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Abstract

In this paper, we consider the representation of the Riemann zeta function ¢ defined by Abel’s
summation formula. We show that: if |{(s)| = 0 then |{(1 —s)| # 0 for any point s in the critical
strip except the critical line.
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1 Main results

Consider the representation of the Riemann zeta function ¢ defined by Abel’s summation formula
[[1], page 14 Equation 2.1.5] as

S

+o00
C(s) := R S/l w T {uldu, s#1, R(s) >0, S(s)€R, (1)

where {u} is the fractional part of the real u. Denote by B C C the critical strip except the critical
line, defined as

1 1
— . - - S
B = {s eC: R(s)e(0, 2) U (2,1), J(s) € IR}.
We shall prove the following result:

Theorem 1. Consider the Riemann zeta function ¢ given by Equation . We have
¢(s) ¢(1—s)

ts) 1-s@-s " WEF

Proof. Consider the Equation (1], using the integration by parts formula, that gives
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where by Dirichlet’s Theorem, the real 1-periodic function 7 : [1,+00) — R is defined as

n(u) := /1“ <% - {v}) dv = Z #<1 - exp(ij27ru)), Yu > 1. (3)

j 2
i (g2m)

Let be s € B. From Equation we have

C(s) (1 —s) too L s
s(l+s) (1—s)(2—5) :/1 (u T )U(U)du- (4)

For every n > 2 define

Equation can be written as

(f e (0 (SO ) o,

Then

it = ([ (o) (5 - )

Prove the present theorem by contradiction. Suppose that

¢(s) ¢ —s)
s(I+s) (1—s)(2—2s) 0 (©6)
Then
lw(s,n)| =0, Vn>2. (7)

By definition of w(s,n) in Equation (5) we have

xzs(n) = 2/1 (ufzfs - u73+3>n(u)du, n>2,

where in order to simplify the notation we denoted the sequence {z4(n)}, as

zs(n) == w(s,n) /ln (u_Q_S - u_3+s)du, n > 2. (8)
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We can write

zs(n) = 2/1+00 (u_Q_S - u_3+8>n(u)du - 2/n+oo (u_2_s — u_3+s>n(u)du, n > 2. (9)

By the hypothesis () and Equation ({)), we have

‘ /+°<> (uiZ*S - u73+s>n(u)du’ =0,
1

xzs(n) = =2 /n+00 (qu*S - u73+5)77(u)du, n > 2. (10)

From Equation we have

/1u (77(11) - Z (j2177)2>dv =—1 Z @ exp(ij2mu), Vu > 1.

it follows,

JEZ* JEZ*
By consequence,
k+1 1
/k (n(v)—ﬁ)dvzo, Vk € N, and )/ dv‘ < 227T3C( ), Yu>1.
Using the integration by parts formula, we have

1-s —2+s

[ (== (Ti;‘s o )
/+OO/ dv((Z +8)u3 7 — (3 - s)u_4+s>du.

—1-s —24+s -1 [t
e N
Thanks to Equations (10]) we obtain

. n-
lim ( —
n—+oo |\ 1+ s 2—s

By definition of 25(ny,,) in Equation (8), we get

Since s € B, then

lim =
n—-+00

12°

1-s n—2+s 1

) )] = 5

—1—s n—?—l—s

oe 2 3+ -1 1
—2—s . —3+s . o -
‘/1 (“ “ )d“ R <1+s 2—5) “(S’”)’ 12’
We obtained a contradiction with Equation (7). O
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