition of data with minimal number 

of types: two, D = {A, B} and a generative intelligent model M that satisfies the condi-

tions of the lemma. 

Next, we consider a representative sample S ⊆ 𝐷 and the latent region X of the strong 

intersection (intermixing) of the latent distributions of the types A, B in the latent image 

of S. The condition 3 (dimensionality reduction) ensures that the latent distributions LA 

= E(A), LB = L(B) are well defined topologically (for example, as one or finite number 

of compact manifolds of dimension) and therefore, so is their intersection. The condi-

tion of strong intersection means that it contains significant populations of both classes, 

in a general manner, that is, for all representative sets of D. Formally, ∀ 𝑔 ⊆
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𝑋 𝑃𝐴(𝑔) ~ 𝛽 𝑃𝐵(𝑔) > 0, 𝑃𝐴 , 𝑃𝐵 = 𝐶𝑎𝑟𝑑(𝐿𝐴  ∩ 𝑔), 𝐶𝑎𝑟𝑑(𝐿𝐵  ∩ 𝑔), 𝛽: 𝑐𝑜𝑛𝑠𝑡. Any sub-

region of 𝐿𝐴 ∩ 𝐿𝐵 that does not satisfy the condition of strong intersection is removed 

from X. 

For the simplicity of the abridged version of the proof presented here, it will be as-

sumed that the populations of the types in the observable data, and in the condition of 

significant intersection region X are approximately equal: 𝛽 ~ 1. The proof can be ex-

tended to the general case straightforwardly and will be provided in another study. 

Now, assuming 𝑋 ≠  ∅ let us take a latent point 𝑦 ∈ 𝑋 with the image in the ob-

servable space G(y) is of type A: 𝐺(𝑦)  ∈ 𝐴, where G: generative transformation of M. 

Then, applying the condition of strong intersection to an arbitrarily small neighborhood 

of y, ε(y) one can conclude that it has to contain approximately equal populations of 

latent positions of classes A, B. 

It is known that models of finite complexity, including deep neural networks [26] 

commonly have finite resolution, described by the Lipschitz constant, l: ||G(y), G(x)|| 

≤ 𝑙 ||y, x||. Then, for sufficiently small ε it follows that G(x) ∈ A ∀ 𝑥 ∈  𝜀(𝑦). Then, 

based on the conclusion of equal populations of classes above, it would follow that the 

model produces an erroneous generation in approximately ½ of the population of ε(y). 

Finally, as y represents an arbitrary position in X, this conclusion can be extended to 

the entire region. Where wg is the generative error of the model, 

𝑤𝑔(𝑆)  ≥ 𝑤𝑔(𝑋) ~
1

2
 𝑃(𝑋) =

𝑐

2
 

𝑚(𝑋)

𝑚(𝐸(𝑆))
 

where P: the population of the latent region X with an observable set S, m: a measure 

of volume in the latent space; c: a constant. 

Then, for the overall generative error of the model on S one obtains: 

wg(𝑆) ≥
𝑐

2
 µ𝑋 

where µ𝑋: the relative volume of X in the latent space, 
𝑚(𝑋)

𝑚(𝐸(𝑆))
. 

 Now, the conditions 1 (accuracy) and 2 (generalization) of the lemma require that 

wg(S) ~ const and wg(S) ≤ 1 – Amin. Then,  

 µ𝑋  ≤  𝛽 (1 −  𝐴𝑚𝑖𝑛), 𝛽: const (6) 

connecting the generalized accuracy with the relative measure of the latent region of 

the strong intermixing of the general types in the observable sample. 

 This argument can be extended straightforwardly to the arbitrary number of general 

types. It follows then that under the conditions of the lemma, successful generative 

models with latent representations of sufficiently low dimension must prefer conceptu-

alized latent distributions of the general types (concepts), with minimal intersection of 

their latent regions of distribution. 

 Note that all of the conditions were essential in the proof. Another condition that was 

assumed implicitly is that the essential characteristics of the original distribution D does 

not change during the training or any of the trail stages. 
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 With practical implementations of intelligent systems, the assumption of infinitesi-

mal continuity of the latent space on which the outlined proof was based can be sub-

stantiated by an observation based on the condition of generalization of the lemma. 

Even if, with a finite representative set S, an arbitrarily small neighborhood may not be 

expected to contain the latent positions of physical samples in S, it can still contain the 

those of samples in other such sets, S1, … Sk. Then, the argument in the proof that all 

such samples in a sufficiently small neighborhood would be classified to the same type 

still holds. 

Geometric conceptualization in informative low-dimensional representations was 

observed in a number of empirical results in artificial and natural neural systems. 

Empirical Results in Generative Geometric Conceptualization 

The results on geometric conceptualization of generative representations are supported 

by a number of published experimental results obtained with different types of data and 

generative architectures. The results [9,10] demonstrated and described “disentangled” 

representations of visual data with several datasets of images. Emergence of concept-

correlated structures in unsupervised generative learning with very large sets of images 

was reported in [8]. Geometric and topological characteristics of generative represen-

tations were studied in [11] with several datasets of images describing a well-defined 

continuous structure of concept regions.  

These results provide direct experimental support for the conclusions on geometric 

conceptualization of generative representations outlined in the preceding sections. Re-

cent results in experimental neuroscience point at the ubiquitous character of low-di-

mensional representations of sensory stimuli in biological organisms, including visual, 

olfactory and audio signals in animals and humans [14,15]. It can be conjectured that 

this observed effect can be related to the higher effectiveness of low-dimensional gen-

erative representations in identifying characteristics types, or concepts in the sensory 

data.  

Additional Benefits of Deep Data Compression 

It may be worth noting certain additional “coincidental” benefits of deep compression 

of sensory data for natural learning systems that can be important or even critical for 

the success of conceptualization: 

1. Compressed distributions of lower dimensionality can have simpler topological 

structure. A number of known results in topology point to this observation: Smith 

conjecture breaks in d > 3; Milner conjecture breaks in d > 5; classification of com-

pact manifolds is solved in d < 4; algorithmic PL homeomorphism problem for com-

pact manifolds solved in d < 4; and other results (d: the dimension of topological 

space). All of these results can have a direct connection to topological characteristics 

of distributions in the low-dimensional representations of sensory data and the abil-

ity of a learning system to determine the concept structure in them.  

2. Significantly reduced dimensionality of internal representations can be essential for 

some computational methods in the task of conceptualization such as clustering, that 
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can require progressively more time and computing power with higher dimension-

ality of the data or even become intractable [27]. 

3. If strong reduction of dimensionality is successful (i.e. avoids significant loss of es-

sential information in the original distribution) it can point at the original data being 

strongly redundant. There can be downsides in attempting conceptualization directly 

with strongly redundant data such as a possibility of overrepresentation of some fac-

tors. 

 All of these factors can be linked directly and significantly to the effectiveness of 

conceptualization of sensory observations: as already commented, a critical need and 

constraint for any realistic natural intelligent system. 

4.4 Practical Corollaries of the Geometric Conceptualization 

For an illustration of the importance of the dimensionality constraint and geometric 

categorization for practical intelligent systems let us consider an example of two intel-

ligent systems. One (A) trained to achieve lower accuracy (and therefore, higher infor-

mation loss) for example, 70% but more effective conceptualization, possibly due to 

producing an effective low-dimensional representation: 80%; the other system (B) 

achieves near perfect accuracy, but less effective conceptualization: 95% and 70%, re-

spectively. 

 Then, assuming that correct responses are associated with the identified general 

types of sensory inputs with perfect accuracy, A would produce 80% of correct re-

sponses, whereas the second one (B), 70%. Then the model A will be selected in em-

pirical trials due to higher effectiveness of its responses. 

 This simple example underlines that the objective for practical intelligent systems is 

not an unconditional and unconstrained maximization of the correlation between the 

sensory information and its internal representation, commonly described by the stand-

ard problem of unsupervised learning; but rather, an effective conceptualization of it 

with preservation of essential information and within the subspace of the parameters of 

the system that satisfies the essential constraints (2). Strong dimensionality reduction 

thus plays a key role in satisfying two of the essential constraints of natural intelligence: 

that of limits on the critical resources, the memory and the compute; and effective con-

ceptualization. The result on geometric categorization is important in this perspective 

as it allows to effectively replace the conceptualization constraint with that of the di-

mensionality of the internal model of the sensory data that can be defined and described 

explicitly in the architectural parameters of learning models. 

Therefore, an essential corollary of the result on geometric conceptualization of gen-

erative representations is that the conceptualization constraint that can be challenging 

to express explicitly in the architectural parameters of the system can be effectively 

replaced, in some cases at least, with the constraint on the effective dimensionality of 

the internal representation space. Then, both of the constraints of the memory and con-

ceptualization in (2) and (5) can be described by a strong constraint on the dimension-

ality of the internal representation: 

𝑑(𝜆) ≤ 𝑑𝑚𝑎𝑥;  𝑐(𝜆)  ≥ 𝑐𝑚𝑖𝑛 =>  𝑑(𝜆) ≤ 𝑑𝑐𝑜𝑛 , 
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dcon: the constraint of effective compression and conceptualization. 

This observation allows to obtain the explicit form of the Lagrangian (3) based on 

the results on inequality-constrained problems: 

 𝐿(𝐹, µ, 𝜂) =  𝐹𝑒(𝜆) − µ (𝑑(𝜆) ≤ 𝑑𝑐𝑜𝑛) −  𝜂 (𝜌(𝜆)  ≤ 𝜌𝑚𝑎𝑥)  (7) 

where the objective function Fe(𝜆) and the constraint operate in the space of architec-

tures Λ, with the Kuhn – Tucker conditions on the solutions (and similarly, for the case 

of generative learning, (5)). 

It can be noted in conclusion that generative learning and conceptualization consid-

ered in this section present one possible direction and strategy for a learning system to 

comply with the essential constraints of natural learning, including critically, data com-

pression and conceptualization. However, there are no reasons to expect it to be either 

the general one or the only possible. Other possibilities, for example, effective one-way 

dimensionality reduction methods and strategies whose effectiveness, including accu-

racy and precision, can be established empirically in trials. From here onwards it will 

be assumed that the learning system is able to achieve the compression and conceptu-

alization objective under the constraints via some strategy and the approach outlined in 

(1)-(3), (7) will be used from this point on. 

5 Evolving Natural Intelligence 

5.1 Information Fitness and Information Model 

Let us return to the optimization problem (2) with the objective function Ie, the mutual 

information of the observable (sensory) and the encoding distributions. 

An intelligent system that has attained an objective maximum under the constraints 

as described earlier can associate input stimuli x in the observable space to their en-

coded positions t in the space of internal factors that describe the state of the system 

satisfying the constraints of the problem (2). Then, with sufficient empirical trials, the 

following probability distributions can be estimated empirically: 

─ Ps(x): the empirical probability distribution of the sensory inputs x, 

─ Pi(t): the empirical probability distribution of the internal variables, t = E(x), 

─ Pm(t, x): the empirical joint probability distribution of the sensory inputs and their 

internal images or representations. 

With these empirical variables, the mutual information between the internal varia-

bles of the system and the sensory stimuli x ∈ X can be calculated by the Shannon 

formula [1]: 

 𝐹 = ∑ ∑ 𝑃𝑚(𝑡, 𝑥)𝑡
⬚
𝑥 log

𝑃𝑚(𝑡,𝑥)

𝑝𝑠(𝑥) 𝑝𝑖(𝑡)⬚
 (8) 

The mutual information thus defined will be referred to as the “information fitness” of 

an intelligent system. It can be seen immediately that it is directly related to the empir-

ical success of the responses produced by the system. 
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 Indeed, assuming for now that the system can produce perfectly effective responses 

based on the identified internal state of the stimuli (as the model of production of the 

responses will be discussed elsewhere), the empirical effectiveness of the response will 

be determined by the correctness of the association between the sensory stimuli and the 

internal states of the system that is used to construct the response, and this is exactly 

what the information fitness characteristic is a measure of F.  

 The joint probability distribution Pm(t, x) in (8) will be referred to as the information 

model of the intelligent system: 

 𝑀 = 𝑃𝑚(𝑡, 𝑥) = 𝑃[𝑇,𝑋] (9) 

As noted above, it describes the empirical correctness of the interpretation of the ob-

servables x by the internal variables of the system t, verified empirically by the effec-

tiveness of the responses produced by the system. An discussed earlier, the information 

model can be described or realized by a parametric function of the observable factors, 

µ(𝛬, X): 

 𝑀: µ𝑣,𝑎(𝑋) →  𝐸(𝑋)  

Next, based on the result of the lemma of geometric conceptualization in Section 4.2, 

we will assume that the distributions X, E(X) in the observable and latent spaces are 

conceptualized: 𝑋 =  ⋃ 𝐶𝑘 ,   𝐸(𝑋) =  ⋃ 𝐾𝑗𝑗𝐶 , Ck: general types of similarity of sensory 

inputs; Kj: internal concepts or “states” of the system associated with distinct regions 

in the latent space, according to the lemma of conceptualization. Then, as easy to see, 

the definitions (8) and (9) can be rewritten in terms of characteristic classes C and in-

ternal states K that will be referred to as the external states of the environment and the 

internal states of the system, respectively. To eschew cluttering of symbols, the varia-

bles x, t will denote both external factors and states, and internal (latent) factors and 

states, respectively. Where the distinction is essential and not obvious from the context 

an explicit note will be made.  

For an illustration of the definitions given above, let us consider information models 

M1 and M2 of a simplest type that interpret a single observable v mapping it to a single 

internal variable, “viability” of the system t with two possible states. Such a model can 

be realized with a single intelligent unit, such as a diode or a neuron. 

𝑖𝑓 𝑥 ∈  𝑟𝑎: 𝑡 = 𝑇𝑟𝑢𝑒 ("friendly");  𝑒𝑙𝑠𝑒 𝑡 =  𝐹𝑎𝑙𝑠𝑒 ("hostile") 

ra being the viable or hospitable range of the observable x.  

We consider a model M1 of this type that maps the observable to the internal state 

mostly correctly, producing correct interpretation with the probabilities 0.9/0.1 in each 

of the ranges of the observable x; whereas the other model, M2 fails to learn or has yet 

to, producing near-random responses. The information models M1 and M2 are described 

by the probability matrices (t, x), Fig.1. 
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Fig. 1. A two-state intelligent system and information model. 

Then, taking as an example the empirical distribution of the observables ps = (0.7, 0.3) 

one can calculate the values of the fitness function for the models as: 𝐹(𝑀1) =
2.28;  𝐹(𝑀2) = 1.26. A model with the best fitness possible in this case, represented 

by a diagonal probability matrix has, under these settings, the maximum possible fitness 

value, F(Mp) = 2.99. Indeed, it can be seen that the models that produce responses in a 

better correlation of the internal and external states have higher value of the information 

fitness. 

The correctness of the mapping of the external states of the environment to the in-

ternal ones by the intelligent system is verified in empirical trials. Indeed, in the exam-

ple above, let us presume that the systems can produce the simplest differentiated re-

sponse R: “if the internal state is “friendly”: remain in place; else, move in a randomly 

chosen direction for a random distance; repeat”. 

Then, in an environment that has sufficient prevalence of habitable regions the sim-

ple intelligent system described above, with a correct or “fit” information model de-

scribed above can survive and even thrive. On the other hand, as easy to see, incorrect 

mapping of the external and internal states can be detrimental to its survival. 

 The characteristics of information fitness F and information model M of an intelli-

gent system thus define its ability to produce effective responses to sensory stimuli in 

a given empirical environment incorporating all essential constraints discussed earlier. 

Then, the development of natural intelligence can be seen as a continuous process of 

“fitting” to the environment of the system, characterized by progressive increase in the 

value of the information fitness objective.   

5.2 Evolving Natural Intelligence 

In the framework of the constrained optimization and its connections to the architecture 

and training of learning models in natural environments outlined in this work, one ques-

tion remains: how, through which processes could natural intelligent systems acquire 

the ability to process, interpret and utilize sensory data of increasing complexity in pro-

duction of more complex and effective responses, solving the optimization problem in 

(2) in progressively more complex environments? 
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It can be noted that an emerging natural intelligent system may not and commonly, 

does not have detailed information about its sensory environment and for that reason, 

would have to acquire it through some process of interaction with the it. It may not be 

able to implement complex algorithms to seek the solution to the optimization problem 

for the same reason, or due to the essential constraints. 

The two areas where nature is not constrained is the time and the number of trials. 

Rather than employing complex and often theoretically intractable approaches to mul-

tidimensional non-linear constrained optimization, the nature can choose the evolution-

ary path of incremental variations and adaptations with selection according to certain 

essential criteria.  

As an illustration, let us first consider a practical example of simplest intelligent 

systems that can be feasible in natural environments. Possibly, the simplest intelligent 

system, with a single intelligent unit was used in the example in the preceding section. 

It is capable of mapping at least two intervals of a single sensory observable to a binary 

internal state. As was shown, even a simple system of this kind is capable of surviving 

and even thriving in certain simple sensory environments. 

By adding one more intelligent unit, with a two-neuron information model, an intel-

ligent system would acquire the ability to model significantly more complex single 

channel input distributions including linear functions; and/or approximate two-channel 

ones as logical functions and others [28]. 

An incremental adaptation of a different type: convolutional vectorization [29], a 

function or component that can translate visual signals to scale-invariant numerical vec-

tors and vice versa can be considered a processing improvement that preserves higher 

information content of the sensory inputs; by combining it with a small number of in-

telligent units (from as low as 2-3, [11]), an intelligent system can acquire the ability to 

recognize some simple geometric shapes such as circles, triangles, and others . Clearly, 

an ability to conceptualize and differentiate even simple visual forms can be essential 

for survival of simple intelligent species. 

The sequence of incremental adaptations in the architecture of artificial neural mod-

els was shown to produce a noticeable improvement in the ability to recognize charac-

teristic types (concepts) in the visual data, up to complex visual forms such as hand-

written digits [23]. The sequence of incremental architectural adaptations capable of 

conceptualizing sensory data from the simplest, binary variable mapping to complex 

visual data comprising up to 102 distinct conceptual states is illustrated in Fig.2. 

 

Fig. 2. Chain of incremental architectural adaptations characterized by improvement in infor-

mation fitness; N: the number of intelligent units. 
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As shown below (16), on the assumption of the perfect mapping of the observable states 

to the internal ones, a chain of adaptations would have produced a significant improve-

ment in the information fitness of the information models in Fig.2: from F ~ 2.77 for 

the simplest single intelligent unit system to F ~ 9.2 102 as a result of the sequence of 

architectural adaptations in this example.   

On the basis of the comments made earlier on the initial state and the constraints of 

a developing intelligent system and the example of architectural adaptations above, it 

can be conjectured that a natural intelligent system can seek solutions to the optimiza-

tion problem (2) via an evolutionary process of incremental adaptations in the space of 

parameters that define its structure (architecture) with selection by the objective and 

within the essential constraints of the problem.  

5.3 Evolutionary Formalism of Natural Intelligence 

Generally, an evolution can be defined by incremental variations with selection by the 

fitness to the objective until an optimum under the essential constraints is achieved. 

Then, it can be formally described a quad tuple of components Ev = (A, V, R, K) [30] 

where:  

─ A: the space of possible states of the system which are formally describable, with 

explicit descriptions represented by certain variables { a };  

─ V(a): a subspace of incremental variations of the states that are allowed within the 

constraints of the system;  

─ R(a): a certain factor of selection that can obtained or calculated from the current 

state of the system and its interactions with the environment;  

─ the selection criteria (and the process) on the basis of the selection factor, K(a).  

An evolving population P(t0) = { pk }, pk ∈ A at the initial point t0 of the evolution 

can be described by a certain distribution of possible states of the system satisfying the 

constraints. Then, at the next evolutionary point t1, the evolved population can be de-

scribed as: P(t1) = { pk + vk}, vk ∈ V(pk) with the range of the selection factor R(t1) = 

R(pk + vk). 

𝑅(𝑡1) = 𝑅(𝑝𝑘 + 𝑣𝑘) = 𝑅(𝑝𝑘) + 𝑣𝑘∇ 𝑅𝑘 , ∇ 𝑅𝑘 =   
𝜕𝑅

𝜕𝑣𝑘  
|

𝑝𝑘

 

In the evolutionary models both observed and studied, it is presumed the selection pro-

cess K selects the individuals in the population with “better” characteristics of the se-

lection factor, R. In the examples of natural systems considered earlier, individuals with 

more effective empirical responses can survive longer, expand to a larger area and so 

on. 

In application to the problem of the natural intelligence, the evolution can be de-

scribed by the following components: 𝐴 = 𝛬, the architectural parameters of the infor-

mation model; V = Δ(𝜆), the subspace of possible incremental variations of the archi-

tecture under the constraints of natural learning; the information fitness F of the infor-

mation system defined earlier; and the empirical selection mechanism, K that selects 
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the individuals in the population that achieve higher information fitness. Then the evo-

lution process of natural intelligence can be defined as: 

  𝐸𝑛𝑎𝑡 = (𝛬, 𝛥, 𝐹, 𝐾) (10) 

Next, one can describe the necessary conditions of a successful evolutionary strategy 

as: 

1. The solutions of the optimization problem, both global and local, exist. 

2. At least in some points or regions in the system architecture space the subspace of 

incremental variations is not empty: ∃ 𝜆: 𝛥(𝜆)  ≠  ∅. 

3. Transitions between the local extrema 𝜆, 𝜆′ of the objective function (2) are possible 

for some regions in the system architecture space: ∃ 𝜆, 𝜆′: 𝑝𝑡𝑟(𝜆, 𝜆′) > 0. 

 

where 𝑝𝑡𝑟(𝜆, 𝜆′): the probability of transition between the architecture states 𝜆, 𝜆′ that 

satisfy the constraints of the problem. 

Under these conditions, the evolutionary process just described can effectively trav-

erse the system parameter space finding solutions with overall improvement in the fit-

ness factor. The sequence of architectural adaptations discussed earlier in Section 5.2 

demonstrated an example of such an evolutionary path or trajectory in the neural archi-

tecture space. 

5.4 Evolutionary Dynamics of Natural Intelligence 

In the framework defined in the preceding section let us consider the probability distri-

bution p(F) of a certain information model described by architectural parameters 𝜆 by 

the information fitness it achieves (the F-distribution). It can be an actual distribution 

in the population of intelligent systems of similar architecture, 𝑝(𝐹) =  
𝑛(𝐹)

𝑁
, n(F) being 

the sub-population with the fitness of F in the total population N, or the probability of 

an individual model to attain certain range of fitness, 𝑝(𝐹) =  
𝜕𝑃(𝐹)

𝜕𝐹
 following training. 

Then, in the framework of the variational evolution defined by (10), the change in the 

fitness distribution as a result of an architectural variation 𝛿𝜆 at the next evolutionary 

point tk+1 can be written as: 

 𝛿𝑝(𝐹, 𝛿𝜆, 𝑡𝑘+1 ) = 𝛯(𝐹, 𝜆, 𝛿𝜆)   

where 𝛯(𝐹, 𝜆, 𝛿𝜆) is the adaptation functional that defines the relation between the ar-

chitecture and the fitness factor; it is therefore, specific to the problem.  

 Next, let us consider the subspace of all possible incremental variations at a given 

architecture point 𝜆: Δf(𝜆). Then, the sum of the F-distributions of the possible archi-

tectural variations at 𝜆 is: 

 𝛿𝑝(𝐹, 𝜆, 𝑡𝑘+1 ) = ∑ 𝛯(𝐹, 𝜆, 𝛿𝜆) 𝛥𝑓
𝑞(𝜆, 𝛿𝜆), (11)  

𝑞(𝜆, 𝛿𝜆): the probability of the incremental variation 𝛿𝜆 at 𝜆.  
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The architecture described by 𝜆 will be defined as “adaptable”, if ∃ 𝐹 ≥ 𝑝(𝐹)~ ∶
𝑝(𝐹) = 0;   𝛿𝑝(𝐹, 𝜆, 𝑡𝑘+1) > 0. Then, ∃ 𝛿𝜆:  𝛿𝑝(𝐹, 𝛿𝜆, 𝑡𝑘+1) > 0; the variation 𝛿𝜆 is 

then defined as an architectural adaptation. 

The role of the selection function K in (10) is to select or “prune” the evolved distri-

bution (11) according to some existential objective or the imperative. In the framework 

described here it can be the improvement in the information fitness of the evolved dis-

tribution that can be defined in different ways in a specific problem. Then, only the 

variations that satisfy the criteria imposed by K in the subset of variations Δa(𝜆)  are 

selected in the resulting distribution. As a result,  

 𝛿𝑝(𝐹, 𝜆, 𝑡𝑘+1 ) = ∑ 𝛯(𝐹, 𝜆, 𝛿𝜆) 𝛥𝑓
𝑞(𝜆, 𝛿𝜆) 𝐾(𝛿𝜆) =  ∑ 𝛯(𝐹, 𝜆, 𝛿𝜆) 𝛥𝑎

𝑞(𝜆, 𝛿𝜆) (12) 

The last equation of the evolutionary dynamics presumes that the selection process 

eventually propagates the evolved distribution to the general one: 

 𝑝(𝐹, 𝜆′,  𝑡𝑘+1 ) = 𝛿𝑝(𝐹, 𝜆, 𝑡𝑘+1 );  𝛥𝑎 ≠ ∅ (13)  

where 𝜆′ ∈  𝛥𝑎: the new “standard” architecture that was selected in the process of ar-

chitectural adaptation. As a result of transition (13), the distribution p(F) shifted toward 

higher values of the information fitness by locating a new local maximum of the opti-

mization problem (2) in the architecture space, 𝜆′ while within the constraints of the 

problem. 

 An equivalent formulation of the dynamical equations (11) – (13) in terms of the 

populations of individuals can be given straightforwardly. 

5.5 “Efficient Complexity”: Variability Balance in Evolving Natural 

Intelligence 

As stated earlier in Section 5.1 the necessary condition of successful transition to a 

higher fitness can be written as: 

 ∃ 𝜆: 𝛥𝑎(𝜆) ≠ ∅, | 𝛥𝑎(𝜆) | > 0  (14) 

that implies: | 𝛥𝑓(𝜆) | > 0, as 𝛥𝑎(𝜆) ⊆ 𝛥𝑓(𝜆)  

 Whereas a closer analysis of the explicit form of 𝛯(𝛿𝜆) in application to intelligent 

systems will be considered in a dedicated study, it can be noted that a success of evo-

lution described in (11)−(13) is strongly determined by the volume or “richness” of the 

subspace of incremental variations, 𝛥𝑓. Indeed, a small, “narrow” variational space may 

suppress the variance in the distribution 𝛿𝑝(𝐹, 𝜆) reducing the potential fitness gain 

from architectural adaptations.  

 As was noted previously, in the context of the optimization problem (2), architectural 

adaptations of an evolving natural intelligent system correspond to the local minima of 

the Lagrangian of the information fitness optimization problem (5). Then, the essential 

condition of the evolution (10), 1–3 for a natural system can be interpreted as non-

trivial constraints imposed on the architecture by the ability to migrate between the 

local extrema of the objective function.  
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Indeed, assuming that there exists a characteristic scale, Lex that represents the char-

acteristic minimal distance in the architecture space between the adjacent extrema of 

the objective function (2); this factor is essentially, dictated by the characteristics of the 

environment and can be thought of as a characteristic scale of the extrema network of 

the problem. Let Hex be the cumulative energy cost (including all material constraints) 

of the transition from the current architecture 𝜆 to the adjacent minima of the objective 

function 𝜆′. Then, the necessary conditions of evolution (10), 1–3 require, simultane-

ously, the space of incremental variations 𝛥𝑓(𝜆) to be sufficiently “large” to contain 

the new minima positions of the objective function; while at the same time, be “effi-

cient” with respect to the energy required for the incremental change of the architecture, 

satisfying both the constraints of the problem (the weaker constraint) and the feasibility 

of the transition to the new state (the stronger constraint), ptr(Hex) > pmin.  

While an explicit formulation of this condition requires a detailed analysis of the 

transition probability ptr and will be attempted in another work due to a limitation of 

the format, it can be interpreted generally as “efficient complexity”: maximizing the 

variability of the architecture while minimizing the energy cost of architectural varia-

tions, or maximizing the energy gradient of architectural adaptations: 

 𝐺𝐻(𝜆) =  
𝜕𝜆

𝜕𝐻
→ 𝑚𝑎𝑥 (15) 

A natural way to realize such a solution in naturally feasible systems would be to con-

struct them from small intelligent units with a minimal energy cost so that incremental 

architectural variations can result in non-trivial improvements in learning (as illustrated 

in Section 5.2). It can be observed then that the ubiquity of neural architectures in nat-

ural intelligence may be due to more than just an effective type of intelligent 

model/strategy but a natural solution to the constraints of evolvability. The condition 

(15) then assures the ability of the learning system to traverse (“hop over”) the extrema 

network of the optimization problem along a trajectory of solutions leading to higher 

information fitness. 

 It can be noted in the conclusion, that a challenge for a natural system can be in 

identifying the successful variations i.e., adaptations in the subspace of possible ones, 

𝛥𝑎(𝜆) ⊆ 𝛥𝑓(𝜆). It is not a trivial task as it follows from the definitions of the infor-

mation fitness and model (7), (9) that empirical trials are required to determine the ef-

fectiveness of specific architectural variations. For this reason, advanced intelligent 

systems can invent complex mechanisms to simulate the empirical effectiveness of the 

intended actions and select the ones with a higher chance of empirical success. 

5.6 A Taxonomy of Incremental Adaptations 

In the preceding section we introduced the framework of description of the evolution 

of natural intelligence via incremental variations of the architecture of the information 

models in general theoretical terms. Here, we will consider such variations in the closer 

detail. 

First, one can introduce a geometric description of the architecture space where the 

architectures λ that satisfy the essential constraints in (8) correspond to the points on a 
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certain manifold in the space of parameters that define the information model, µv,a (9). 

Then, different types or classes of incremental variations in the architecture space that 

can produce an improvement in the fitness can be described. In the discussion that fol-

lows we will make a distinction between variations, that are incremental changes in the 

architecture that are allowed by the constraints of the problem, and adaptations: the 

variations that have been verified empirically to produce superior result of the optimi-

zation, i.e., the information fitness; thus, the subspace of adaptations is a subset of that 

of architectural variations. 

Arguably, the simplest type of architectural adaptation is training (“T”-type), which 

affects only the mutable parameters of the information model; in this process they are 

adjusted to maximize the objective function (2). In this process, the meta-description 

of the model, that is, the types of the training and architectural parameters of the model 

remains unchanged, and only the values of the trainable parameters participate in in-

cremental variations to achieve the optimum of the objective function.  

Experiments and empirical experience show that training with practical implemen-

tations of posterior-based methods with fixed architecture, including neural networks, 

natural and artificial, can produce distributions of individual information models in a 

certain range of accuracy (that is directly related to the information fitness as defined 

in this work) whereas some methods produce fully deterministic outcome, while train-

ing with similar sets of observables. Then, there is an upper limit of the value of the 

information fitness that can be achieved through this type of adaptation. 

To overcome this ceiling, another type of variation: the architectural ones can be 

employed. It allows modification of the architectural parameters that are considered 

immutable in the T-type of adaptations, in an incremental way. In the example consid-

ered earlier, a sequence of incremental changes in the architecture of generative neural 

models was instrumental in successful learning of the conceptual structure in the visual 

data of progressively higher complexity. In the geometric interpretation introduced 

above, these adaptations can happen in the subspace of architectural variations that is 

orthogonal to the T-type. 

Architectural Adaptations 

Architectural adaptations themselves can be of different types. In one case, the sets of 

internal and observable variables are unchanged, but the model can attain a better fit-

ness between the observable and internal states via an improvement in the architecture. 

In the example in Section 4.4, such an improvement can produce an increase of the 

fitness factor with no change in the sets and ranges of the internals and observables. 

This type of adaptation can be designated “Af”, “fit-only”. More examples of this type 

of architectural adaptations can be seen in the classification competitions aiming at 

achieving the best accuracy on the same set of data representing a sampling of a realistic 

visual environment, though not all of them can be classified as incremental. 

 A different type of architectural variation: Av was illustrated in Fig.2 where incre-

mental architectural adaptations in the embedding layer of a generative neural network 

model resulted in the ability to learn a greater variety of concepts, i.e., essentially, dis-

tinct external states in the visual data that modeled simple sensory environments. Such 

adaptations can lead to an extension of the set of the identifiable observable states and 
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the internal states of the model, i.e., a more detailed and precise information model of 

the sensory environment. 

 Indeed, it is easy to see that an addition of any number of non-detectable factors 

and/or states that have no effect on the internal state of the system does not change the 

value of the mutual information / information fitness function. At the same time, an 

addition of new observable state(s) that are correlated with new internal states of the 

system can increase the value of the fitness factor.  In the simplest case, where N dis-

tinct states of the observables are perfectly matched to the same number of the internal 

states, the information fitness definition (4) yields (with the information model Pm(t, x) 

a unitary diagonal matrix, ps(x) ~ pi(t) ~ 1/N): 

 𝐹(𝑁) =  ∑ log
1

1/𝑁2 = 2𝑁 log 𝑁𝑁
𝑖  (16)  

i.e., monotonous growth of the information fitness with the cardinality of the set of the 

“fitted” sensory states. This result can be interpreted in the common terms as: the more 

essential characteristics or features an intelligent observer can detect in its environment, 

the closer it can fit to it. 

 A similar outcome, that is, an expansion of the set of the identifiable observable 

states via addition of new observable factors (Ao) such as new sensory channels. In the 

nature, this type of adaptation can happen for example, via an accidental copying of an 

existing sensory channel with an incremental modification. The result can be an acqui-

sition of an additional, parallel sensory channel (such as color vision) that can produce 

a more detailed description of the sensory environment and an opportunity to identify 

more distinct states (concepts) in it. Then, the process of fitting them to the internal 

states via adaptations Av and T can again achieve superior fitness via more precise in-

formation modeling of the environment. This observation aligns with the potential of 

the “multiple view” approach discussed in [13].  

 Finally, a different yet type of incremental adaptation, Ac can be described that is 

related to the relaxation of the essential constraints on the learning system. Suppose a 

system has developed more efficient architecture of the information model that can be 

operated within a lower requirement of energy or memory. Then each solution of the 

optimization problem with the new architecture would satisfy the original constraints, 

but the opposite is not necessarily true. This can be interpreted as an effective expansion 

of the solution space that can produce new local maximums of the objective function 

that were not achievable with the previous iteration of the architecture. 

 Different types of incremental variations in the parameter space of a natural learning 

model are illustrated in Fig. 3. 
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Fig. 3. Incremental variations in the architecture parameter space and the extrema network. 

Thus, via the process of incremental variation with selection by the fitness described in 

this section, a sequence of architectural adaptations can attain progressively higher val-

ues of the information fitness to the sensory environment. 

5.7 Collective Intelligence and Information Fitness 

The concept of information fitness can be applied to groups or ensembles of natural 

intelligent systems. For example, it can be instrumental in explaining the effectiveness 

of the communication strategy widely used by social natural species. Indeed, let us 

consider a simple hypothetical population of information models P of size N of a similar 

architecture with the fitness distribution p(F) in the range Rf = (Fmin, Fmax), Fmin ≤ F(x) 

≤ Fmax, x: an individual model in the population. Suppose Fa = mean(F(P)), Fx = 

max(F(P)), the mean and the maximum value of the information fitness in the popula-

tion.  

 Then, the total information fitness of the population at some point t can then be writ-

ten as:  

 𝐹𝑡(𝑃) =  ∑ 𝐹(𝑥) = 𝑁 𝐹𝑎𝑃   

 Next, suppose the population has developed an effective communications strategy 

that can transfer the information from the best fit information models to the others in 

the population via transmission of information or “instruction”: 

 𝐹(𝑥, 𝑡) =  𝐶(𝑥, 𝑥𝑚𝑥) ~ 𝐹𝑥,  

where x, xmx: a common and the best sample in the population; C: communication, or 

instruction function.  
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 Then, the new value of the total population fitness Fnt at the next point can be found 

as: 

 𝐹𝑡+1(𝑃) ~ 𝑁 𝐹𝑥(𝑡) = 𝐹𝑡 + 𝑁 (𝐹𝑥 − 𝐹𝑎) = 𝐹𝑡 + 𝑁 𝐺𝑐𝑜𝑚 (17) 

where Gcom ~ 𝐹𝑥 − 𝐹𝑎: the average individual fitness gain in the population due to com-

munication/instruction. 

Then, the improvement in the total fitness of the population due to communication 

can amplified by up to the size of the population. There are numerous examples of this 

behavior exhibited by natural biological systems.  

An intriguing question then is how such an effective strategy could have emerged in 

the natural evolution of intelligence? Due to limitation of the scope, this discussion will 

be deferred to another study. 

6 Discussion 

The connections between the principles of constrained optimization, classical ap-

proaches in the theory of natural learning systems and evolutionary processes based on 

traversal of the extrema landscape of the optimization problem as a strategy for finding 

the solution, or rather a progression of solutions increasingly approximating the fitness 

or “adaptation” to the environment examined in this work can be instrumental in a num-

ber of ways.  

From the theoretical perspectives, the results presented here offer a general concep-

tual and formal mathematical framework for the description of evolving natural intelli-

gent systems. While some interesting initial results have been presented, such as the 

substantiation of the effectiveness of neural architectures in natural intelligent by the 

principle of efficient complexity and the classification of incremental adaptations, other 

qualitative and quantitative results can be expected from following this formalism.  

The framework developed in this work can describe different approaches in natural 

learning such as generative learning discussed in Section 4. The result on geometric 

conceptualization of generative representations can offer insights into the ability of 

early intelligent systems to develop effective differentiated behaviors based on group-

ing similar stimuli into general types or concepts that require similar response. The 

ability to conceptualize sensory stimuli can be critical for natural intelligent systems in 

meeting the essential physical constraints in the search for optimal architectural solu-

tions. 

As mentioned earlier, information-based approaches in the theory of natural intelli-

gence have been developed over a long period since the classical works of Shannon, 

Shroedinger and others. To discuss or even mention all related studies and directions in 

one section may not be feasible. For this reason, we will limit the discussion to several 

studies directly related to the subject and scope of this work.  

The “information bottleneck” method based on constrained optimization was devel-

oped in [20] with the constraint interpreted as the rate distortion function or factor, i.e., 

in a fundamentally different perspective from the interpretation used in this work. As 

well, the framework and results of the study apply mostly to the case of learning with 
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classes or categories known at prior (i.e., supervised learning). As was commented, this 

is rarely the case with natural intelligent systems that cannot rely on prior information 

and have to “extract” concept structure from their sensory interactions with the envi-

ronment. 

In [13], the problem of compression of data in unsupervised learning processes and 

approaches from the information-theoretical and practical perspectives were examined 

in depth. An observation directly related to the scope of this work is the result on the 

absence of a natural level or limit of compression in unsupervised learning, in contrast 

to the supervised case. Then, the practical level of compression is dictated by the es-

sential constraints of natural learning, primarily, those on the memory and computing 

power that are related directly to the ability of the systems to produce effective differ-

entiated responses via conceptualizing sensory stimuli into manageable frameworks of 

general types, concepts or external states that can be associated with similar responses. 

Studies [17,18] among others, used a related approach by defining the objective 

function in terms of the information entropy. However, they appeared to focus on the 

maximization of the objective function (entropy), while leaving aside the physical, ma-

terial constraints of the problem. As we attempted to show in this work, physical con-

straints, including the critical ones of memory, compute and energy/resources can be 

of the utmost importance for emerging and developing natural intelligent systems.  

Clearly, an unconstrained problem can have essentially different solutions from the 

strongly constrained one; in fact, even the global minimum of the unconstrained objec-

tive function may not satisfy certain practical material constraints. As noted in the in-

troduction section, natural biological systems are by their nature, open allowing strong 

flow of both energy and materials; in that setting, the interactions and constraints of 

energy and materials on the natural systems cannot be ignored. The importance of ma-

terial, specifically energy constraints of biological intelligent systems is supported by 

experimental results such as the “critical power law” in neuroscience, the tradeoff be-

tween the accuracy of coding and the energy it requires [31].  

For these reasons we believe that the constrained optimization formalism proposed 

in this work would offer a more accurate description of the states and evolutionary 

trajectories of progressing natural intelligent systems. Further to its advantage, it is 

based on the established principles of statistics and information science and does not 

introduce any new essential assumptions or postulates. 

From the more practical point of view, the analysis of necessary conditions of the 

evolution of natural intelligence, including the principle of “efficient complexity” that 

is, minimization of the energy cost of architectural adaptations (actually a corollary of 

the proposed evolutionary formalism) can provide a basis for further quantitative stud-

ies into the models and architectures of evolving intelligence. 

The concept and framework of analysis based on the information fitness can be in-

strumental in examination of collective intelligence and intelligent collective behaviors 

as discussed in Section 5.7; an immediate observation being that behaviors that can 

effectively propagate or share more effective information models can trigger a sharp 

increase in the information fitness in a collective of learners. In a related perspective, 

recent results point at a possible connection between the conceptualization abilities of 

generative learning systems and a development of collective intelligent behaviors such 
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as the ability to share interpretations of sensory stimuli via symbolic communications 

[32].  

All in all, there seems to be a wide range of direction of research in both theory and 

applied models of evolving intelligence within the formalism proposed in this work. 
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