TWO PROOFS OF THE RIEMANN HYPOTHESIS
YUKITAKA ABE

ABSTRACT. We prove the Riemann hypothesis by a new analytic
approach. We first give a new zero-free region of {(s). Using this
region, we prove the Riemann hypothesis by two ways. We use a
lemma on Dirichlet series and the theorem of de la Vallée Poussin
in the first proof. The second one depends on numerical results.

1. INTRODUCTION
The Riemann zeta function ((s) is defined on o > 1 by

1
g(S) = %7

n=1

(e o]

where s = o+it. It is analytically continued to a meromorphic function
on the whole plane with a pole at s = 1. It is well-known that negative
even integers are zeros of ((s). Other zeros of ((s) are called complex
zeros or nontrivial zeros.

Riemann stated the following statement, the so-called Riemann hy-
pothesis, in [6] in 1859.

The Riemann hypothesis. All nontrivial zeros of ((s) lie on the
critical line o = %

Hilbert listed it as the eighth problem of his 23 problems in his 1900
address to the Paris International Congress of Mathematicians. This
is one of the most important unsolved problems in the twenty-first
century.

Nobody has succeeded to prove it up to the present, but many com-
putational results are known. In the early part of the twentieth century,
they were obtained by hand computation ([1], [4], [5] and [7]). Numer-
ical computations by computers have permitted us to check the truth
of the Riemann hypothesis to extremely large t. We refer to [3] for a
history of numerical verifications.
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We will obtain further results with the development of computers
and numerical methods. However, we can never reach to the goal in
this way. We have to analyze the behaviour of the zeta function or the
xi function for larger ¢ than a fixed ty. For this purpose, we expand the
real part and the imaginary part of the integration in a representation
of the xi function into sums of powers of 1/t in Section 3. The precise
representations of these parts are given in Section 4. We give a neces-
sary condition for zeros of the xi function. We obtain a new zero-free
region of ((s) using this condition (Theorem 1).

Using Theorem 1, we prove the Riemann hypothesis by two ways.
We prepare a lemma on Dirichlet series for the first proof in Section 7.
Let B be the supremum of the real parts of nontrivial zeros. Combining
our new zero-free region with the theorem of de la Vallée Poussin, we
first show % < B < 1. We next show that if % < B < 1, then there
is no zero of ((s) on the line ¢ = B by the lemma on Dirichlet series.
Then, we conclude B = %

The second proof depends on numerical results. We give precise esti-
mates in Section 9. We determine Tj in Theorem 1 by these estimates.
Then, the Riemann hypothesis naturally follows from already known
numerical results.

2. PRELIMINARIES

The xi function £(s) of Riemann is defined by

§(s) = S5 = )n i (5) (o),

It is an entire function and satisfies the functional equation £(s) =
£(1—s). It also satisfies £(3) = £(s). The set of nontrivial zeros of ((s)
coincides with the set of zeros of £(s). Therefore, if s is a nontrivial
zero of ((s), then 5,1 — s and 1 — 3 are also zeros of ((s).

The function £(s) has the following integral representation

»

s_ 1

21 g6 =gl [ @i s

\)

where 1(z) = 32°°, e~™% (for example, see p.22 in [8]).
Let
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We denote by R(s) = Re®(s) and I(s) = Im®(s) the real part and the
imaginary part of ®(s), respectively. Since

Re&(s) = % + %Re (s(s = 1)P(s)),

mé(s) = 5T (s(s — 1)(s)

we have that £(s) = 0 if and only if

22) {1 + (0(oc = 1) = t)R(s) — t(20 — 1)I(s) = 0,
' t(20 — D)R(s) + (o(oc — 1) —t*)I(s) = 0.
3. FuNCTIONS R(s) AND I(s)
We have
R(s) = /100(9(:;1 + 27572 cos (— log:c) Y(z)dx
and

First we expand R(s). We set

fol@) = (#% + a5 2)y(a).
Using integration by parts and

(2 (t Lo
— | =sin | = = =
go\ 75 5 log® v cos | glogz |,

R(s) = —%/1 sin (% log:c) fo(x)dzx.
Let fi(x) := zfj(x). Then we have

/10O sin (%logx) folx)dz = /100 ! sin (%10ga:> fi(z)dx

= %ﬁ(l) + %/1 cos (% 108;95) fi(z)dx

d (2 El = —2 'sin El
oo\ yoos(glogz | ) =—a7 sin | Slogz

we obtain

by
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and integration by parts. We define fo(z) := xf{(x). By the same way
as above, we obtain

(31)  R(s) = — (%)2f1(1) + (%)3/100 sin (%logm) f(2)de.

We use the same argument for I(s). We define go(z) := (27 —
z=5%2)(x) and gp(x) == 2g,_, () for k = 1,2,3. Then, we similarly
obtain

(32)  I(s)=— (%)392(” + (%)4 /1 " sin (%10gw> g (z)dx

by integration by parts.
We collect here precise forms of fi(x), gx(z) and their derivatives for
the later use. By a direct calculation, we obtain the following formulas
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32,3
-0+ -0
4 2 4 4
3 - 3 9 -
+ { ol + 3) 2t 4 —50 + 5) x_2+g} @ (x)
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1 3 o
+{<§a3—|—502+20+1) T2
1 13 o 1
— (—50 + 30' — ?0' + 5) $2+2} w(l)(.’ﬂ)

{ < 0?4 60 + 7) z3tt — 202 — 90 + §> JJZJFS} @ ()
+{e
+ (2B —xz*)wwwy

4. FormuLAs OF ¥®(z)

An important property of the series ¢(z) = > 7, e~™% is the re-

ciprocal formula
) )

w\»—A

(4.1) 2h(z) +1 =
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for z > 0 (for example, see (2.6.3) in [8]). The integral representation
(2.1) of &£(s) is derived from the above reciprocal formula.
It is rewritten as

1 1 1
(42) o) = (1) 4 o -
Differentiating (4.2) one after another, we obtain the following equali-
ties
1 1 1 1
(4.3) pW(z) = —Eaf%w (E) — 3™ (;) - Zf%’
3 1 1
Y3 (z) = —x_g@/) (—) + 3z~ zpM (—)
4 x x
(4.4) | 5
a2 (—) +op73
T 8
and
15 1 45 1
O () = —gx_zw (E) - Zx_%¢(1) (E)
(4.5) B gpe (1) D sge (L
2 x x
15 =
— —x 2
16
Next we give formulas of 9*)(1). Substituting z = 1 in (4.3), we
have
1 1) 1
(4.6) W) + () = .
Similarly, we obtain
15 15 15
4.7 — (1) + (1) = (1) + —
(4.7) VT (1) = ou(l) + o

by (4.5) and (4.6).
We can consider 1(®) for negative integers k. For any k € Z we set

Y®(z) = (—1)kx* Z nke-me,
n=1

d
Then we have ¢ (z) = ¢ (x) and d—zb(k)(x) = " (z). By integra-
T

tion by parts, we obtain

(48) [mw@sz—wlkm
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and
(4.9) /OO 22y (x)de = —p V(1) + 200D (1) — 203 (1).

Furthermore we have
21

(1.10) [Wx%*WQ“”@ﬂm::%;—nﬁé??&¥m¢%*ﬂwn
and
2k
20 (g — S (1t 2R k1)
1) [ =3 )
for k=1,2,....

We give representations of R(s) and I(s) more precisely, determining
f1(1) and go(1) in (3.1) and (3.2) respectively. We obtain

o o 1
D=<=+(—=+= 1) 4+ 20M (1
r={g+ (-5 +3) frar+ 200
1
=2 (Je+u00)
1
4
by the formula of f;(x) in Section 3 and (4.6). Then we have
2\? 1
4.12 —| - 1) =—=.
(4.12) (3) -3
Therefore, it follows from (3.1) and (4.12) that
1 1
(4.13) R(s) = o O‘(S)t_s’
where
o t
(4.14) as) = 23/ sin (glogx> fo(x)dx.
1
Using the same argument as above for /(s), we obtain
1 1
(4.15) I(s) = (20—1)t—3+5(s)t—4,
where
o t
(4.16) B(s) = 24/ sin (§log a:) g5(z)dx.
1
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Lemma 1. There exists a positive constant M such that
la(s)| < M
fm’%ﬁagl and t € R.

Proof. By (4.14), we have

2@l <2 [ @) ds
1
From the formula of fj(x) in Section 3, it follows that

[fo(@)] < covo(z) + era[pV(@)] + e20®Y P (2) + 221 (2)]

where ¢y, c; and ¢y are positive constants. Integrating the above in-
equality, we obtain the desired inequality by (4.8), (4.10) and (4.11).
O

We also have a similar result for 5(s) in (4.16).

Lemma 2. There exists a positive constant L such that

8(s)]
20 —1 <L

f0r%<a§1andt€R.

Proof. We rewrite g5(z) in Section 3 as
(4.17) =

Now we have
(4.18) A;(0)x5 ' — Bj(0)a 521
= (Aj{0) = Bj(0)) 237 + By(0) (3711 — g7 5731}

It holds that

pSlH 55
00 1 \n n .
n=1
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We have

(4.19) (%—1+¢)¢—(—%—%+¢)n

B 1\ =2 (0 |+ >n—1—/f o
- 2 2 J 2
k=0
Since
1
%—w<—<1 wd‘———ﬂgl

G-0-(5-9)s

2
Noting
o 1 o 1 1
—| <= d |———=-+1|<-<=
‘2—2 o ‘2 I
we similarly obtain
l’g — $7%7%+1

Furthermore, we obtain

1+5

o

VAN
N
Q
|
N | —
~_
—
o
0%
=
&

Jr
<

for j = 2,3,4.
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Moreover, we have the following estimates for any o with % <o<1

|4o(0) — Bo(o)| = = (20 — 1) |20 — 20 + 1

(20 - 1)7

hﬁlr—\“ﬁl»—l

2 28’
144(0) — By(o)] = %(20 oot
< 2%(20 — 1),
Bl < B 5) = 5
Ar) = Balo)| = 520 1)

2 23”7

By(0)| < By <1) _ %

() — By(0)| = 2(20 — 1) and |Bs(0)] < By (%) _7

Then, it follows from (4.17), (4.18) and the above inequalities that

/ 1 o 1
+ (2%:3 + 3—?(10%)90;) [0 ()]
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Since 227! < 1 and logz < 222 for > 1, we have

; 1 1
L] i) + i)

+ (22 + %) x| ()]

+ (? + i—?) 2@ (z)
+ (24 7)2° [ (2)]
+ x4w(4) (x).

Integrating it, we obtain the conclusion. 0

5. NECESSARY CONDITION

Take any a with % < a < 1 and fix it. We give a necessary condition
for zeros of ((s) when a < o < 1.
Any s = 0 + it with a < ¢ has the following representation

(5.1) s=a+rcosf+irsind,

where r = /(0 — @) + t? and § = arctan (). By (4.13), (4.15) and
Lemmas 1 and 2, there exists Ty > 0 such that R(s) > 0 and |I(s)| > 0
for any s = o + it with 1 <o <1 and [t| > Ty. We assume [¢| > Tp.
By (5.1), we obtain

t(20 — 1) = r*sin 20 + r(2a — 1) sin @
and
o(oc—1)—t* =r*cos20 + r(2a — 1) cos 0 + a(a — 1).
Then, we have
1+ (o(c — 1) = t*) R(s) — t(20 — 1)1(s)
=1+7°R(s)cos20 +r(2a — 1)R(s) cos 0 + a(a — 1) R(s)
—r2I(s)sin20 — r(2a — 1)I(s)sin §

R T (2t 1)

+7(2a — 1)R(s) cos§ — r(2a — 1)I(s)sinf + a(a — 1)R(s)

=1+ 7%/ R(s)2+ I(s)%cos <29 + arctan }[2((?))

+7(2a — 1)/ R(s)?> + I(s)? cos (9 + arctan éE%) +a(a —1)R(s)
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and

t(20 — 1)R(s) + (o(o — 1) — t*) I(s)

= r*\/R(s)? + I(5)?sin (29 + arctan }I;(SS)))

+7(2a — 1)/ R(s)? 4+ I(s)?sin (9 + arctan ]{3((?)) +ala—1)I(s).

Therefore, the equations (2.2) is equivalent to

(

12| (s)| cos (29 + arctan 12((53)))

= —r(2a — 1)|®(s)| cos (9 + arctan S))>
R(s

. —ala—1)R(s)
oo (24t éiii)
s 00 (0 acon 2
_ a(a — 1)](3)7

where |®(s)| = \/R(s)?+ I(s)?. Squaring each equation in (5.2), we

obtain

| ®(s)[* cos (29 + arctan II%((Z) )

r*(2a — 1) ? cos® (0 + arctan )))

+2r(2a — 1)a(a — 1)|®(s)|R(s) cos («9 + arctan gé%)

(5.3)

+ 2r(2a — 1)|P(s)]| cos (9 + arctan 8)))
R(s

+a*(a —1)*R(s)* + 2a(a — 1)R(s) + 1
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and
4 2 gin? arctan I(s)
P (s)|"s (29+ t R(s)>
= 7r2(2a — 1)?|®(s)|? sin? arctan [s)
(5.4) =7 (20— 1)12(s) <9+ ' R(s)>

+2r(2a — 1)a(a — 1)|®(s)|I(s) sin (9 + arctan }[%((Z)))

+a?(a —1)%1(s)*.
We add (5.3) to (5.4). Then, we have
(5.5)

D (s)
— (2 — 1)°|(s)|?

+2r(2a — 1)a(a — 1)|®(s)|* sin <9 + arctan 1{%((83)) + arctan %)

+ 2r(2a — 1)|®(s)]| cos (9 + arctan }[z((i)))

+a*(a —1)%®(s)* + 2a(a — 1)R(s) + 1.

Hence, we obtain the following proposition.

Proposition 1. Let 5 < a < 1. If&(s) = 0 for some s = o + it with
a <o <1 andl|t| > Ty, then the equation (5.5) holds at s.

6. NEW ZERO-FREE REGION

Theorem 1. Any s = o +it with £ <o <1 and |t| > Ty is not a zero

of ¢(s).

Proof. Suppose that s = ¢ + it with % <o < 1landt > Tjis azero
of £(s). We take a such that § < a < o. Then, the equation (5.5)
holds at s by Proposition 1. Since s = o — it is also a zero of £(s),
it holds at 5. If s = 0 +it = a + rcosf + irsinf, then we have
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=a+rcos(—0)+irsin(—0) and [(5) = —I(s). Therefore, we obtain

—2r(2a — 1)a(a — 1)|®(s)|*sin <9 + arctan ;;(83)) + arctan ?(f;)

+2r(2a — 1)|®(s)| cos (0 + arctan }[%((i)))

+a*(a—1)%®(s)]* + 2a(a — 1)R(s) + 1
by (5.5) for 5. From (5.5) and (6.1), it follows that

(6.2)
4r(2a — 1)a(a — 1)|®(s)|* sin (0 + arctan ][:2((2)) + arctan %) —0.
We have 1) R
arctan R(s) + arctan m =3

because I(s)/R(s) > 0. Since 0 < 6 < Z, we obtain sin (§ + %) # 0.

27
Then, the equation (6.2) does not hold. This completes the proof. O

7. LEMMA ON DIRICHLET SERIES

This section is devoted to the following lemma which is a variant of
Lemma 3.12 in [8].

Lemma 3. We assume that a Dirichlet series

oo
a/TL

fls) = 2y
1s absolutely convergent for o > 1. Take o9 < 1 and ¢ > 0 with
oo+ c > 1. Let g(s) be an entire function with finite number of zeros
Zy ={aq,...,an} such that 0y < Re(a;) < op+c¢ (j=1,...,N) and
lg(s)| = o0 as s — oo. Let x be a non-integral number with x > 1.
Then, there exist meromorphic functions h,(s) (1 <n < x) on C whose

poles are at most o, ..., ay and all simple such that
(] L[ f(s+w) 2
7.1 — ho, - Zd
D (5 tme) =g [ by,
a a
-n . T Gn . T
+nZ<Q;nSR (¢, z, )(8)4—;”SQ (c,z,T)(s)
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for any s € D(oo,T)\ Z,, where T is a positive number with |Im(a;)| <
T(j=1,....,N), D(00,T) = {o+it;o0 < 0,|t| < T}, and R, (c,z,T)(s

and Qn(c,z,T)(s) are holomorphic functions depending only on g( )yn,c,x, T
and satisfying

(7.2)
sl < () o < 25 (2

on D(oo,T) for some constants A and M. Therefore, the right side of
(7.1) converges absolutely and uniformly on D(oy,T).

n

Proof. Take any s € D(0y,T’). A function ﬁ (E)w L of w has poles

a;—s 1

at w=0,a;—s,...,ay—s. It has the residues ( ) and a; ( ) —
J
at w = 0 and a; — s respectively, where a; is the residue of g(s) at o;.

We define a meromorphic function

al r\%—s 1
fin(s) := Zaj <ﬁ) aj—s

=1

If n < z, then we obtain

/ /c+zT / oco+iT (E)w d_w
2772 ooiT" _ i 5—|—w) n/ w

by the residue theorem. Let

3 >
's:u+it,—oo<u<oo,ZT§|t|§ZT}.

Then we have 0 < M < oo by the assumption of g(s). Therefore, the
following estimation holds

L/C"T 1 <_> dw M M (x/n)°

27 ) _oo_ir (s + W) \n 27T log(z/n)

Similarly we have

1 /_O"”T 1 < ) dw _ M M (z/n)°
210 Jorir  g(s+w) \n 27T log(z/n)
We define

—oo+iT w
" o o 7JT T g(s + w) n/ w
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Then we obtain

(73) — /CCHT L (2) do_ 1 b (s) = Rule,2,T)(s)

270 Jo_ir 9(s+w) \n w g9(s)
and M .
Ralern T < 2

for s € D(00,T).
For x < n, we similarly obtain

c+iT co—iT T\ W dw
Z) 22—
27” < oo+iT /+1T Z ) S+w) (TL> w ’

because there is no residue term. If we set

Cnle, 2, T)(s) : 27T2</OO+ZT /CZT) S+w)(%>wd%’

then we have

(7.4)

1 [etiT 1 x\v dw
N = —nl\C 7T .
270 Jo_ir g(s+ w) < ) @nle,z,T)(s)

n

We also obtain
M (x/n)°
T [log(z/n)|
for s € D(09,T) by the same way as above.

From (7.3) and (7.4), it follows that

|Qn(c, 2, T)(s)] <

1 c+iT f(S-{-’[U) de /C—HT ( )w dw
270 Jo_ir 9(s +w) w nS 2m e—ir 9(s+w) w
/C+ZT <$>w dw
ns 27rz e—ir 9(s n w
nf 1
T2 (E )
G
- Z ERH(Q%JT)(S)
n<x
— Z a—nQn(c z,T)(s)
x<n ns 7 ,

Then we obtain (7.1). Furthemore, we can take A > 0 such that
|log(x/n)| > A for any n € N, by the assumption of z. Hence, we also
obtain (7.2). O
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8. THE FIRST PROOF OF THE RIEMANN HYPOTHESIS

Let
B = sup{f; (8 +iv) = 0,7 # 0}.
The Riemann hypothesis states B = % We recall the theorem of de

la Vallée Poussin ([2]) which says that there is a constant A > 0 such
that ((s) is not zero for

>1 A (t > to)
0' —_— —
= logt 0/

where t( is some positive constant. We may restate it as follows:
if s =0 +it (t > ty) satisfies

A
1 t <
8.) <ew(12).
then ((s) # 0.
Proposition 2. [t holds that % <B<l1.

Proof. Since

A
exp(l—)—>oo as o —1-0,

there exists oy < 1 such that Ty < exp (&) for g < 0 < 1, where Ty
is the constant in Theorem 1. Then, there is no zero of {(s) in a region
09 < 0 by Theorem 1 and the theorem of de la Vallée Poussin. U

Proposition 3. If < B < 1, then there is no zero of ((s) on the line
oc=D0B.

Proof. 1f the function ((s) has a zero on ¢ = B, then the number of ze-
ros of ((s) on 0 = B is finite by Theorem 1. Let Zg = {p1,p1,..., 9N, PN}
be the set of zeros of ((s) on the line 0 = B. By Theorem 1, there
exists dp > 0 such that there are no zeros of ((s) except Zp in a set
{o+it; B—6y < 0,—00 <t <o}
It is well-known that
1 & pn)

¢(s) n?

n=1

for ¢ > 1, where pu(n) is the Mobius function. We define an entire
function g(s) by

g(s) = [ [(s = pi)(s = 7).

N
j=1
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Then, its zeros are Zg, and |g(s)| — oo as s — oo. We take T' > 0
such that |Im(p;)| < £ for j = 1,...,N. Putting o9 = B — dy and
¢ =2, we apply Lemma 3. We take z > 1 which is not an integer, and
fix it. Then we have

M (L h) = o [ Ly,

n<z ns \g(s) 271 Jo_ip C((s+w)g(s +w) w
(8.2) +) %Rn(z, z,T)(s)

n<x

+) %Qn(m,n(s)

rx<n

for s € D(0o,T) \ Zp, where h,(s) is a meromorphic function on C
whose poles are at most Zp and all simple.

We consider the integral of m% along C' = Cy+ C1 4+ Cs +
Cs, where Cy, C', Cy and Cg are segments from 2 — T to 2 + 1T, from
2 41T to —%0 +4T', from —% 41T to —F — T and from —% — T to
2 — 1T, respectively. We set

. 1 1 T
Dy = {O’—|—Zt,B—Z(50<O'<B+Z50,‘t|<Z}.

Then Do C D(0o,T) and Zg C Dgy. For any s € Dy \ Zp, the poles

of m ; in a domain surrounded by C are w = 0, p; — s, p1 —
s,...,pN—s and py — s. The residue of m% at w = 0 is

(s) Ok Let a; and b; be the residues of )g( 3 at p; and p; respectlvely

Then the residues of

xPi
m; at pPj—S and p; pj — s are aj e

I

— — respectively. We define

al xPi=s xhi=s
Q(s) := Z (aj +b;— ) :
pi—s

=\ pi—s

Then, Q(s) is a meromorphic function on C whose poles are at most
Zp and all simple. We note that Re(s +w) > B — 24, if s € Dy and w
ison C. If s € Dy and w is on Cs, then Re(s + w) < B — 10. Then,

22 is holomorphic on C' as a function of w for any s € Dj.

1
((stw)g(s+w) w
By the residue theorem, we obtain

x 1

1 1
2ri /c Grogsrw w™ = e T 9
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for s € Dy \ Zp. Therefore we have

1 [T 1 v 1
53 5 Grogsrw v = @) e TPE

for s € Dy \ Zp, where

1 1 w
P(s) = —— T dw
27T,L C1+C2+Cj3 C(S + w)g(s + w) w

is a holomorphic function on Dy. We set
. 3 1.3 5
FE = {O-—i_ﬁ;B_z_l(SOSUSB+2+150’ZT§ ‘t’ S ZT}
3 1 5
it:B— "6, <oc<B-—-=- < T},
U{U+zt,B 450_0_3 450,|t|_4T}

Then we have {s +w;s € Dy,w € C; UCy U3} C E. Since there is

no pole of m on F, we can take My > 0 such that

| <

on F. Then we obtain

/ 1 xwd - Myz?
—dw
o, C(s+w)g(s +w) w Tlogx

and
1 w Myz?
/ x—dw’ < 0t
o, C(s+w)g(s +w) w T'logx
for s € Dy. Since we have w = —%0 + 1t and 2% = etlosz =% on Cs,
we obtain

/ 1 m—dw‘ < i]\40Tm_570
o, C(s +w)g(s+w) w o

for s € Dy. It follows from the above estimates that

1 ZM()IQ 4 )
8.4 P(s)] < — —MyTz >
(8.4) 12(s)] 2 (Tlog:v+50 on 2)

on Dy.
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By (8.2) and (8.3), we obtain

MO (o 9)) = o + QO+ PO
(8.5) 2 %L)R”(Q’ » 1))

n<x

+) %Qn(Z,x,T)(s)

r<n

for s € Dy \ Zp. We see that a function

P(s)+>_ %Rn(z 2. T)(s)+ Y @ n(2,2,T)(s)

n<x z<n

is bounded on Dy by the properties of R,,(2,z,T")(s) and Q,,(2,z,T)(s),
and (8.4). The functions Tls),hn(s) and (s) are meromorphic func-
tions on C whose poles are at most Zg and all simple. On the other
hand, the function m has poles of order at least 2 at every point

in Zp. This contradicts to the equation (8.5). Hence, there is no zero
of ¢(s) on the line o = B. O

The first proof of the Riemann hypothesis.

We may assume i+ < B < 1 by Proposition 2. Suppose that % <

2

B < 1. Then there is no zero of {(s) on the line ¢ = B by Proposition
3. Hence, we can take B’ with § < B’ < B such that ((s) # 0 for
B’ < o by Theorem 1. This contradicts to the definition of B. Thus

we conclude B = %

9. ESTIMATES

We use inequalities 3.14159265 < 7w < 3.14159266 and 0.04321391 <
e™™ < 0.04321392 to estimate | (1)].

Since
o0 ) o0 eiﬂ-
1 — —n-Tm —TmT\n —
Y =D T e =
we have
(9.1) ¥(1) < 0.04516571.
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We also have

(9.2) n=1
1

< —1(1) < 0.01437670.
T

To estimate | (1) = 7 3%, n2e™" we need a function o, () =

22e~™" . Since ¢ (x) = 2z(1 — ma2)e™ ™, ¢1(x) is monotonously de-

creasing on (1,00). Then we have

ZnQe’"27r <eT +/ ©1(7)d.
n=1 1

oo o0 1
/ e dr < / e ™dr = —e™ ",
1 1 m
o 1\ 1
dr < |1+ —|—e ™
/1 #i(w)de ( * 7T> o

by integration by parts. Therefore, we have

Noting

we obtain

1
]1/)(1)(1)| <me "+ (14 7T)2—e_7r
T
< 0.16424611.

(9.3)

We consider a function @y (x) = zte™™" for (1) = 2 3°°°  nte™"'",

By the same way as above, we obtain

Zn‘le’”27T <e" +/ o(x)dx
n=1 1

for @)(z) = 223(2 — ma?)e ™. Since

00 1 . 3 0o
/1 gpg(a:)da:—%e —|—%/1 ¢1(x)dx,

e 3 1 1
/ nle ™' < o + {1 + — (1 + —) } —e .
1 2m ™ 2m

Hence, we obtain

3 1
@ (1 2 T 2 (1= -
(9.4) 4 ()<{7T+2(+27r<+7r ¢
< 0.53711157.

we have
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Let @s(z) = 2%, Similarly, we have

Zn(je_"27r <e” +/ p3(x)d.
n=1 1

Since

we obtain

- 5 3 1 1
ZnGG_”QW <e "+ {1 + — (1 + — <1 + —)) } —e 7.
— 27 27 T 27

Then, we have

O(1)] =7 3 e
< 1.839%7310.
Using the above estimates, we make Lemmas 1 and 2 precise.
Lemma 4. [t holds that
la(s)| < 24.21811176
for%ﬁagl and t € R.

Proof. Since v®)(x) < 0 if k is odd and ¥*)(x) > 0 if k is even, we
have

fed ]_ g 1
{(202 + go + 1) x2 (202 — 30 + ZS) x?*?} YW ()

(9.5)

+ { (ga + 3) AR —;0 + g) $§+S} Y3 (z).
9

lowing inequalities

/ Y(z)dr < 0.01437670,
1

/ zpW (z)|dz < 0.05954241,

1
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24
/ 2% (x)dx < 0.28333093
1
and .
/ 2?8 () |dx < 1.38710436.
1
It follows that
3 3 . (3 13\ _.
(102 + ot + 1) x? + (ZLUQ — 30+ I) x5t 1M ()|
+ o842 4275 [y O(a)

17 -
—aE |p(z)| + 2052y )

< "Ll ()] + 26O )

for <o <1andz > 1. We obtain

17 [ o0

- | O @)ldr+2 / 2 [P (z)|dz < 3.02726397
1 1

by the above inequalities. We also have

and
1 [~ 15 [
3 / ¢(z)dz+75 / 2% (z)de < 2.12677907.
1 1

Then, we obtain
/ | fo(z)|dx < 3.02726397.
1

23/ sin (%logm) fo(x)dx
1

Lemma 5. It holds that

M < 205.8758966
20—1

Hence, we have
< 24.21811176.

ja(s)] =
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fm’%<a§1 and t € R.

Proof. We use notations in the proof of Lemma 2. Since

+ (Ay(0)2%+2 = By(o)a 542
< g3(v)

< (Ao(a)x%_l - Bo(a)x_%_%> Y
+ (Ax(0)23H = By(o)a53) 0@ (@)
+ <x%+3 — x*%%) YW (z).

From (4.18), it follows that

1 o 1 - .
37 |A(0)2F T~ By(o)amE

1

N—
<=
S
—~
8
~—

(9.6)

<

20— 1

for 5 = 0,1, 2,3. Noting that logz < 212 for x > 1, we obtain

and

]. g o
Sy ’A3(0'>[E§+2 — Bs(o)z 2t

ot

< (24 7)2%.

Adding to estimates in the proof of Lemma 4, we have

/ 2™ (x)dx < 7.37809054

1
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by (4.11), (9.1), (9.2), (9.3), (9.4) and (9.5). Then, we obtain
1

< 12.86724353
and
1

(
—— Yla)dx

/ ‘Ao(a)ngl — BO(U)J;*%*%
1

1 > g g [s
+ 2% 1 / ‘AQ(O—).CEE—H[ — BQ(U)$_§+%
- 1

1 %)
(9_8) + 20— 1 /1
1 1 o0 15 &9 o0

+/ ™ (z)dx
< 12.55568097.
Therefore, we have
1
20 -1
by (9.6), (9.7) and (9.8). Hence, we obtain

B(s)] 2! /°° /
< da < 205. :
20 —1 =251, 9s(@)ldw < 2058758966

7
CE'%—H)) — x_%+§

W (2)da

/ lg5(x)|dx < 12.86724353
1

10. THE SECOND PROOF OF THE RIEMANN HYPOTHESIS

Since . tl? <1 ) a(s)%)
" I(s) = (20 — 1)%3 (1 + 25(5)1 %) ,

R(s) > 0 and |I(s)| > 0 for [t| > 205.8758966 by Lemmas 4 and 5.
Then, we can take 205.8758966 as Ty in Theorem 1, that is, nontrivial
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zeros of ((s) are on the critical line o = 1 if [¢| > 205.8758966. When
[t] < 205.8758966, many computational results are known. However,
Hutchinson’s result([5]) in 1925 is enough for our purpose.
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