Collatz Sequence — 1% Way
Author: Taha M. Muhammad/ USA Kurd Kurdistan

Abstract: A Collatz sequence is a sequence of numbers generated by starting with a positive

integer and repeatedly applying two rules: If the number is even, divide it by two, and if the
number is odd, multiply it by 3 and add 1

let Collatz Sequence (n) = S(n), Loop of Collatz Sequence (n) = IS(n),
let r = number of elements of IS(n),& x,y,z,t,7,k,h,g,m,n € N,
n n
[n even — E,or nodd » 3n+1)] & Sn) = {E or 3n+ 1), ...,4,2,1} o IS(n) ={4,2,1}
Proof:
1st) Taha's Loop Sketch

A)isS(n) = {% or Bn+1), ,x} = IS(n) = {x},vn € N;?

€ 1 evers
G0 o

Sketch of IS(n) to find equivalent expressions (Cloud) to x

Cloud Cloud = x X
X Z=x=>x=0¢IS() ----
2 2

3x +1 3x+1=x:>x=—%$l$(n) -

~1S(m) #{x}vn e N,,whenr =1
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B)is S(n) = {% or Bn+1), ...,x,y} = 1S(n) ={x,y},vn € N;?

~ SZ 5
N Yy 4l 4
X (50 (B 3ml
A

A A

Sketch of IS(n) to find equivalent expressions (Cloud) to x

Cloud Cloud = x x y
X X
7 Z:x::»x:0$l$(n)
3x+2 3x+2=x$3x+2=2x$x=—2$l$(n)
2
3x+1 3x;1:x:>x:—1$l5(n)
2

~1S(n) # {x,y}Vvn € N,,whenr = 2
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C)isS(n) = {%or Bn+1),..,x,y, z} =>1S(n) ={x,y,z},vn € N,?

Sketch of 1S(n) to find equivalent expressions (Cloud)to x

Cloud Solve equation: Cloud = x x y z
X Z=x=x=0¢IS(n) | -
3 8

3x+4 |22y x=4€elS(n) 4 x;=2 xzzl
4

3x+2 |32y x=2€iS(n) 2 x;=1 3x2+2=4
4

3x+1 |12 _ysx=1€iS(n) 1 3x +1 3x2+1 =2
4 =3(1)+1=4

9x+5 |2 _yox=-2¢isn) T -
> 2 7

~IS(n) ={x,y,z} = {4,2,1},vn € N,,whenr = 3
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D) isS(n) = {% or Bn+1),..,x,y,z2, t} =>1S(n) ={x,y,z,t},vn € N,?

()

Cloud Solve equation: Cloud = x | x y z t
* 116 =x=>x=0¢1S(n) - | --- ---
16

3x +8 3X8+8 =x>x€& lS(n) === | === - ---
8

3x +4 3’::4 =x=>x¢&I1S(n) paal B - -
8

3x+2 |32 _ o ye IS(n) - | === --- ---
3 8

3x+1 |31 _ g IS(n) - | === --- ---

3 8
9x + 10 | 9x + 10 ¢ 1S(n) R - -
=x=
2 2 X=>x n
O +7 |9x+7 ¢ 1S(n) | - —-- —-
=x=
2 2 X=>x n

9% +5 |9x+5 S [ - -

2 7 =X =>x & 1lS(n)

~IS(n) # {x,y,z,t},vn € N,,whenr = 4
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Or 2nd) Taha's Loop Table

r is number of elements of IS(n), & let x € IS(n)

x =eorodd
r=1
x 3x+1
2
=e
=eor odd
. -
A)IS(n) # {x} Vvn € N,,whenr =1
r=2 . . -
x 3x+2 3x+1
4 2 2
=e or odd —e =e or odd
- N

B) IS(n) # {x,y} Vn € N,,whenr = 2

- - -
r=3 X 3x+4 | 3x+2 3x+1 9x +5
8 4 4 4 2
=e or odd =e =e or odd | =e or odd =e
= - >
C)IS(n) ={x,y,z} ={1,2,4} Vvn € N,,whenr =3
r=4 . . . .
E 3x+8 3x+4 3x + 2 3x+1 9x + 10
16 8 8 8 8 4
=eor =e =eorodd | =eorodd | =eorodd =e
odd g B | B
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B
9x +7 9% + 5
4 4
=e =e or odd
-
D) IS(n) # {x,y,2,t}? Vvn € N,,whenr = 4
r=>5 L =]
X 3x + 16 3x+8 3x +4 3x+2 3x+1
32 16 16 16 16 16
=eorodd | =eorodd | =eorodd | =eorodd | =eorodd | =e orodd
* $ ! @ # %
L] - - -
9x + 20 9x + 14 9x + 11 9x + 10 9x +7 9x +5 27x + 19
8 8 8 8 8 8 4
=e =e =e =e or odd =eorodd | =eorodd =e
@@ & («( H i - —
E)IS(n) # {x,y,z,t,u} Vn € N,,whenr =5
r==6 * * $ ! @ # %
X 3x+32 | 3x+16 | 3x+8 3x +4 3x+2 9x + 19
64 32 32 32 32 32 16
% $ {{ @ # % $ !
3x+1|9%+64 |27x+38| 9x+28 | 9x+22 | 3x+1 9x + 64 9x + 40
32 16 8 16 16 32 16 16
@@ & (( {{ [l [l *ox
9x + 20 9%+ 14 | 9x+11 [ 9x+10 | 9x+7 27x + 29 9x +5
16 16 16 16 16 16 16
. skk
27x + 23 27x + 19
— —

F)IS(n) ={x,y,z t,uv}=1{421421}={42,1}Vn € N,,whenr =6
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Pattren To find Value of x € IS(n) forr € N,

— — 0
r=1=300+1 =2 5y =0¢N,,0¢S(n) = IS(n) # {x}, nEN,
k=20
— — 0
r=2=3(0)+2 x=;fozx:%eENJr:>x,yeElS(n)=>lS(n)i{x,y}, vn € N,
k=20
— — 1 050
r=3=301) x=2t o x=1y=4z=2>1S0) = {421}, VneN,
k=1
r=4=31)+1 31x+302°
X=—77— > x¢N, = ISm) #{x,y,2t},Vn €N,
k=1 2
— — 1 050
r=5=3(1)+2 x =2 Z:iz = x&N,> IS(n) #{x,y,z t,u},yn € N,
k=1
r=6=3(2 _ 3%x+3(20)+3%22 _ _ _ _
(2) x=2E T =Ly =4z=2> IS(W) = {142}, VnEN,
k=2
r=7=32)+1 32x + 3(2°) + 3022 7
X = == >x=—€&N, >
k=2 2 23
IS(n) #{x,y,z,t,u,v},yn € N,
r=9=3(3 _ 33x+3%(20)+3%(22)+302* _ _ _ _
) x= e Sx=1y=4z2=2=ISn) = {142},
k=3
VneN,
r=12 =3(4) 3%x + 33(29) + 32(2%) + 3(2%)+302°
" =4 X = 124 >x=1=>
IS(n) ={1,4,2},vn e N,
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Equation to find x € IS(n)

Part A:

i) if r =3(k),

. 3kx_+ 3k—1(20)_+ 3k—2(22)_+ 3k—3(24)_+__,+_3k—k+1(Zz(k—z))4_(30)22(k—1)

isx = T =17
Proof:

3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+(30)22(k—1)
= =
23k—k

(2%k — 3k)x = 3k71(20) + 3k72(22) + 3K73(2%) + -+ + 3kThFL(22(k=2)) 1 (30)22(k-1) og1,

X

let k = 4, & substitute it in two expressions

(Coefficient of x in LHS of eql) & (RHS of eql)

~ (2%k —3k) = (28 — 3%) =175 ... (Coef ficient of x in LHS of eq1)

& 33(2%) + 32(2%) + 31 (2% + 3°(2%) = 175 ... (RHS of eql)

~175x =175 ..eql = x =1= IS(n) = {4,2,1},Vvn € N, whenr = 3(k)

i) ifr=30k+1),

3k+1x + 3k(20) + 3k—1(22) + 3k—2(24) 4o 3k—k+1(22k—2)+(30)22k B

2r—(k+1) 1?

isx =

Proof:

3k+1x + 3k(20) + 3k—1(22) + 3k—2(24) 4o F 3k—k+1(22k—2)+(30)22k
= 23(k+D—(k+1) =

X

(22k+2 — 3k+1)y = 3K (0) 4 3k=1(22) 4 3K=2(2%) 4 .. 4 K-KF1(2K=2) 4 (30Y92k g2
let k = 4 & substitute it in two epressions

(Coefficient of x in LHS of eq2) & (RHS of eq2)

o (2%k+2 — 3k+1) = (210 — 35) =781 ... (Coefficient of x in LHS of eq2)

& 3*%(2%) + 33(22) + 32(2*%) + 31(2°) + 3°(28) = 781 ... (RHS of eq2)
~781lx=781..eq2=>x=1= IS(n) ={4,2,1},vn € N, whenr =3(k + 1)
byi&ii= IS(n) ={4,2,1},vn € N, whenr is divisible by 3.
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Part B:
i)if r=3(k)+ 1,eql below:
3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)

isx = >k &N,,
vn €N, ?
Proof:
3Ky + 3K-1(20) 4 3%-2(22) 4 3K=3(24) 4 ... + 3k—k+1(22(k—2))+3022(k—1)
X = SGk+D—k

(22k+1 _ 3k)x — 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(Zz(k—z))+3022(k—1) ..eql
let k = 4 & substitute it:

o (2%k+1 — 3Ky = (2% — 3%)=431... (Coef ficient of x in LHS of eql)

RHS of eq1:33(2%) + 32(22) + 31 (2*) + 3°(2%) = 175

~431x =175=>x ¢ N, = AlS(n),vn € N, whenr =3(k) +1

i) if r=3(k)+ 2,is eq2 below:
B 3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)

X 2K & N.?
Proof:

3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+3022(k—1)
X = S(Bk+2)—k

(22k+2 _ 3K)y = 3k=1(20) 4 3k=2(22) 4 3k=3(24) 4 ... 4 3k—k+1(Zz(k—z))+3022(k—1) ..eq2
let k = 4 & substitute it:

o~ (22%k+2 — 3k) = (210 — 34) =943 ... (Coef ficient of x in LHS of eq2)
RHS of eq2: 23(2°) + 32(22) + 31(2%) + 3°(2°)

% 943x = 156..eq2 > x ¢ N, = AIS(n),vn € N, whenr = 3(k) + 2
byi&ii:A1S(n),vn € N, whenr =3(k) + h,h € {1,2}

~bypartsA& B=1S(n) ={1,2,4},vn € N,

Final Conclusion:

1 — any loop number r such that (r/3) € N, = IS(n) ={1,2,4},Vvn €N,
2 — any loop number r such that (r/3) € N, = IS(n) does not exist.
~1S(n) = {1,2,4},vn € N,
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The Equation in Brief
B 3kx + 3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+(30)22(k—1)
B 2r—k

X ..eql

B 3kx + [3k—1(20) + 3k—2(22) + 3k—3(24) 4ot 3k—k+1(22(k—2))+(30)22(k—1)]
o 2r—k

S X

B 3kx + [Z{(z—ol 3k—1—i 22i]

X Tk ..eql
k-1
let S = Z gk—1-i 2t
i=0
3kx + S o
X = ...eq1(By substitution)

Zr—k

. 3kx + S T
) if x =m:>x EN,=1S(n)={1,24},Vn EN+,\7’rEN+,&(§) EN,

o 3kx +S , r
i) if x = mﬁx ¢ N, = IS(n) does not exist,Yvn € N,,Vr € N+,&(§) €N, =

An € N, makes IS(n) = {x},{x,y},{x,y,2,t},...,or {x, ..., u} whenr € N, & (g) ¢ N,
“TrE€N,&N, = (NZEN+) U (NZQN+) = [(NZEN+) U{}] = NZEN+
3 3 3 3

~(Ny = N§€N+) ..under Collatz rulesonly > ne€ N, =n € N§e1v+

~ S(n) = {g or3n+1,..,421} = 1S(n) = {1,2,4},Vn € N,
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Graph of Collatz Sequence to find S(n) and IS(n),},Vn € N,

V1 =N/2, N E Nopen, &N € x — axis

y, =3n+1,n€ Nygq, &n € x — axis
4byy, »2byy, »1byy, - 4
o lS(n) = {41 zl 1}; Vn € N+

Engineering Collatz Sequence Solution 1st Way By Using Loops
r = number of elements in IS(n),n,r € N,

S(n) = {gor Bn+1),..,x} = () # (), yn € Ny, r = 1

S(n) = {gor (Bn+1), ...,x,y} = IS(n) #{x,y},yn € N,,r =2

S(n) = {gor GBn+1),..,xy, z} =>1S(n) ={xy,2z} ={421}Vvne N, r =3

S(n) = {gor GBn+1),..,x,y,2 t} =>IS(n) #{x,y,z,t},yn €€ N,,r =4

S(n) = {gor Bn+1),..,xy,z t,u} = IS(n) #{x,y,z,t,u},yn € N;,,r =5

S(n) = {g or Bn+1),..,x,y,2tu, v} =>1S(n) ={4214.21}={421},VvneN,,r=6

n
S(n) = {Eor (Bn+1), ...,x,y,z,t,u,v,g} =>ISn) #{x,y,z,t,u,v,g},Vne€ N,,r =7

T
(5) EN, = (r=3k) = IS(n) = {421}, Yn € N,,&r € Ny, k € N,

(g) €N, > (r=3k+h,&h € {1,2}) = IS(n) does not exist,vn € N,,&r € Ngj,n
“ Ny = Np=gpe U Np=gpein

n
~Sn) = {E or 3n+ 1), ...,4,2,1} = IS(n) = {4,2,1} the only loop Vn € N,
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3kx+s
ZT—k

S = Zk 13k11221 & x =

Proof
1 — Geometric Series Approch:

22i — 4i
k-1 k-1

S = Z 3k—1—i 22i — z 3k—1—i 41'
i=0 =0

k-1 L 1,
S = Z 3k-1 (§)l = 3k-1 Z(g)‘ ... (by common factor)
i=0 i=0

k k
3 -1 ) 1| _ .y
S = 3k—1 73 — 3k—1 T — 3k (g) —1| = 4k_3k — 22k_3k
=—1 =
3 3
" S = 22k_3k

2 — Induction Approch:

v S = Z 3k 1- 1221
S = 3k 1(20) + 3k 2(22) + 3k 3(24) 4ot 3k k+1(22(k 2))+(30)22(k 1)
2§ =3K1 4 3%72(4) + 3573(42) + - + 3(4% D) 4D
38 = 3k + 3k71(4) + 3K72(42) + - 4 32(4%"2)+3(4) kD
& 4§ = 3%71(4) + 3%72(42) + 3%¥73(43) + --- 4+ 3(4%71) + 4]

Now 4S — 3§ = 4% — 3k = § = 4k — 3k = p2k_3k
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