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Abstract: Modern computational disciplines, including cryptography and machine learning, 

necessitate efficient methods for processing discrete probability distributions and large-scale 

combinatorial data. This paper presents the Combinatorial Geometric Series (CGS) as a 

methodological framework for deriving the Negative Binomial Theorem and its associated 

generating functions. By utilizing iterative summations of the basic geometric series, this approach 

provides closed-form expressions that map directly onto algorithmic loops, optimizing efficiency 

in cybersecurity and error-correction codes. This framework bridges the gap between pure 

combinatorial theory and applied computational science, offering a scalable foundation for high-

dimensional data modeling. 
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1. Introduction 

The study of discrete structures relies heavily on fundamental tools such as binomial coefficients 

and generating functions [1-6]. This paper introduces the Combinatorial Geometric Series (CGS), 

which serves as a powerful framework for the Negative Binomial Theorem. Derived through 

multiple iterative summations of the basic geometric series, the CGS [7-12] provides a compact, 

closed-form expression that is mathematically consistent with established combinatorial 

enumeration principles. 

 

2. Binomial Coefficient 

Annamalai defines a binomial coefficient 𝑉𝑛
𝑟 for non-negative integers 𝑛 and 𝑟. The definition for 

𝑉𝑛
𝑟 is given by the product form:   

𝑉𝑛
𝑟 =

(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)⋯ (𝑛 + 𝑟)

𝑟!
=∏

𝑛 + 𝑖

𝑖

𝑟

𝑖=1

 

The identity between Annamalai's coefficient [10-16] and the standard binomial coefficient is 

established as follows:  

𝑉𝑛
𝑟 =

(𝑛 + 𝑟)!

𝑛! 𝑟!
= (

𝑛 + 𝑟

𝑟
) 

Initial conditions are defined as 𝑉0
𝑟 = 𝑉𝑛

0 = 𝑉0
0 = 1. 

A key property of this coefficient is symmetry: 

𝑉𝑛
𝑟 = 𝑉𝑟

𝑛 ⇒ (
𝑛 + 𝑟

𝑟
) = (

𝑛 + 𝑟

𝑛
) 

https://doi.org/10.33774/coe-2025-k36xf-v2 ORCID: https://orcid.org/0000-0002-0992-2584 Content not peer-reviewed by Cambridge University Press. License: CC BY 4.0

mailto:anna@iitkgp.ac.in
https://orcid.org/0000-0002-0992-2584
https://doi.org/10.33774/coe-2025-k36xf-v2
https://orcid.org/0000-0002-0992-2584
https://creativecommons.org/licenses/by/4.0/


 

Page | 2  
 

3. The 𝒓𝒕𝒉 Order Combinatorial Geometric Series (CGS) 

Annamalai's binomial identity is the binomial series developed by the multiple summations of 
the extended geometric series. The 𝑟𝑡ℎ order Combinatorial Geometric Series (CGS) is defined 

by the result of 𝑟 + 1 iterative summations [17-20]:  

∑𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

=∑∑∑⋯

𝑛

𝑖=0

⋯⋯∑𝑥𝑖𝑟

𝑛

𝑖=0

𝑛

𝑖=0

𝑛

𝑖=0⏟                
𝑟+1  summations

 

Specifically, the 𝑟𝑡ℎ order CGS is defined the following summation structure: 

∑𝑉𝑖
𝑟𝑥𝑖

𝑛

𝑖=0

= ∑ ∑ ⋯⋯⋯∑ ∑ ∑ 𝑥𝑖0

𝑛

𝑖0=0

𝑛

𝑖1=0

𝑛

𝑖2=0

𝑛

𝑖𝑟−1=0

𝑛

𝑖𝑟=0

 

The 0𝑡ℎ order CGS is the standard geometric series: 

∑𝑉𝑖
0𝑥𝑖

𝑛

𝑖=0

=∑𝑥𝑖
𝑛

𝑖=0

, where 𝑉𝑖
0 = 1. 

4. Generating Function 

The relationship between the CGS and its generating function is expressed as: 

𝐺𝑟(𝑥) = ∑𝑉𝑘
𝑟−1𝑥𝑘 = 

∞

𝑘=0

1

(1 − 𝑥)𝑟
 

Also, the relationship between the combinatorial geometric series, the iterative geometric series, 

and the closed-form reciprocal power is expressed as: 

∑𝑉𝑘
𝑟−1𝑥𝑘 = (∑𝑥𝑘

∞

𝑘=0

)

𝑟

= 
1

(1 − 𝑥)𝑟

∞

𝑘=0

, for |𝑥| < 1. 

 

5. Derivation of the Negative Binomial Theorem 

The transition from the CGS to the Negative Binomial Theorem [13-16] involves extending the 

series to an infinite form under the condition |𝑥| < 1. 

• Step 1: The CGS generating function is expressed as: 

∑𝑉𝑘
𝑟𝑥𝑘 = 

1

(1 − 𝑥)𝑟+1

∞

𝑘=0

= (1 − 𝑥)−(𝑟+1) 

• Step 2: By substituting 𝑥 = −𝑦 and adjusting the coefficient to 𝑉𝑘
𝑟−1, the Negative 

Binomial Theorem is reached: 

∑(−1)𝑘𝑉𝑘
𝑟𝑥𝑘 = 

∞

𝑘=0

∑(−1)𝑘 (
𝑟 + 𝑘 − 1

𝑘
)

∞

𝑘=0

𝑦𝑘 = (1 + 𝑦)−𝑟 

• Step 3: For the general case (𝑦 + 𝑎)−𝑛, the identity is established as: 

(𝑦 + 𝑎)−𝑛 =∑(−1)𝑘𝑉𝑘
𝑟𝑥𝑘𝑎−𝑛−𝑘 

∞

𝑘=0
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6. Conclusion 

The synthesis of Annamalai’s Combinatorial System and the Negative Binomial Theorem 

represents a shift toward more computationally efficient discrete modeling. Unlike traditional 

derivations relying on complex calculus, the CGS framework utilizes iterative summations that 

map directly onto algorithmic loops in computer science. Looking forward, these coefficients hold 

significant promise for optimizing high-dimensional data structures and enhancing cryptographic 

resilience against quantum-scale threats [17-20]. 
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