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Abstract: The Gaussian distribution is a normal probability distribution that is a key concept in 

statistics and the backbone of machine learning. In normal distribution, data are symmetrically 

distributed with no skew. A data scientist needs to know about the normal distribution for data 

analysis. In this article, we can learn and understand how to use the Gaussian integral in the 

probability density function for a normal distribution and applications of machine learning. 
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1. Introduction  

In a normal distribution, a bell-shaped curve is a symmetrical graph that expresses a collection of 

values about the dataset(distribution). Actually, the normal distribution is a continuous probability 

distribution wherein values or scores lie in a symmetrical form mostly situated around the mean. 

The area under the bell curve is equal to 1. In this article, the author introduces a technique in 

connection with the probability density function for the normal distribution using the Gaussian 

integral [1-10]. 

 

2. Gaussian Integral in Normal Distribution 

The Gaussian integral plays an important role in the normal probability distribution with Z-score. 

Z-score or Z-value in the probability density function for a normal distribution is statistically 

defined by  

          𝑍 =
(observed value − mean)

standard deviation
⇒ 𝑍 =

𝑥 − 𝜇

𝜎
,  

where 𝑥 is test value, 𝜎 is mean, and 𝜎 is standard deviation. 
In a normal distribution, the bell-shaped graph is shown below: 

 
The probability density function for a normal distribution is defined using Z-score by  
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          𝑓(𝑥) =
1

𝜎√2𝜋
𝑒−

1
2

𝑍2

  ⇒ 𝑓(𝑥) =
1

𝜎√2𝜋
𝑒

−
1
2

(𝑥−𝑢)2

𝜎2  OR   𝑦 = √
1

2𝜋𝜎2
𝑒

−
1
2

(𝑥−𝑢)2

𝜎2 . 

Let prove the probability density function of the normal distribution as follows:   

 

Definition of the normal distribution: Data are said to be normally distributed if the rate at which 

the frequencies fall off is proportional to the distance of the score from the mean and to the 

frequencies themselves. This statement can be modeled as a differential equation.  

          
𝑑𝑦

𝑑𝑥
= −𝑘(𝑥 − 𝜇)𝑦, where 𝑘 𝑖𝑠 a possitive constant. 

By separating the variables in the above differential equation, we get   

          
𝑑𝑦

𝑦
= −𝑘(𝑥 − 𝜇)𝑑𝑥 

Integrating the differential equation on both sides: 

          ∫
𝑑𝑦

𝑦
= ∫ −𝑘(𝑥 − 𝜇)𝑑𝑥  ⇒ ln 𝑦 =

−𝑘(𝑥 − 𝑢)2

2
+ 𝑐 

Applying exponentials on both sides: 

          𝑒ln 𝑦 = 𝑒
−𝑘(𝑥−𝑢)2

2
+𝑐 ⇒ 𝑦 = 𝑒

−𝑘(𝑥−𝑢)2

2 𝑒𝑐 

Let 𝑒𝑐 = 𝐶, where 𝑒𝑐  is a constant. 

          𝑦 = 𝐶𝑒−
1
2

𝑘(𝑥−𝑢)2

.                                                                                                                             (1) 

                   

Since a normal distribution is symmetric about the mean, the area of the bell curve is 1. 

Therefore, ∫ 𝐶𝑒−
𝑘
2

(𝑥−𝑢)2

𝑑𝑥
∞

−∞

= 1. 

Let 𝑢2 =
𝑘

2
(𝑥 − 𝑢)2  ⇒ 𝑢 = √

𝑘

2
(𝑥 − 𝑢); 𝑑𝑢 = √

𝑘

2
𝑑𝑥 ⇒ √

2

𝑘
 𝑑𝑢 = 𝑑𝑥  

          𝐶√
2

𝑘
∫ 𝑒−𝑢2

𝑑𝑢
∞

−∞

= 1 

Squaring on both sides: 

          [𝐶√
2

𝑘
∫ 𝑒−𝑢2

𝑑𝑢
∞

−∞

]

2

= 12  ⇒
2𝐶2

𝑘
[∫ 𝑒−𝑢2

𝑑𝑢
∞

−∞

]

2

= 1.                                                          (2) 

 

Using the Fubini’s theorem, we can solve the above equation  

          ∫ 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦
∞

−∞

    = ∫ 𝑒−(𝑥2+𝑦2)𝑑𝑥𝑑𝑦
∞

−∞

 

The Gaussian integral denotes that ∫ 𝑒−𝑥2
𝑑𝑥

∞

−∞

= √𝜋. 

𝑃𝑟𝑜𝑜𝑓. Let I = ∫ 𝑒−𝑥2
𝑑𝑥

∞

−∞

= 2 ∫ 𝑒−𝑥2
𝑑𝑥

∞

0

= 2 ∫ 𝑒−𝑦2
𝑑𝑦

∞

0
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          I2 = 2 ∫ 𝑒−𝑥2
𝑑𝑥

∞

0

 × 2 ∫ 𝑒−𝑦2
𝑑𝑦

∞

0

= 4 ∫ ∫ 𝑒−(𝑥2+𝑦2)𝑑𝑥𝑑𝑦

∞

0

∞

0

 

Let 𝑦2 = (𝑥𝑡)2 ⇒ 𝑦 = 𝑥𝑡 ⇒ 𝑡 =
𝑦

𝑥
; 𝑑𝑦 = 𝑥𝑑𝑡. 𝑦 = 0 ⇒ 𝑡 = 0, 𝑦 = ∞ ⇒ 𝑡 = ∞. 

          4 ∫ ∫ 𝑒−(𝑥2+𝑥2𝑡2)

𝑥=∞

𝑥=0

𝑡=∞

𝑡=0

𝑑𝑥(𝑥𝑑𝑡) = ∫ ∫ 𝑥𝑒−𝑥2(1+𝑡2)

𝑥=∞

𝑥=0

𝑡=∞

𝑡=0

𝑑𝑥𝑑𝑡 

Let 𝑢 = 𝑥2(1 + 𝑡2);
1

2(1 + 𝑡2)
𝑑𝑢 = 𝑥𝑑𝑥; 𝑥 = 0 ⇒ 𝑢 = 0; 𝑥 = ∞ ⇒ 𝑢 = ∞. 

          4 ∫
1

2(1 + 𝑡2)

𝑡=∞

𝑡=0

∫ 𝑒−𝑢

𝑢=∞

𝑢=0

𝑑𝑢𝑑𝑡 = 4 ∫
1

2(1 + 𝑡2)

𝑡=∞

𝑡=0

[
𝑒−𝑢

−1
]

0

∞

𝑑𝑡 = 4 ∫
1

2(1 + 𝑡2)

𝑡=∞

𝑡=0

𝑑𝑡 

Here, [
𝑒−𝑢

−1
]

0

∞

= −(𝑒−∞ − 𝑒0) = −(0 − 1) = 1. 

          4 ∫
1

2(1 + 𝑡2)

𝑡=∞

𝑡=0

𝑑𝑡 = 2 ∫
1

(1 + 𝑡2)

𝑡=∞

𝑡=0

𝑑𝑡 = 2[tan−1 𝑡]0
0 = 2(tan−1 ∞ − tan−1 0) 

𝑇ℎ𝑒𝑛, I2 = 2(tan−1 ∞ − tan−1 0) = 2 (
𝜋

2
− 0) = 𝜋 ⇒ 𝐈 = √𝜋. (∵ I = ∫ 𝑒−𝑥2

𝑑𝑥

∞

−∞

) 

From the above equation, we obtain the Gaussian integral as follows:  

         ∫ 𝑒−𝑥2
𝑑𝑥

∞

−∞

= √𝜋  ⇒  ∫ 𝑒−𝑢2
𝑑𝑢

∞

−∞

= √𝜋.                                                                                   (3) 

Substituting the equation (3) in the equation (2), we get 

          
2𝐶2

𝑘
[∫ 𝑒−𝑢2

𝑑𝑢
∞

−∞

]

2

= 1 ⇒
2𝐶2

𝑘
[√𝜋]

2
= 1 ⇒ 𝐶2 =

𝑘

2𝜋
⇒ 𝐶 = √

𝑘

2𝜋
.                               (4) 

Substituting (4) in the equation (1) 

           𝑦 = 𝐶𝑒−
1

2
𝑘(𝑥−𝑢)2

= √
𝑘

2𝜋
𝑒−

1

2
𝑘(𝑥−𝑢)2

.                                                                                           (5) 

Substituting 𝑘 =
1

𝜎2
  in the equation (5) according to 𝑧 =

𝑥 − 𝜇

𝜎
, we conclude that 

         𝑦 = √
1

2𝜋𝜎2
𝑒

−
1
2

(𝑥−𝑢)2

𝜎2 . 

          𝑓(𝑥) =
1

𝜎√2𝜋
𝑒−

1
2

(
𝑥−𝜇

𝜎
)

2

, which is the probability function for a normal distribution.  

 

3. The Gaussian Distribution in Machine learning 

In data science and machine learning, the Gaussian distribution plays a vital role in various aspects, 

particularly in probabilistic modeling and statistical inference. Actually, machine learning is a 

branch of artificial intelligence focused on enabling systems to learn from data, uncover patterns, 

and autonomously make decisions. In today’s era dominated by data, the machine learning is 
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transforming industries ranging from healthcare to finance, offering robust tools for predictive 

analytics, automation, and informed decision-making. 

,  

4. Conclusion 

In this article, author has well used the Gaussian integral for the normal distribution in machine 

learning. The normal distribution, also known as the Gaussian distribution, is a key concept in 

statistics and the backbone of machine learning. In normal distribution, data are symmetrically 

distributed with no skew. A data scientist needs to know about the normal distribution for data 

analysis. 
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