A REMARK ON THE RIEMANN ZETA FUNCTION
YUKITAKA ABE

ABSTRACT. We prove that if the number of nontrivial zeros of the
Riemann zeta function which are not on the critical line is finite,
then every nontrivial zero is on the critical line.

1. INTRODUCTION

The Riemann zeta function ((s) is defined on o > 1 by
= 1
g(S) - g TLS,

where s = o+1it. It is analytically continued to a meromorphic function
on the whole plane with a pole at s = 1. It is well-known that negative
even integers are zeros of ((s). Other zeros of ((s) are called complex
zeros or nontrivial zeros.

Riemann stated the following statement, the so-called Riemann hy-
pothesis, in [6] in 1859.

The Riemann hypothesis. All nontrivial zeros of ((s) lie on the
critical line o = %

Hilbert listed it as the eighth problem of his 23 problems in his 1900
address to the Paris International Congress of Mathematicians. This
is one of the most important unsolved problems in the twenty-first
century.

Nobody has succeeded to prove it up to the present, but many com-
putational results are known. In the early part of the twentieth century,
they were obtained by hand computation ([1], [4], [5] and [7]). Numer-
ical computations by computers have permitted us to check the truth
of the Riemann hypothesis to extremely large t. We refer to [3] for a
history of numerical verifications.

In this paper, we give a remark that if the number of nontrivial zeros
of the Riemann zeta function which are not on the critical line is finite,
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then every nontrivial zero is on the critical line. First we prepare a
lemma on Dirichlet series. Combining this lemma and the theorem of
de la Vallée Poussin, we obtain our result.

2. LEMMA ON DIRICHLET SERIES

This section is devoted to the following lemma which is a variant of
Lemma 3.12 in [§].

Lemma 1. We assume that a Dirichlet series

o
Qn

fls)=) —
n=1 n

is absolutely convergent for o > 1. Take o9 < 1 and ¢ > 0 with
oo+ ¢ > 1. Let g(s) be an entire function with finite number of zeros
Zy ={ou,...,an} such that o9 < Re(ay) <og+c (j=1,...,N) and
lg(s)| = 00 as s — oo. Then, there exist meromorphic functions hy(s)
(1 < n < x) on C whose poles are at most oy, ...,an and all simple
such that

21 Y = (L + hn(s)> = ﬁ /+TT %Ed

n<x
+Z%Rn(c,x,T Z & Qu(e,, T)(s)

n<x a:<n
for any s € D(0y,T)\ Z,, where a positive number = is not an integer,
T is a positive number with [Im(ay)] < £ (j =1,...,N), D(0o,T) =
{o+itioo < o,lt| < £}, and R,(c,2,T)(s) and Qu(c,z,T)(s) are
holomorphic functions depending only on g(s),n,c,z, T and satisfying
(2.2)

| R, 7, T)(s )|<AMT (%) and [Qulea,T)(s )I<A]\:T (2)

on D(oy,T) for some constants A and M. Therefore, the right side of
(2.1) converges absolutely and uniformly on D(og,T).

Proof. Take any s € D(0y,T). A function (g)w L of w has poles

1
9(s+w)

at w=0,a;—s5,...,ay—s. It has the residues ( ) and a; (n)a] i

aj—s
at w = 0 and a; — s respectively, where a; is the residue of —~ g(s) at o;.

We define a meromorphic function

al r\%—s 1
fin(s) = Zaj (ﬁ) aj—s

Jj=1
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If n < z, then we obtain

/ /C—HT / oco+1T (E)wd_’w
2mi oiT _ T S—HU) n/ w

by the residue theorem. Let

Then we have 0 < M < oo by the assumption of g(s). Therefore, the
following estimation holds

1 1 dw M (x/n)°
oy e 6l EPE e

Similarly we have

1ot 1 dw M (z/n)°
2—/ m<a> < 5xToglo/m)

3 5
s:u+it,—oo<u<oo,ZT§|t|SZT}.

We define

—oo+1T" w d
" omi o IT T g(s + w) n/ w

Then we obtain

(2.3) —— /:HT _ (%) dw 1 (s) = Ru(e, 2, T)(s)

21 Joir g(s+w) \n/  w  g(s)
and u .
Ralern T < 2

for s € D(00,T).
For x < n, we similarly obtain

c+iT co—iT 2\ dw
— — =0
27” ( oco+iT' /-HT /c ) 8+w) <n> w 7

because there is no residue term. If we set

co+iT e—iT w
Qnlc,z,T)(s): 27?@(/+ / ) s—f—w)(%) %U;

then we have

1 et 1 N\ dw
(2.4) i m( ) W Qule,x,T)(s).
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We also obtain
M (z/n)°
7T [log(z/n)|
for s € D(0g,T) by the same way as above.

From (2.3) and (2.4), it follows that

L c+iT f(8+w>£d /‘C+ZT <x>wd_w
n32m emir 9(s+w) \n

|Qn(c, 2, T)(s)] < —

2710 Jo_ir g(s+w) w w
/ch'LT <ZL‘)“’ dw
ns 27rz it 9(s n w
- Z ( (o))
TZ<.T
— Z Ry (c,z,T)(s)
n<x
- Z a—nQn(c z, T)(s).
z<n ne o

Then we obtain (2.1). Furthemore, we can take A > 0 such that
|log(x/n)| > A for any n € N, by the assumption of . Hence, we also
obtain (2.2). O

3. RESuLT

Assume that the number of nontrivial zeros of ((s) which are not on
the critical line is finite. Then, the following Proposition is immediate.

Proposition 1. Under the above assumption, there exists Ty > 0 such
that any s = o + it with % <o <1andt>Tyis not a zero of {(s).

Let
B = sup{f; (8 +1iv) = 0,7 # 0}.
The Riemann hypothesis states B = % We recall the theorem of de

la Vallée Poussin ([2]) which says that there is a constant A > 0 such
that ((s) is not zero for

A
>1—— (t>t
IOg ( > 0))

where t is some positive constant. We may restate it as follows:
if s =041t (t > ty) satisfies

(3.1) t < exp (11)’
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then ((s) # 0.
Proposition 2. It holds that % < B <l

Proof. Since

exp( A ) —r00 as o —1—-0,
l—-0o

there exists oy < 1 such that Ty < exp (%) for o9 < o < 1, where
Ty is the constant in Proposition 1. Then, there is no zero of ((s)
in a region oy < o by Proposition 1 and the theorem of de la Vallée
Poussin. 0

Proposition 3. ]f% < B < 1, then there is no zero of ((s) on the line
oc=D0.

Proof. If the function ((s) has a zero on ¢ = B, then the number
of zeros of ((s) on ¢ = B is finite by Proposition 1. Let Zp =
{p1,P1,---,pn, P~} be the set of zeros of ((s) on the line 0 = B. By
Proposition 1, there exists dp > 0 such that there are no zeros of ((s)
except Zp in the set {o +it; B — 6y < 0, —00 < t < oo}.

It is well-known that

1 o pn)

¢(s) = n

for 0 > 1. We define an entire function g(s) by

N

g(s) = [ [ (s = ps)(s = 7).

j=1
Then, its zeros are Zg, and |g(s)| — oo as s — oco. We take T" > 0
such that [Im(p;)| < T for j = 1,..., N. Putting o9 = B — § and
c =2, we apply Lemma 1. We take x > 1 which is not an integer, and
fix it. Then we have

n) (i " hn(s)) ~ L /QMT ! “

g(s) 2w o C(sHw)g(s +w) w

(3.2) +) %Rn(Q,x,T)(s)

n<x

+ Z %Qn(Q,ZE,T)(S)

r<n

for s € D(00,T) \ Zp, where h,(s) is a meromorphic function on C
whose poles are at most Zp and all simple.
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. . 1 v _
We consider the integral of R along C' = Co+Cy +Cs +

Cj3, where C’O, C1,Cy and Cg are segments from 2 — T to 2 —|— 1T, from
2 41T to ——+2T from ——+zT to =% —¢T and from —2 — T to
2 —1T, respectlvely We set

1 1 T
Dy = it; B — =0, B4 =, |t]| < — .
0 {a—i—z, 10 <0< +40,\|<4}

Then Do C D(UO,T) and Zp C Dy. For any s € Dy \ Zg, the poles

of m in a domain surrounded by C' are w = 0, p; — s,p1 —
3,...,pN — s and py — s. The residue of W? at w =0 is
C(s . Let a; and b; be the residues of g(s) at p; and pj respectively.

b
Then the residues of ? at ,0] —s and p; — s are a; pJ]—S

S+w)9(5+w)
respectwely We define

N xPi—s xPi—$
Q(s) := Z (aj +b;— ) .

=1 pPj—S>S pPj—S

.I

Then, Q(s) is a meromorphic function on C whose poles are at most
Zp and all simple. We note that Re(s +w) > B — %60 if s € Dy and w
ison C. If s € Dy and w is on Cs, then Re(s + w) < B — 18,. Then,
m% is holomorphic on C as a function of w for any s € D).
By the residue theorem, we obtain

1 1 v 1
i | G T T ™ = G O
for s € Dy \ Zp. Therefore we have
1 [T 1 z? 1
39 3 [ o T w0 ™ = G T
for s € Dy \ Zp, where
P(s) = L ! ﬁdw

20 Joyropres (8 Hw)g(s +w) w

is a holomorphic function on Dy. We set

3 1.3 5
E = it B— 00 <o < B+4+2+ 0o, -T < |t| < -T
{ovicn-Sh<o<prerinirpsir}

) 3 1 5
U{U—{—Zt;B_Z(SOSJSB_ZaO’MSZT}'
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Then we have {s + w;s € Dy, w € C; UCy U C3} C E. Since there is
1

no pole of ROTOR E we can take M, > 0 such that

< My,

o

on F. Then we obtain

/ 1 xwd - Myz?
—dw
o, C(s+w)g(s +w) w Tlogx

and
1 w M,
/ x—dw < oF
. C(s+w)g(s+w) w Tlogx
for s € Dy. Since we have w = —%0 + 1t and % = eitloge =4 on Chy,
we obtain

/ ! x—dw' <
o, C(s+w)g(s +w) w do

for s € Dy. It follows from the above estimates that

1 [(2Mpz* 4 59
3.4 P — —MyTz™ 2
(3:4) | (S)|<27T (Tlogx+60 on 2)

on Dy.
By (3.2) and (3.3), we obtain

pn) (1 s N s s
(g<s> i )) ()g(s) T TP

(3.5) +) %Rn(l 2, T)(s)

n
+Y %Qn(Q,x,T)(s)
for s € Dy \ Zp. We see that a function

p(n) p(n)
P(s) + ; P Ru(2,2,T)(s) + ; e 0n(2,2,T)(s)
is bounded on Dy by the properties of R,,(2,2,T")(s) and Q,,(2,z,T)(s),
and (3.4). The functions $,hn(s) and (s) are meromorphic func-
tions on C whose poles are at most Zg and all simple. On the other
hand, the function m has poles of order at least 2 at every point
in Zp. This contradicts to the equation (3.5). Hence, there is no zero
of ¢(s) on the line o = B. O
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Theorem 1. Assume that the number of nontrivial zeros of ((s) which
are not on the critical line is finite. Then, the Riemann hypothesis is
true.

Proof. We may assume % < B < 1 by Proposition 2. Suppose that
1 < B < 1. Then there is no zero of ((s) on the line ¢ = B by

Proposition 3. Hence, we can take B’ with 3 < B’ < B such that
((s) # 0 for B’ < ¢ by Proposition 1. This contradicts to the definition
of B. Thus we conclude B = % 0
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