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Abstract

In this paper, the generalized Riemann Zeta function is defined on the right half-plane. In
particular, this allows us to prove that for every 7 € R there exists at most one point r € (0, 1)
such that |((r +47)| = 0.
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1 Main results

Consider the representation of the Riemann Zeta function ¢ defined by Abel’s summation formula
[[1], page 14 Equation 2.1.5] as

s +eo
¢(s) := 1 — s/ u T uddu, R(s) >0, I(s) € R,
where {u} is the fractional part of the real u. Using the integration by parts formula, that can be
written as
s 1 +o00 )
C(s) :=— ——+s(1+ s)/ u 7 (u)du, (1)
1—s 2 1

where by Dirichlet’s Theorem, the real periodic function 7, : [1,4+00) — R is defined as

Ne(u) := /1“ (% — {v})dv = Z ;<1 — exp(ij27ru)>, Yu > 1.

j 2
i (g2m)

We denote by L := L*([1,400),R) the usual set of essentially bounded measurable functions from
[1,4+00) to R. Define the subset L C L, as

LY = {g € L : g positive almost everywhere}.

Define the generalized Zeta function in the following sens
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Definition 1. For every n € LT, the generalized Zeta function is defined on the right half plane as

+oo
Cnl(s) == /1 w2 n(u)du, R(s) >0, J(s)eR*.

We shall prove the following results:

Theorem 2. Let be n € LY and consider the function ([n] given by the Definition . For every
(re,7) € R%. x R* we have

‘C[n](r* +it) = Cl(r —iT)| >0, Vr>r,.
Denote by B C C the critical strip, defined as
B = {5 eC: R(s)e(0,1), I(s)e R*}.

Notice that for every s € B we have f.(s) = f«(1 — s) where the function f, : B — C is defined as

o 1 1<1
S 1-s2 2s(1+s) 2

1
= +7>, Vs € B.
1—-s s

fe(s):

Using Equation and the symmetry of the non trivial zeros of the Riemann Zeta function, the
following Corollary prove in particular, that for every 7 € R there exists at most one point r € (0, 1)

such that ‘(r +ir) YA+ +im) T (r + 27')‘ = 0.
Corollary 3. Let be n € LS and f : B — C be a function that satisfies f(s) = f(1 —s) for every

s € B. Suppose that there exists s, € B such that R(s.) € (0,271) and such that ¢[n](ss) = f(s4).
Then Cln)(1 — 5.) # F(1 — s.).

2 Proof of the Main results

Proof of the Theorem[d . Let be n € LY and 7 € R* fixed. Let be r, > 0 and r > 7, fixed. In order
to simplify the notation, denote

Acnl(ryra, 1) = ) (re +i7) = Il (r — i7),
i (W) o= n(u) (w™™ —u” T2y > 1

By the definition of the generalized Zeta function given by Definition [I], we have

+oo )
Acn)(r,re, T) == /1 u_2_”ﬁr,r*,.r(u)du.
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For every y > 0 and = > 0, by using the change of variable u — ty_l, we have
+o0 -1 . -1
ACM] (1,14, 7) = yl/ ey (1+”)ﬁr,r*7’r(ty )dt
-1 —2—y -z~ y~ !
=Y / 13 Ty (87 )dt
1

1 +o00 N 3 . L L
e ”mmﬂy)«t) 1) dr
1

-1 * -1
=Yy / T e (8 )dl

1

_|_

8

“+00

+00
+y” 1/ R () Y (H <k+x— - 'T>)(1—t*1)”dt.
! L
Implies
y ,m)
Acnl(r,re, 7) =y~ ltrr*,T(yax 0)+y~ IZ et H<k+x_ o )’
n=1 k=1

where in order to simplify the notation, we denoted
oo 9_y-1 -1 -1 -1 2% 1
R A | G e i ) [ R (2)
1

That gives
Dz — iy~ ' m)Ac[n)(r, e m) = y’ltr reir (Y2, 0)D (2 — iy~ ')

+y’1Z R ] 3)

where I' is the Gamma function. Since

+oo o 1 o
[(x— iy t7) :/ exp(—u)u "W 1Tdu+/ exp(—u)u~ T W T du
1 0

+oo . +oo (_1)n 1
:/ exp(—u)u YT T dy 4 g
1 n=0

n! n4+x—iy!
Then for every y > 0 we have

hm ‘I‘ T — 1y 17‘)‘ = ¢(y),
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Equation Implies

“+o0o
_ _ 1 o
W) A7+, 7)| 2 57 W)t (90,00 = 4™ D Mt (5, 0,m)] D — iy~ 7)]

n=1
400
_ _ I'(n)
2 Yy 180(y)‘t7",7“*,7'(y7 07 0)‘ -y ! Z ‘tT,T*,T(% 07 n)|7
n=1
+o00
= y_lso(y”t?“,mﬂ'(yv 0, O)‘ - y_l Z n_1|tr,r*,7'(ya 0, n)‘
n=1

From the definition of the sequence (¢, -(y,z,n)), in Equation (2)), we obtained

_ oo _9_,—1 —1 _ 71,,. _ 717”
o(y) Ag[n](r,r*,f)’ >y 1@(?/)/1 I )(t U )dt
~1 +oo —2—y~ 1 y~ ! = -1 —1\n
—y ot nt ") S -t
n=1

Use the fact for |z| < 1 we have

tfy_ re tfy_l (r—2ir)

+o0
Zfrflz” = —In(1 - 2),
n=1

by consequence,

p(y)| Acnl(r, 7“*,7)‘ >y o(y) /1+OO t‘Q‘y’ln(ty’l)G—y*lm _ t—y*1r>dt

1 oo 2 -1 -1 -1 -1 2
—y_/ Y (Y )ln(t)’t_y ey 2 gy
1

Use the change of variable v u, we get

@(y)‘Ac[ﬁ] (r, T*,T)‘ > o(y) /1+Oo w27 (u) (u""* - u‘r) dt

400 .
— y/ w2 (u) ln(u)’u*“ — a2 gt
1

In other words

’AC[U] (r, T*ﬂ')‘ 2 /+oo u” 2V (u) (u*” —u " — L) ln(u)’u*” _ g (r—2i7)
1

By definition of ¢ in Equation (4), we have

+oo — +oo (_1)n yfl
lim y lo(y) = lim y_l/ exp(—u)u~ "% Tdu—|—z ‘
1

y—+o0 y—+o0 n! n—iy 7
n=0

= |T‘_1v
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in other words,

. y
lim —— =|7|.
y=-+oo p(y)

Given that there exists u,,, » > 1 such that

—Tx —Tx —(r—2ir)

U —u "= 7| ln(U))u —u >0, Vue (1 up,r),

Equation implies

lim (ur.p, )" ‘ Aclml(r,re, ) ’

Yy—r+0o0

Ur,ry, T .
> / u”2n(u) <u_r* —u”" — |7 In(u) |u" — w7 >dt > 0.
1

O

Proof of the Corollary[3 . Let be n € LY fixed. Let f : B — C be a function that satisfies
f(s) = f(1 —s) for every s € B. Suppose that there exists s, € B such that R(s,) € (0,271)
and such that ¢[n](s«) = f(s«). By the Theorem

Cl(L = s2) = f(1 = )] = [CII(1 = 54) = f(1 = s.) = ([0 (s4) + f(s0)]
= ¢l (1 = 5.) = ¢l (s.)| # 0.
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