Collatz Sequence Proof (1st Way)
Abstract:

A Collatz sequence is a sequence of numbers generated by starting with a positive
integer and repeatedly applying two rules:
e If the number is even, divide it by two

e If the number is odd, multiply it by 3 and add 1
Proof:
n
Collatz SequenceRules: n even — > ornodd » (3n+1)

let S(n) = Set of Collatz Sequence & IS(n) = loop of S(n)
S(5) ={16,8,4,2,1} = IS(5) = {4,2,1}

S(6) = {3,10,5,16,8,4,2,1} = IS(6) = {4,2,1}

let n,x,y,z,t,u,v,k,vr,h € N,

S(n) = {gor GBn+1), ...,?}or S(n) = {gor Bn+1), }

r = number of elements of IS(n), x € S(n),& x € IS(n)
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A) let IS(n) = {x}Vn € N;,whenx € S(n) = {g or Bn+1),..,x}

@  evev~
Q: QA(.)

IS(n)Collatz Taha's Sketch of IS(n) to find equivalent expresion (Cloud) to x

Cloud Cloud = x X
X I=x=>x=0¢IS(h) ===
2 2

3x +1 3x+1=x:>x=—%6£l5(n) -

Taha's Chart to find x value

~1S(m) # {x}Vvn e N,
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B) let IS(n) = {x,y}Vn € N,, whenx,y € S(n) = {g or Bn+1),..,x,y}
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N Xy 4l S
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Taha's Sketch of 1S(n) to find equivalent expresions (Cloud) to x

Cloud Cloud = x x y
X X
3x+2 |3*2_ o 3x+2=2x>x=-2¢IS(n)
2
3x+1 3x;1:x:>x:—1$l5(n)
2

Taha's Chart to find x value

~IS(n) # {x,y}Vn € N,
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C)letlS(n) ={x,y,z} Vvn€N,,

n
when x,y,z € S(n) = {E or(B3n+1),..,x,y,2}

Taha's Sketch of IS(n) to find equivalent expresions (Cloud)to x

Cloud Solve equation: Cloud = x x y z
X Z=x=2x=0¢IS(n) aa B -
8 8

3 Hd Xy sx=4€iSM) 4 |2=2 Z=1
4

3x+2 |22 _ x5 x=2€l5(n) 2 |Z=1 42 _ 4
2 4 2 2

3x +1 3x:1=x=>x=1ElS(n) 1 3x +1 3":1 =2
4 =3(1)+1=4

Ix+5 12y x=-2¢ IS(n) T o
> 2 7

Taha's Chart to find x value

2 IS(n) ={x,y,z} = {42,1},Vvn € N,
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D) letIS(n) = {x,y,z,t} vn € N;,,whenx,y,z,t € S(n) = {g or(B3n+1),..,x,y,z,t}

Taha's Sketch of 1S(n) to find equivalent expresions (Cloud) to x
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Cloud Solve equation: Cloud = x | x y z t
T [Ioysx-oesm ||
16

3x+8 [ _ e s(n)
3 8

3x +4 3x;4 =x=x¢&IlS(n) pall B - -
8

3x+2 13*2 _ y o x ¢ 1S(n)
3 8

3x+1 134 _ o x ¢ 1S(n)
3 8

9x+10 | 9x+10 - xe IS N - - —
2 X=X n

x+7 |9x+7 - xels) | - - —
2 z —reX n

9x +5 |9x+5 S - - —
2 . x=>x&I1S(n)

Taha's Chart to find x value

~1S(n) # {x,y,z,t}Vn € N,
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Taha’s Chart to find Clouds

r is number of elements of IS(n), x € S(n), & x €1S(n)

x =eorodd
r=1
x 3x+1
2
=e
=¢e or odd
-
r=2| B - -
x 3x+2 3x+1
4 2 2
=e or odd —e =e or odd
- 0
- - -
r=3 x 3x + 4 - 3x+1 9x + 5
8 4 4 2
=e or odd =e =e or odd | =e or odd =e
- - =
r=4| B - - -
X 3x + 8 3x + 4 3x+2 3x+1 9x + 10
16 8 8 8 8 4
=eor =e =eorodd | =eorodd | =eorodd =e
odd g | B
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=
9x + 7 9x +5
4 4
=e =e or odd
E
r=5 [] -
x 3x +16 3x +8 3x +4 3x + 2 3x+1
32 16 16 16 16 16
=eorodd | =eorodd | =eorodd | =eorodd | =eorodd | =eorodd
* $ ! @ # %
[] - - -
9x + 20 9x + 14 9x + 11 9x + 10 9x + 7 9x +5 27x + 19
8 8 8 8 8 8 4
=e =e =e =e or odd =e or odd =e or odd =e
@@ & (( « I o
r==6 * * $ ! @ # %
X 3x+32 | 3x+16 | 3x+8 3x +4 3x+2 9x + 19
64 32 32 32 32 32 16
% $ {{ @ # % $ !
3x+1|9%+64 |27x+38| 9x+28 | 9x+22 | 3x+1 9x + 64 9x + 40
32 16 8 16 16 32 16 16
@@ & (( {{ ([ [l *ok
9x + 20 9% +14 | 9x+ 11 | 9x+ 10| 9x +7 27x + 29 9x + 5
16 16 16 16 16 16 16
kk k >k k
27x + 23 27x + 19
8 8
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Taha’s Table to find 1S(n) Pattern

— — 0
r=1=3(0)+1 x=231f0=>x=0$N+,O$ZS(n)=>lS(n)i{x}, vn € N,
k=0
— — 0
r=2=3(0)+2 x=232f0=>x=§$N+:x,yeElS(n)=>lS(n)i{x,y}, vn € N,
k=0
=3 =3(1 _ 31x43020 . . . .
r (1 x—23—_1=>x—1,y—4,z—2=>lS(n)—{4,2,1},VnEN+
k=1
— — 31 3020
r=4=31+1 |, 9;’_1 = x¢ N, Vn€N,
k=1
— — 1 050
r=5=3(1)+2 =3’;5+—_312=>xeN+,VneN+
k=1
r=6=23(2 _ 32x+3(20)+3022 _ _ _ _
(2) x—ZG—_2:>x—1,y—4,Z—2:> IS(n) ={x,y,2},
k=2
vn € N,
— — 3 2(~>0 1(-2 054
r=9=3@3) x = X0 33_33(2 1302 =1y =4,2=2>IS(n) = {1,42),
k=3
vn € N,
r=12 =3(4) 3%x + 33(29) + 32(2%) + 3(2%)+302°
X = 51 >x=1y=4,z=2,
k=4 2
vn € N,
r =15 = 3(5) 35x + 3%(29) + 33(22) + 32(2%) + 3(2°%) + 3028
X = 15-5 =»x=1y=4
k=5 2
Z=2Vn €N,
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Taha's Pattern to find LS(n)

i) if r=3(k) Part A:
3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+(30)22(k—1)
let x = 2Tk =1=

x(zr—k _ 3k) — 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+(30)22(k—1) =g
EN, > x2T k-3 =g,&x=1> 2"F-3% =g

i)ifr=3(k+1)=3k+3,
3k+1x + 3k(20) + 3k—1(22) + 3k—2(24) + ot 3k—k+1(22k—2)+(30)22k ~

isx = 2r—(k+1) 17?
Proof:

3k+1x + 3k(20) + 3k—1(22) + 3k—2(24) 4ot 3k—k+1(22k—2)+(30)22k
X = 2r—(k+1) =

(2r-Ue+D) _ 3k+1)y = 3k (20) 4 3k=1(22) 4 3K=2(24) 4 .. 4 k-k+1(2k=2) 1 (30)72k =
(23k+3=k=1 _ gk+1)y = 3Kk(20) } 3K-1(22) 4 3K-2(2%) 4 ... 4 3k-k¥1(22k=2) 1 (30)22k =
(22k+2 — 3k+1)y = 3K(20) 4 3K=1(22) 4 3K=2(2%4) 4 .. 4 Fh—K+1(22k=2) 4 (30)22k 001
letk+1=m=2k+2=2m2k=2m—-2=2(m—-1),&k=m-1=

(22m — 3M)x = 3m71(20) 4 3Mm72(22) + 3m73(2%) + - 4 31(22MD=2)4(30)22(M-D)  eq1
this pattern is same as above (i) > gx =g =2 x =1 = IS(n) = {1,4,2}

or we can use LHS & RHS below:

is (22k+2 — 3k+1) = 3k(0) 4 3k=1(2) 4 k=2(4) 4 ... 4 3k—k+1(Q2k-2) 4 92k9
letk=4 =

LHS = (210 -3%) =781, &

RHS = 3*(2°%) + 33(2%) + 32(2*%) + 3(2%)+28 = 781

teql: (781)x=781=x=1=>y=42=2>
LHS = (21°-3%) =781, &

RHS = 3*(2°) + 33(2%) + 32(2%) + 3(2%)+2° = 781

~eql:(78D)x=781l=>x=1=>y=4z=2=
IS(n) ={4,2,1},vn € N, whenr € {3,69,12,...,3(k),3(k + 1), ... }
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Part B:
let r=3(k)+hh<3,kheN,
D)if r=3(k)+ 1, when h=1

3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)
= =
2r—k

(zr—k _ 3k)x — 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1) =g
(23k+1—k _ 3k) — (22k+1 _ 3k) > 22k _ 3k =g =

g
22k+1 _ 3k ¢ N, = IS(n) = @,Yn € N, when

re{1,23+1,6+1,..,[3k) + 1]}

Lox

(2%t — 3y =g=>x =

i) if r=3(k)+ 2, whenh=2

3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)
= =
Zr—k

o X
(Zr—k _ 3k)x — 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1) =g
(23k+2—k _ 3k) — (22k+2 _ 3k) > 22k _ 3k =g =

g
m ¢ N+ = lS(Tl) =0,Vn € N+ when

r€{1,23+2,6+2,..,[3(k)+2]}

(2%+2 — 3Ry =g=>x =

~byPartB)i&ii=x¢& N, = IS(n) =0,vn € N, whenr =3k + hh=1,0rh=2.
~bypart A&part B=1S(n) ={1,24}U0 ={1,24},Vvn e N, =

the loop Collatz Sequence of each natural number is = {1,2,4}
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Taha's Graph to find S(n)and IS(n)
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Taha's Graph to find S(10)and IS(10)
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